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PREFACE. 


The  chief  object  of  the  present  work  is,  as  its  title 
indicates,  to  furnish  to  the  student  examples  by  which 
to  illustrate  the  processes  of  the  Differential  and  In- 
tegral Calculus.  In  this  respect  it  will  be  seen  to 
agree  with  Professor  Peacock's  Collection  of  Examples ; 
and  indeed  if  a  second  edition  of  that  excellent  work 
had  been  published  I  should  not  have  undertaken  the 
task  of  making  this  compilation.  But  as  Professor 
Peacock  informed  me  that  he  had  not  leisure  to  su- 
perintend the  publication  of  a  second  edition  of  his 
"Examples"  which  had  been  long  out  of  print,  I 
thought  that  I  should  do  a  service  to  students  by- 
preparing  a  work  on  a  similar  plan,  but  with  such 
modifications  as  seemed  called  for  by  the  increased 
cultivation  of  Analysis  in  this  University.  Accordingly 
I  have  not  limited  myself  to  the  mere  collection  of 
Examples  and  Problems  illustrative  of  Theorems  given 
in  Elementary  Treatises  on  the  subject,  but  I  have 
also  introduced  demonstrations  of  propositions  which, 
although   important   and    interesting,    do    not    usually 
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find  a  place  in  works  devoted  to  the  exposition  of  the 
principles  of  the  Calculus.  I  wished  by  these  means 
to  render  this  Collection,  as  it  were,  complementary  to 
those  works,  and,  with  the  view  of  allowing  it  to  be 
read  in  connection  with  any  of  them,  I  have  generally 
assumed  as  known  only  those  methods  which  are  to 
be  found  in  all  Elementary  Treatises.  To  this,  how- 
ever, there  is  one  exception :  it  will  be  seen  that  I 
have  made  constant  use  of  the  method  known  by  the 
name  of  the  Separation  of  the  Symbols  of  Operation, 
although  the  Theory  of  the  process  is  not  usually 
given  in  works  which  are  likely  to  be  in  the  hands 
of  students.  I  have  done  so  because  I  think  it  a 
matter  of  some  importance  that  the  use  of  this  method 
should  be  extended  as  much  as  possible,  since  it 
shortens  and  simplifies  many  of  the  processes  of  the 
Calculus,  while  at  the  same  time  it  offers  to  the  stu- 
dent one  of  the  most  instructive  examples  of  Analyti- 
cal Generalization.  There  seems  to  have  been  among 
writers  on  the  Calculus  an  unwillingness  to  consider 
this  method  in  any  other  light  than  as  founded  on  an 
accidental  analogy,  and  therefore  to  reject  it  as  not 
based  on  a  strict  logical  deduction.  This  idea  I  think 
is  formed  on  a  limited  view  of  the  nature  of  Analysis, 
and  I  shall  be  glad  if  the  use  which  I  have  made  of 
the  Separation  of  the  Symbols  may  induce  others  to 
examine  the  question  closely,  and  so  satisfy  themselves 
of  the  logical  validity  of  the  process.  The  principles 
of  the   method    are  so   simtjle  that   I  think   the  short 

X 

sketch  which  I  have  given  of  them  in  Chap.  xv.  will 
be  sufficient  to  make  its  application  readily  understood. 
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I  have  adhered  throughout  to  the  notation  of  Leib- 
nitz in  preference  to  that  which  has  been  of  late  re- 
vived and  partially  adopted  in  this  University.  Of 
the  Differential  notation  I  need  say  nothing  here,  as 
it  appears  to  be  abandoned  as  an  exclusive  system  by 
those  who  introduced  it :  but  as  the  use  of  the  suffix 
notation  for  integrals  has  been  sanctioned  by  those 
whose  names  are  of  high  authority,  I  may  state  briefly 
some  of  my  reasons  for  differing  from  them.  In  the 
first  place,  on  considering  the  subject,  I  could  find 
no  arguments  against  the  use  of  the  notation  for  Dif- 
ferentials, which  did  not  apply  with  even  greater  force 
against  that  for  integrals:  indeed,  although  there  may 
be  some  cases  in  which  the  use  of  the  former  is  ad- 
vantageous, I  know  of  none  in  which  the  latter  does 
not  appear  to  me  to  be  inconvenient.  In  the  next 
place,  I  fully  agree  with  Professor  De  Morgan  in  an 
unwillingness  to  lose  sight  of  the  analogy  to  summa- 
tion which  is  implied  in  the  old  notation ;  and  if  it 
were  at  any  time  necessary  to  consider  integration 
merely  as  the  inverse  of  differentiation,  I  should  pre- 
fer to  employ  such  a  symbol  as  d^'^  which  expresses 
the  required  idea  better  than  f^-.  But  what  I  look 
on  as  a  fatal  objection  to  the  suffix  integral  notation 
is  that,  like  the  corresponding  one  for  differentials,  it 
is  not  applicable  to  all  cases.  Of  this  any  one  may 
satisfy  himself  by  attempting  to  use  it  in  transforming 
a  multiple  Integral  from  one  system  of  independent 
variables  to  another,  a  problem  which  is  of  frequent 
occurrence,  but  which  I  have  not  seen  solved  analyti- 
cally in   any  work  in  which  the  suffix  notation  is  em- 
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ployed.  So  long,  therefore,  as  the  old  notation  adapts 
itself  to  all  cases  in  which  it  is  required,  while  that 
which  is  proposed  is  not  so  accommodating,  there  ap- 
pears to  me  no  doubt  which  is  to  be  preferred. 

The  sources  from  which  the  Examples  have  been 
taken  are  indicated  by  the  references  which  will  be 
found  in  the  body  of  the  work.  For  although  I  have 
not  thought  it  necessary  to  cite  an  authority  for  every 
example,  I  have  done  so  in  all  cases  in  which  the 
student  would  be  likely  to  wish  for  more  information 
by  consulting  the  original  authors.  It  has  always  ap- 
peared to  me  that  we  sacrifice  many  of  the  advantages 
and  more  of  the  pleasures  of  studying  any  science  by 
omitting  all  reference  to  the  history  of  its  progress :  I 
have  therefore  occasionally  introduced  historical  notices 
of  those  problems  which  are  interesting  either  from 
the  nature  of  the  questions  involved,  or  from  their 
bearing  on  the  history  of  the  Calculus.  From  a  fear 
of  increasing  the  size  of  the  volume  too  much,  I  have 
not  done  this  to  as  great  an  extent  as  I  wished,  but 
these  digressions  short  as  they  are  may  serve  to  relieve 
the  dryness  of  a  mere  collection  of  Examples. 

TRrNiTV  College, 
October,  1841. 
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DIFFERENTIAL  CALCULUS. 


CHAPTER    I. 


DIFPERBNTI ATIQN . 


Fw^ctions  of  One   Variable. 

If  u  be  an  explicit  function  of  a?,  which  is  of  a  com- 
plicated form,  it  may  generally  be  reduced  to  the  differen- 
tiation of  simpler  functions  by  means  of  the  theorem 

du      du   dy 
dw      dy    doG 

y  being  some  function  of  w,  and  u  some  function  of  y. 
This  theorem  may  be  extended  to  any  number  of  functions, 
so  that 


du 

du    dv    dz 

dy 

dx 

dv    d%    dy 

"'  dx 

Ex,  (1)      Let     M  =  (a  +  6 «")'". 
Then     y=:a  +  bx",  u  =  y"", 

dv         ,        ^    du  ,  X        ,     V      . 

-^  =  7ibw''-\  —  =  my'"-^  =m(a+  bx")'"'^ ; 
dx  dy 

die 
therefore  —  =  mnbx"'^  {a  +  bx")'"   '. 
dx 

„.i>i        du       \x  +  (l+x^)H^i 

(2)         u=   {x  +  il+  x'^y^lK       —  =   L^ -IJ- 

^  '  dx  2(1+  x)^ 

1 
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dll  ,       _ 

(3)  M  =  e"  ;     -—  =  /i.r"~    e'  . 

UK 

du 

(4)  u  =  e"" ' ;     —  =  cos  .»  e  ^'"'^. 

(5)  7/  =  log  ;.r  +  (1  +a'^)5[  ;      —  =  , 

rfcT     (1  +  wy 

(6)  w  =  log  (log  ai)  =  log^  (a?) ; 


dx      X  log  <a? 

(7)  M  =  log"  <2? ;   which  signifies  not  the  w**^  power  of 
the  logarithm  of  ,%^  but  the  w*  logarithm  of  that  quantity, 

du  1 

dx       cr' loga?log^<2? log"" 'a-' 

du 

(8)  u  =  log  (sin  .3?);    —  =  cot.r. 

1— cosm<j7\3  du  m 


/I  —  cos  m  x\ 

(9)  M  =  log     

\1  +  cosmx/ 

(10)  u  =  log  (tan  X),     -—  = 


dx       sin 


mx 


d  X      sin  2  X 

,  .      .        du 

(11)  r^  =  cos  (sm  x)  ;     —  =  —  cos  x  sm  a?, 

dx 

sin-  ,a?  being  the  same  as  sin  (sin  x). 

du       1 

(12)  u  =  sin  (log -a?),         —  =  —  cos  (log  a?). 

0/00  00 

X  du  1 

(13)  u  =  sm 


(14)  u  =  sin" 


(1  -\-x''yi  dx       1  +  x'^ 

1  —  x'^  du  2 


1   +  X'  d  X  1   H-  cT?" 

d?/  1 


(lo)  U  =   6  ,      -7—  =   7 -1 

^      ^  rf.f         (l   -  ,;C^)2 
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(16) 

^  fb  +  a  cosaA 

u  —  cos         -                        ? 

\a A-  b  cos  wj 

du        (a--b'y^ 

dx      a  +  b  cos  w 

(17) 

X'        du             2x 

u  =  sin     — ;             —  /  4        4\i  • 
0-        dx       {a*  -  x*y 

(18) 

(x^-ar\l 

U    —    Mil              ,02' 
\¥   -   0.'} 

du                        OS 

dx~  {(^^-«^)(&^-*^)}i' 

(19) 

it?  -  1           du                   1 

u  =  sin  ^      1     ?         ,     —  ^        ^          oxi  • 
2^'              dx       (1  +2.1?  -a?")2 

(               1          1      du                  1 

(20) 

^  =  tan   ^-.(l+xy-x)},    ___^^^^^,^ 

(21) 

2.r                d«*             2 

«*  =  tan   ^ ,          ,     -            .,  • 

1  -  ,r^           rfa?      1  +  w' 

(22) 

^    2cx  +  b          du       ,    (4ofc  -  6^)2 

"            (4ac-  &')^ '       d.t?       2  a  +  fta?  +  ex' 

(23) 

_j  /a  +  6a?\  5 

u  —  tan                        5 
V6  -  a  / 

du       ^           (6  -  a)2 

dcT  ~  ^  (]  +.r)  (a  +  bx)^' 

(24) 

X  (a  -  b)^ 
w  -  sin   ^                         ^ , 
{a  (1  +d?0(^ 

du                (a-b)i 

dx      (1  +a?^)  (a  +  6<3?^)2 

j(l  +  a?^)i  +  a?22J 

(25)      M  =  log  — (fr^)i — ' 

dw  22 

d^"^  (1  -  a?')  (1  +  x"")^ ' 

1 — 2 


DIFFERENTIATION . 


(26)        u  =  log  {w  +  {or  -  a^)i J  +  sec"'  - , 


X 

a 

du       1  fw  +  a\h 


(27)  w  =  cos   ^  w  —  2 

(28)  u  = 


(l  —  oe)^  du       (1  —  <r)2 

(l  +  ,57)5  rfa?       (1  +  a?)^ 

sin  tV  (2  +  e  cos  a?) 


(1  +  e  cos  a?)" 
du      3e  +  (2  +  e^)  cos  a? 
.     dx  (1  +  e  cos  xy 

f  .    ,  o        o.  ^  1       ^w  -^  cos  (a~  -  ,v^) 

(29)  M  =  {sin  (a'  -  a?-) 5  s      y-  =  -  c   •    .  o ^rn  • 

'         da?  I  sin  (a-  -  x^)^^ 

1  ^  o   1       c^**  1 

(30)  u  =  log  cos"'  (I  -  a?^)2,     —  = 


dcV       (1  —  a7^)2  sin    ^  a? 

When  a  function   consists   of  products   and  quotients   of 
roots  and  powers,  it  is  generally  most  convenient  to  take  the 
differential  of  the  logarithm,   or,   as  it  is  usually  called,  the 
logarithmic  differential  of  the  function. 

(31)      Let  u  =  {a  +  xy  (b  +  x)", 

log  u  =  m  log  (a  +  x)  +  n  log  (6  +  x), 

1    du  m  n 

+ 


u  dx       a  -v  X       b  +  X 
du 
dx 


+    , 

a  +  X       h  +  xj 

ix  -  1\2 
(32)  W= , 


du        /a?  —  1  \  2       1 


(33) 


dx       \x  ^-  \j    x^  -  1       {x  -  1)2  {x  +  1)*  ' 

a?"  du  nx"~^ 


(1  +  xy-       dx       (1  +  .'»)"  +  '' 


(34) 
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(a;  -  2Y 
du  (a;- 2)'  , 


(a?  +  4)^       dw  _  .r  (<2?  +  4) 
^^^^  ''  ^    ,1^  +  2    '      d^  "     (^  +  2)*-' 

\{w^l){co  +  SyY^ 

(^^)       ^=  — O^T^y ' 

du  "^       r  ^   ,    Q      o 


x"       {{w^sW 

^  {x  +  <iy\  X  +  1  ] 


dx 

(37)  u  =  x%       \ogu  =  x  log  ,r, 

—  =  x''  (1  +  log  a?). 
dx 

du  (  sin  ^\ 

(38)  u  =  0?^'"^;      —  =  '»''"''    co^  ^^  •  ^°S<^  +  ^T-    • 
^     ^  dx  \  '"'    ' 

(39)  u  =  (sin  ^)'"  (cos  xy, 

—  =  (sin  cP)'"-'  (cos  xy-^  (m  cos^  j;  -  n  sin^  a?). 

(sin  a?)'" 
"^  (cos  0?)"  ' 

du      (sin  a?)"""'  .  «  .  <;.    ^ 

—  =  -^ (m  cos  ,27  +  w  sin  x). 

dx      (cos  ,»?)"+' ^ 

(41)  M  =  €"sinr,27,      -— =  e"*  (a  sinr,37  +  r  cosro?), 

^  da? 

u  =  6     cos  rx,     —  =  €     {a  cos  rx  -  r  cos  rx), 
dx 

(42)  w  =  e""  (sin  rxy'\ 

—  =  e"'^  (sin  rxY'-  {a  sin  >%*•  +  mr  cos  ra?). 
do? 
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Implicit  Functions   of  Two    Variables. 

li  u  =  Ohe  an  implicit  function  of  two  variables  x  and 
?/,   then 

du 

dy  dx 

dw  du 

dy 

(43)      Let  X  logy  =  y  log x ; 

dy       2//^-'^  log  2/ 


then  -      1 

dx      X  \x  —  y  iogx 

(44)  If   dwy  =  X  sin  {a  +  y), 

dy  sin  (a  +  y) 

d  X      cos  y  -  <v  cos  (a  +  ty) 

(45)  If     y"\ogy  =  ax, 

dy  a 


dx      y"'^  (1  +  nlogy)  ' 

(46)  If      tan  y  =  1  +  X  sin  y, 

dy       (cos  yY  sin  y 
dx       ]  -  .i?(cos«/)'^ 

(47)  Let  tan- =  (—^V;  ••  "if 
^     ^                      ^        \\  +  x] 

taking  the  logarithmic   differential   we  find 
dy  sin «/  1 

(48)  If      </  =  1  +  >»e^ 

dy  e'-^  e^ 

d/r       1  -  xe^       2  -  y 
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(49)      Let      ^(1  +//)^  + //(I  +^)^  =  0; 

then    il  =  1,  y  +  ~(1  +  '^OMl  +y)^' 
dw       07  *  ct?  +  2  (1  +  w)l  (l  +  y)l  ' 

(.50)      Let      sin-^- +  sin-i  -  =  c; 
h  k 

then   ^^_(^lzl!)!. 

dos  (h"  -  a;')i 

(51)      Let     (w'  +  yy=a\v'-b^y\ 

dy       \a^  -  ^  {w^  +  y^)} 


dw       [b^  +  2  {x^  +  2/^)|  y' 
(52)      Let      (a  +  ?/)^  (6^  -  y^)  -  w^f  =  0, 

then   ^  =  -  y'  (^'  -  y'y^ 
dx  y^  +  ab^     ' 

Functions   of  Two  or  more   Variables. 
{53)  -        '  ^ 


du  9,xy'^  du  2x^y 


dv       {w'  +  y^)i{x^-y'Y    dy  {x' +  y'')^  {x' -  y')k' 

2xy  (ydx  -  xdy) 

du  =  -,--: 


(54)  u  = 


(t^  +  y'^)^  {x'^  -  y~)-^ 
<j?2  +  ys 


w  +  y 

du      y  —  w  —  2  (xy)^        du      x  —  y  —2  (xy)^ 
dx  2x^  (x  +  y)'^  dy  2y'^  (x  +  y)^ 

_  \y-x-2{xy)Y^y'^dx+{x -y -'2{xy)}kv-idy 
2{xyY{x^yy 
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du  _  du 

{56)  u  =  00^^        —  =  yasy    ,        —  =  ooy  log  .j?, 

dx  dy 

du  —  xy  {-dec  -^  log cody \ . 

\w  -  {x^  -  yp] 

du  2y  du  2x 


dcB      y  {x^  -  y^y        dy  y  {^^  -  y^r 

2  {ydx  -  xdy) 

y  {a^  -  y^y- 

(57)  Let     u  =  sin^x^'y"), 

du  =  a?'""'?/"~^  cos  (x^y")  {mydx  +  nxdy). 

.      , X  ,         ydx  — xdy 

(58)  If     u  =  sm-'-,        du==^—— -5-. 

y  y{y'  -  «^P 

(59)  If     «*  =  tan-'-,        du  =  ^—^ 5-^. 

y  x'  +y 

,„.      Tf  1       /.      "^^         ^         2  (ydx -xdy) 

(60)  It      «*  =  log  1  tan  -   ,       du  = 


y>  2  •  ^  ••'^ 

x'^  sin  2  - 
2/ 


(61)      If     M=        ^'^ 


(cr^  +  yy 
e"ydz         xe"  (xdy  -  ydx) 


(62)      If     u=^  - 


(x^  +  2/^)2  (x'  +  2/^)2 


2xydx        x^dy        2x^yzdz 
a^  —  z^       a^  -  %^      (a^  -  z^Y 


(63)  u  =  (x^  +  y^+%^)^  +  ta,n-^  -  +  — 

z       2 
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xdx  +  ydz   +  zdz      %dx  —  xd% 

du  = -— ^ j-i —  H 5 1-  ^a^. 

(.1?  +  y  +  ^  )2       <r^  +  ^^ 


(64)     -  "y" 


c%  —  ax 


du 


=  r^  \(ay-bz)dx+(cz—ax)dy+(bx—cy)dz^. 


CHAPTER    11. 


SUCCESSIVE     DIFFERENTIATION. 


The  analogy  between  Algebraic  powers  and  successive 
diiFerentials,  when  expressed  by  the  notation  of  Leibnitz,  was 
observed  soon  after  the  invention  of  the  Calculus.  Leibnitz 
himself  paid  much  attention  to  this  subject,  as  may  be  seen 
in  his  correspondence  with  John  Bernoulli;  and,  in  the  course 
of  his  investigations,  he  discovered,  by  induction,  the  Theorem 
.  which  bears  his  name.  He  also  conceived  the  existence  of 
I  diiFerentials  with  fractional  or  irrational  indices,  but  he  made 
/  no  steps  towards  the  calculation  of  such  functions  in  any 
cases.  In  recent  years  that  branch  of  the  Calculus  has 
acquired  considerable  importance,  and  it  appears  to  be  the 
quarter  from  which  we  may  look  for  great  additions  to  our 
knowledge  of  analysis.  I  shall  however  in  this  chapter 
confine  myself  to  examples  of  differentiation  with  integer 
indices,  partly  because  there  are  still  some  points  in  the 
theory  of  general  differentiation  which  are  not  entirely  fixed, 
so  that  the  subject  is  not  adapted  for  the  student;  partly 
because  the  principles  of  that  branch  of  the  Calculus  are 
not  laid  down  in  any  Elementary  Treatises  which  a  stu- 
dent could  consult,  and  it  would  occupy  too  much  space 
to  enter  at  large  on  the  subject  in  the  following  pages. 
Those  who  wish  to  see  the  results  of  the  labours  of  mathe- 
maticians in  this  field  of  research  are  referred  to  various 
Memoirs  of  Liouville  in  the  Journal  de  VEcole  Polytech- 
nique.  Vol,  xiii.,  and  in  Crelle's  Journal;  to  two  papers 
by  Professor  Kelland  in  the  Transactions  of  the  Royal 
Society  of  Edinburgh,  Vol.  xiv. ;  to  Professor  Peacock's 
Report  on  the  Progress  of  Analysis  in  the  Transactions  of 
the  British  Association;  and  to  two  papers  by  Mr  Great- 
heed  in  the  Cambridge  Mathematical  Journal,  Vol.  r. 
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Sect.   I.      Functions  of  One    Variable. 


d'  u 

(1)  u  =  x";   -— =  w(7i-l) (n-r  -\-l)w''~\ 

(2)  u  =  (a  +  hxY ; 

—-  =  n(n-l)  (n  -  r  +  l)b' (a +ba?y-\ 

daf 

1       d'w  1 

1      d' u      ,  I 

(4)      u  =  -,  ^(-yrCr-l)...  3.2.1.-— ^. 


(5)  ^^  =  a%    -—  =  (log  ay  a' 

CL  CO 

(6)  u=e'";    T-7=^'^- 


(7)      u  =  sin  TiiT, 


— -  =  w  COS  nx  =  n  sm  \nx  -\ — )  , 
dx 

d?u  d       .     I  7r\         ,,         /  TT 

—  =  n-r-  .  svn  \nx  ■\-  -\  =  n-  cos  \nx  +  — 
dx^         dx 


=  n"  sin 


in  ( nx  +  —  A —  I  =  w^  sin  ( wo?  +  2  -  )  . 
V  2        2/  V  V 


By  continuing  the  same  process,  we  find 


d'u  .     /  7r\ 

=  n^  sin    n  x  +  r  —    . 

dx'  \  2.' 


In   the  same  way   we  have 

(8)     M  =  COS  nx ;    =  n'  cos     w.p  +  r  - 
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(9)  u  =  e'=  <=°^  ^  cos  {x  sin  9)  ; 

du  fl  f  • 

dx  c       V  V  /  J 

^gxcosecos(a?sin0  +  0), 
d^u       d  a        X      .    /^      ^ 

=  ^xcosa  pQg  ^^  gjjj  0  +  0) 

=  6^*^°^^cos(a?sin0  +  0  +  0)  =  e*'^°^^cos(a?sina  +  20). 

By  continuing  the  same  process,  we  find 

=  e^'^"*^  cos  ix  sin  Q  +  r0). 

dx"  ' 

Murphy,  Cambridge  Transactions^  Vol.  v.  p.  342. 

(10)  u  =  e'^'^  cosnx^ 

du 

—  =  e"'^  (a  cos  nx  —  n  sin  nx). 

dx 

n 
Let  —  =  tand),  so  that 

a  ^ 

a  =  (a^  +  n^)i  cos  (p,  n  =  (a^  +  n^)^  sin  0. 

Then  —  =  (a^  +  w^)2  e*"*  (cos  (^  cos  nx  —  sin  (j^  sin  wa?) 


=  (a^  +  n^)i  6*'^  cos  (w.T'  +  cf>). 

Hence  as  before, 

d'^u  - 

— ■  =  (^a^  +  n^Y  e"'^  cos  {nx  +  r0)  ; 

(jLX 

Similarly,  if  «*  =  e*'*sinw<j7, 

- —  =  Id^  +  n^Y  f-'^"  sin  (wo?  +  rri)). 
dx^  ^^ 
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,     .  ,  du       \ 

(U)      u  =  \ogx,      -— =  -, 
ax      w 

d'u       d'-'    1       ,    ,     ,  ,         ,  ,         ,  1 

dx'      dx'-'  X      ^  ^         ^  ^         '  x' 


by  Ex.  4. 

,     ,  1  +  a?       du 

(12)      u  = 


1  —  a?'     do?       (1  —  xy 

d'u        d'~^  2  2  .r  (r  -  l)...3  .  2 

d^''  ~  d.^'-^  (1  -  xf  ~        (1  -  xy+^        ' 

In  functions  consisting  of  the  product  of  two  or  more 
simple  functions,  we  may  make  use  of  the  Theorem  of  Leib- 
nitz, the  enunciation  of  which  is  as  follows. 

If  u,  V  be  two  functions  of  x,  then 

d" (uv)        d'u        dv  d'^u      r(r-l)  d^v  d^'^u 

— ^^ — -  =  V +  r T  +  — ^ h-  &c 

dx'  dx'        dx  dx'-^         1.2      dx'~  dx'-^ 

Commer.  Epis.  Leib.  et  Bern.  Vol.  i.  p.  46,  QQ. 
(13)      uv  =  x"  (1  -  0?)", 

d  {uv)         ,        ^      r  X  /        .  f  r  .n       X 

— ^^ —   =  w(n-l)...(w-r+l)(l-.^)".r"-Mi 

dx''  ^       n-r+1  \-x 

r  (r  -  \)  n  (n  -  I)  x^ 


1.2       (w  -  r  +  1)  (w  -  r  +  2)   (1  -  xy 
If  r  =  n, 
d"\x"{\-xy} 


-&c.}. 


{\-xY\  /w\  ^ 

-^^~^=n{n-l)...S.^.l\{l-xy-[-)^   {l-xy- 

in{n-l)V- 


(1  -  xy-"" x''  -  kc.} 
t 


4  Murphy's  Electricity,  p. 
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(14)      uv  =  6°'' a?", 

dx'  ^  1.2       ^        ^  ^ 

In  the  same  way,  if  uv  =  e"^<2?% 

Whence,  comparing  these  expressions,  it  appears  that 


(15)      uv  =  x^  logct", 

dHuv)  .  .  ,  ,-.      „    r   (^  1 

w  (w  -  1) .. . (72  -  r  +  1)  .2?""'^  |log a.' +  r  . 


dx' 


n  -  r  +  1 


r  (r  -  l)  1 

1.2       (w  -  r  +  l)  (w  -  r  +  2) 


^ 


J  r(r,-l)(r-2) 


1  .  2 


1.2.3  (w -r  +  1)...(»2 -r  +  3) 


+  &c. 


It  r  =n, 
\ 

d"(a?"logW)  .,  n      n(n-l) 

da?"  ^  ^  ^    ^  1'        (1.2)^ 

w(w- a)(w-2)  .1 .2  ^ 

(1  .  2.3)^  ^ 

(a  +  x)^ 

i      (16)      wu  = ^,, 

..    ^    ^  (c  +  a?.)'* 

_-5i — ^  =w(m-l)...(»w-r  +  l)  — —-  U -  -  .     /^^^^ 


+  ^(^-^)        ^(^+^>        ^^:t^/+  hc.y. 


1.2      (m-r  +  l)(m-r+2)  (c+.y-^ 


SUCCESSIVE    DIFFERENTIATION.  15 

(17)  UV  =  /'■  COS  7101  .  W'", 

In  this  case  let  u  =  e"^  cosnx,  v  =  .1?"'. 
Then  by  Ex.  (lO)  if 

71  d^  u  ? 

-=  tan0,       =  (a"  +  w^)^6"^cos(wa7  +  «d)). 

a  ^        dxP  '  '^^' 

Therefore,  expanding  by  the  Theorem  of  Leibnitz, 

_p^  =  e"''  (a'  +  ^')?  [.i?'"cos(^a?  +  r^)    . 

CJbW 

,  cos  (w<2?  +  (r-1)  (i)| 

*■  (*■-!)       ,           .        „  cosJw<2?+(r-2)(i{)| 
+  — '^ ~mim  -  1)0?™-- *-- ^ — ^^-^  +  &C.1 

(18)  Let  wi)  =  e"-''  X,   X  being  any  function  of  X. 
Then  making  u  =  X,  v  =  e'"', 

d'i^^v)       „Jd'X  d'-'X      r{r-\)    ^d'-'X 


doT 


(d'X  d'-'X      r{r-\)    ^d'-'X  ] 

I 


dV  I  dV-'      r(r-  1)    ^  /  dy-' 

d,vj  '      \dxj  1  . 2  \dxj 


Whence  it  appears  that 

This  result,   when  generalized,  is  of  great  importance  in 
the  solution   of  Differential  Equations. 
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If  the  function  to  be  differentiated  be  (a  +  bx  +  cw')  , 
the  general  differential  might  be  found  by  resolving  the 
trinomial  a  +  bx  +  cx^  into  two  factors  of  the  first  degree, 
as  into  {x  +  a)  (a?  +  /3),  and  then  differentiating  the  product 
{ce  +  of  {cc  +  j3)"  by  the  Theorem  of  Leibnitz;  but  instead 
of  doing  so  we  shall  make  use  of  two  formulae  given  by 
Lagrange*. 

Let  u  =  a  -^  bx  -V  cx^,  u  =  b  +  2cx ; 

Then  substituting  x  +  h  for  x  in   u"  it  becomes 

(?/  +  u  h  -V  cl?Y\ 

and  will   be    the    coefficient   of  in   the    expan- 

dx'  1  .2...r 

sion   of  this   trinomial. 

Developing   it  as    a   binomial,    of    which  u  +  u'  h  is   the 

first  term,  we  obtain 

(u  +  u  hy -^ n  (u  +  uhy-'  ch^  +— (u  +  uhy-'c'-h' +  kc. 

Again,  developing  each  binomial  and  taking  only  the 
terms  which  multiply  //,   we  find  that   the  term  in 

(u  +  u  hy  IS ^ u"      u    \ 

1 .2  ...  r 


in  (w  +  u  hy~^  h^  is 


.     {n  —  1)  ...  {n  -  r  +  9,) 


1  .  2  ...  (r  -  2) 


u 


n-r  +  ■[  „,lr-2  . 


,    (n  —  2)  ...  (n  -  r  +  3) 

in  (u  +  iihY-^h'  is  ^ ^- ^ ^w^-'+^m''-^  &c. 

^  1  .  2  ...  r  -  4 

Collecting   these    terms,    and.  multiplying  by    1  .  2  ...  r,    we 
obtain    for  the  r*^   differential  coefficient  of  u" 

d''(r(")  .  ,  (  r  (r  -  1)      cu 

dx'  '        1 .  (w  -  r  +  1)  w" 

+      '•0--l)(^-«-)(^-8)     t^^^,l      (^) 
1  .  2  (w  -  r  +  l)  (w  -  r  f  2)   «<  * 

*  Memoires  de  Berlin^  1772,  p.  213. 
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By  developing  in  a  different   manner  a  more  convenient 
formula  may  be  obtained  : 

u  c 

(u  +  u'h  +  cfi^Y  =  u"  (l  +  —  h  +  -  h~)" 

11  u 

u        ,       4wc  —  u'  ,.,s 
=  wM  (1  +  —  hf  + —  h~'  \ 

But  4wc  —  u'^  =  4ac  —  6^  =  e^  suppose. 

Developing;  u"  \(l  +  —  hY  + h^l"  by  the  binomial 

^  *      ^^     2?i  '     (2uy    '     -^ 

theorem,  we  have 

u"\h  +^hY" +  n(l  + —  hY"-- j^h' 
'^        2u    ^  ^       2w,  (2uy 

n(n  -  l)  ^        u       ,  e^       .  , 

1.2        ^         2m     ^        (2m)*  ' 

and  the  /**  differential  of  u"  is  the  coefficient  of  h'  in  this  ex- 
pansion multiplied  by  1  .Q...r.  Now  expanding  each  term  by 
the  binomial  theorem,  we  have  for  the  coefficient  of 

.     .     „  /u\''  1  2n(2n-l)...(2n-r  +  l) 

h'  in  the  first  term    -      -  — ^^ ^^ ~ , 

V2/   u  1.2...r 

^       (u'y~''    1      (2w-2)...(2w-r+l)  n   ^ 

second         —         ^7— e\ 

\2  j        2-u'  1.2..,,(r-2)  1 

,.   ,         /w'\'-*    1     {2n-4i)...{2n-r+l)  ri{n-l) 

third  —         -—7 e', 

\2/       2*M  1.2...(r-4)  1.2 

and  so  on.  Collecting  these  terms  and  multiplying  by  1.2... r, 
we  find 


-—~=2n(2n-l)...(2n-r^l)    —    7A"-'h+ -   -y- 

dx  ^  '      ^  \2  I  *        \2n(2n-\)u' 

«.(n-l)    r(r-l)(r-2)(r-3)     e" 

— —  +  &c.  >...(t>). 

1.2      2n{2n-\)...(2n-S)  u"  ' 


-t- 
2 
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(19)      Let  w"  =  (a'^  +  a?-)". 

Here  w'  =  2.??,  e  =  4a'^,  and  if  we  make  r  =  n,  we  find  by 
formula  (B), 

— -— =2w(2w-l)...(w+l).p"    1+  — . - 

\n{n-\)Y  (n-2)(n-3}  a*  . 


(20)      Let  u" 


1  .2         2w.-. (291-3)  x* 
1 


a''  +  <»^ 


The  r^^  differential  of  this  function  may  be  found  as  in  the 
last  example,  but  the  following  method  gives  it  under  a  form 
which  is  more  convenient  in  practice  ; 

_i L_J      ' ^__l. 

Differentiating  r  times, 

Vrfa?/ 


^    ^      '         2a(-)i       \{a?+a(-)i{'-+^       |^_a(_)ij'-+i/ 

^"''  2a  (-)^       \  (a'+w'y+'  i 

Now  let  0  =  tan"'  -,  so  that 

a?  =  (a^  +  a?^)^  cos  0,      a  =  {a^  +  w^)^  sin  0, 
and  therefore 

r  +  l 

{a?-a(-)i}'-+^=(a2  +  a?2)  2   {cos(r+l)6'-(-)2sin(r+l)05, 

r  +  l 

{cr+a(-)i}'"+'=(«^  +  .r^)  2   {cos  (r+ 1)  0+ (-)i  sin(r  +  1)  0}. 
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H 


ence  we   nave 


I  dV       1       _  (-)'>(r- 1)...2. 1  sin(r  +  1) 


{a~  +  ^  )  '-i 
Liouville,  Jour:  de  VEcole  Poly  technique^  Cab.  21,  p.  157. 


(21)      In  the  same  way  if  we  had  the  function 


2  V  ' 


we  should  find 

I  d  V    ■  X  ,    ,,    ,         .  cos(r  +  1)0 

\dx     a- +  X-  ^  .,        2\^- 

(a-  +  X  )  --i 

Liouville,  lb.  p.  156, 

These    results  are    useful    in   the  theory  of   definite    in- 1 
tegrals.  ^ 

In  the  following  examples  the  functions  are  reduced  to 
the  required  forms  by  differentiation  in  the  same  way  as  in 
Ex.  11. 


X  du  1 

(1  -x')l''     Tw^  0~^a?2)l 

d'  X  d'-' 


(22)      Let  u=  ^^         .^^j,      ^     -  ,,         ^^. 


Therefore 


dx'  (1  -x')l      dx'-'  (1  -x')^' 

and  by  formula  (B), 

d^u      3.4,..(r  +  l)c/-'  S(r-l)(r-2)    1 

d^^  "        (I  -  x'Y'+i        '^ ^  "^  2  sTi  X 

3  .  5  (r  -  1)  (r  -  2)  (r  -  3)  (r  -  4)    l 

+ ^ —  +  &c. 

2.4  3  .  4  .  5  .  &  x" 


,     ^  .      ,  'I?  du  1 

(23)      ?<  =  SU1-'  -  ;         —  = 


a  dx      (a'^  -  x^Y 

2-^2 
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d'  u        d'    ' 


dx"^      dx^  '    (a^  —  ai'^y^ 

_  )  .  2...(r  -  1)  *'-'  1   (r  -  1)  (r  -  2)  «- 

\  ,S  (r-  l)...(r  -  4)  a'  ,  ,       _ 

+ 1^ 1 — ?^ 1       +  &c.     by  (B). 

2.4  1.2.3.4  .-p*  5      .7  V     / 


.     .       -.  ,  X  dn  a 

(24)      Let   w^tan"'-;  =  

a  das      a^  +  x^ 

dTu  /dV-'       1 


r  -  1)  (r  -  2). ,.2  .  1 


sin  T  u 
=  (-)'■-'  (r  -  1)  (r  -  2). ..2  .  1 by  Ex.  20. 


where  y  =  tan"'  -  = tan"'  -  . 

a?      2  a 

The  method  employed  by  Lagrange  may  be  used  for 
the  determination  of  the  successive  differentials  of  other 
functions. 

(25)      Let  u  =  e'""'. 

If  a?    become    .^?  +  A,  w  becomes    ^ccv+h)^  ^  ^c(^^ +  2.Tk  +  h^) 


Now  6^-*  =  l+2cxk+  ^^'  h'  +  ^^  k'  +  &c. 

1.2  1.2.3 

2  3 

and  e"*'  =  1  +  ch''  +  —h^  +  — - —  h^  +  &c. 
1.2  1.2.3 

Multiplying    these    together,   taking    only  the  coefficient 
of  h^,  and  multiplying  it  by   1  .  2  ...  r,   we  find 

dx 

1.2  - 
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(26)     From    this    we   can   determine   the    successive    dif- 
ferentials of  cos.r'^  and   sin  ii;". 

Let  u  =  cosir"  +  (— )2  sin  x^  =  e^"'  '^^ 

Then   differentiating  by  the  preceding  formula 

i^  =  e<->*-"'  {(-y  (2wy  +  (-)~  r  (r  -  1)  {2wy-' 

Now  generally  (-)2  =  e^  '  -^2, 
and  €^-)H<->*^l  =  cos  [x-'  +  p-\  +  (-)^  sin  ix'+p- 
Therefore  making  these  substitutions,  and  as 

-r-r=\T-]     COSW^  +  {-y[~\     Slnd7^ 

aw        \dwl  \awl 

equating  possible  and  impossible  parts,   we  have 

rf*"  (cos  <J?'^)       .        _^  /     „  TT 


— — —  =  (2c^?)'■cos  [w"  +  r—]  +r(r-])(2 <»?)'■  2cos|a7^+(r-l)-l 
dx'  \  2)       ^        '^     ^  I  2J 


r(r- 

+  - 


and 

d*"  (sin  a?-)  /  7r\  C  ttI 

-^^^^:— =  (2a.)'-sin(^.^-^+r-j+r(r-l)(2a;)-2sinp^(^_j)^l 

r(r-l)...(r-3)        ,     ,       f  tt) 

•     '        ^       ^       -(2a?y-*sin|a?=+(/--2)-U&c. 


(27)     Let  u  = 


1  .2 

1 


6^+   1 


We  might  in  this  case  expand  the  function  and  differen- 
tiate  r    times    each    term    in    the    development,  but  as    this 
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dl'u 
would  give  -— ;  expressed  in  an  infinite   series,  the  following 

method,  due  to  Laplace*,   is   to  be  preferred.      It  is   easily 

seen  on  effecting  two  or   three  differentiations   that  the  form 

cTu 
of  - —  must  be 

g,6"^  +  «,_!  6  ""-^^^  +  a,_2e"-'^'^  +  &C.  +  ff,  6- 
(e''+l)'-+i 

Hence  multiplying  by   (e*  +  1)'"'^'   we  must   have 

(e^  +  \y^'  ~  =  a.e'--^  +  a,_^  e**--^'^  +  &c.  +  a,  e^      (l). 
ax 

Now   as   M  =  e"'' -  6~^*  +  e"^"' -  &c. 

Also,   developing   (e*  -f  l)*''''^   we   have 

1  1.2 

-H^'-^'>'-^'-'>e'-'"  +  &c.  (3). 

1.2.3  ^  '^ 

The  product  of  (2)  and  (S)  must  be  equal  to  the  second 
side  of  (l),  and  as  this  last  consists  of  a  finite  number  of 
terms  having  positive  indices,  the  terms  in  the  product  of 
(2)  and  (3)  which  contain  negative  indices  must  disappear 
of  themselves.  Hence  taking  the  terms  with  positive  indices 
only 

ax  ^  1  ^ 

'  1  1.2  '  -■ 

and   therefore 

^     (-n»-^--!2--^)l-ie'-"-+{3--^>2-+^^l-}e(--->'  +  &C.] 
ay-""""     ""^  (e'  +  iy+i  — — — — .^ 

*  Memoires  de  PAcadimie^  1777,  p.  108. 


SUCCESSIVE    DIFFERENTIATION. 

Sec.  2.      Functions  of  two  or  more   Variables. 
If  u  be  a   function   of   two  variables  x  and  y, 

dy'  doG^      daf  dy^ ' 

Ex.  (1)      u  =  .t?"*?/" ;      r  =  1,     s  =  1, 

du  ,  rfw 

rf,3?  dy 

(Pu  ,  ,  rf^M 

=  mnc(f^~^y^      = 
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dy  dx  dxdy 

x'^  +  v^ 

(2)     w  =  ^ z'-,     r=l,    5=1, 

ar  —  y~ 

d?u  x^  +  y^  d^u 


=  —  oooy-—^ 


dydx  {/"'^  -  y^y      dxdy 

(3)  u  =  f;      r  =  l,     5=1, 

=  f  '{\  +  a? logy)  = 


dydx  dxdy 

(4)     w  =  sin  {mx  +  wy)  ; 

d'w  ,     /  7r\ 

-— :  =  m^  sin  I  mti;  +  ny  +  r—  j  , 


d'u         ,    .    /  7r\ 

— -  =  n  sm   W.2?  +  7i«  +  5  —    , 
df  \  ^2/ 


dy'dx"  \  ^  '  9,]       dx^dy 


(5)  w  =  sm  -  ;     r  =  2,     s  =  1, 

y 

#w         2        .t'       X         X  d?u 

— — -^  z=  -  sm  -  +  -4  cos  -  = 
dydx'      y^        y      y         V      dx^  dy 
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(6)  w  =  sin"^-;    r  =  1,    s  =  l. 

y 


d^u  V  d?u 


dy  dx  {y^  —  a?^)^      dx  dy 


(7)  u  =  tan      — ;      r  =  1,     5  =  1; 

2/ 


d^w  d?^  —y^  d^u 


dy  dx      (y^  +  x'^y      dx  dy  ' 


(8)  u  =  X  siny  +  ysin  x;     r  =  1,      s=l; 

d'^u  d^u 

=  cos  y  +  cos  X  = 


dy  dx  dxdy 


(9)  u  =  sin  X  cos  ^ ;       r  =  2,     s  =  2  ; 


d^«*  .  d*w  rf*M 


g         =  sm  a?  cos  t/  = 


dy  dx^  dx^  dy^      dxdy  dxdy 

Generally,    in   a   function    of    any    number  of  variables, 
the  order  of  differentiation  is  indifferent. 


2 

X  y 
(10)     w  =  ^ 


a   —  »" 


rfw        2xy         du  x^  du         9.x'^y% 

dx      <f  -  %^^     dy      a"  -  z^''     d%      (a^  -  %^y 

d^u  2x  d^u 


dx  dy      c?  —  %^       dy  dx 
d^u  ^xyz  d^  ti 


dxdz      (d^  -  z  y       dzdx 
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dyd%      {a''-s^y      d%dy 

dPu  4!00%  d^u  d^u 


dxdydfs      {d'^-%y  dydwdz      dzdydoo 

d^u  d-u                d^U 

dzdocdy  dyd%dx      dxdzdy 

(11)      w  =  — ^ -T, 

(^  +  yy 

d^u         e'^oc  (2y^  -  a/^)  d"u 


dxdy          {w^  -\-  2/-)3  dy  dw 

d^u                 e'xy  d"u 

dx  dss          {x^  +  y^)^  dz  dx ' 

d'^u     _       e'x""       _  d?u 
dydz       {x^  +  y^)i      dzdy 

wy 

(12)      u  =  ^  , 

ax  +  oz 

d^u             2b^x  d^u             d?u 


dz^dy      {ax  +  hzf      dydz^      dzdydz 

d^u         2b-y(bz-2ax)         d^u  d^u 

dxdz^~       {ax+hzy  dz^dx      dzdxdz 

The  general  total  differential  of  two  variables  is  given  in 
terms  of  the  general  partial  differentials  by  the  formula, 

d"M  d^u       ,     _,  , 

d''M  = dx"  +  n  - — —— —  rfa?"  'dy 

dx"  dx''   ^dy 

n(n  -  \)       d"u        ,       ,,  ,  ., 

+   -^^ dx"-'dy' +  &c., 

1.2        dx^'-'dy'  ^ 

the   law  of  the  coefficients  being  that   of  Newton's   Binomial 
Theorem. 
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(13)  U  =  X'^'f  ; 

^  m-3 

+  6 ^(w-l) cc"'-''y>^-^da,^dy~ 

(m  -  2)  (m  -  3) 

n(n-i)  (n-2)  ,       , ,     ,  , 

(m-l)(m-2){m-3) 

+  —7^ r7 T^ ^  w^y^'-'dy'}. 

(14)  W=6""  +  *^ 

d^u  =  («^da?3  +  3a^bdx'dy+3ab^dx  dy^  +  b^df)  6"'  +  *^. 

(15)  w  =  sin  ma?  sin  n^; 

d^u  =  (m^^dx*  +  6m^n^dx-dy^  +  n^dy^)  sin  wa?  sin  w?/ 
—  4mw  {m"dx^dy  +  n^dx  dy^)  cos  mo?  cos  ny. 

(16)  ?*  =  log  (ax  +  6?/)  ; 

1 

d^u  =  -  {d^dx^  +  2abdx  dy  +  b'dy^) 


(ax  +  byy 
(17)      M  =  (<J?"  +  y')i ; 

d'u  =  (y~dx"  —  2xydxdy  +  x^dy^) 


{x'+f)r 


X 

(18)      u  =  sin~^  -; 

y 

dUi^:  )xdx^  -2ydxdy  +  x- 5 dy  \  -—r, 5-^. 

There  is  a  very  important  theorem  (due  to  Euler)  regard- 
ing homogeneous  functions  of  any  number  of  variables,  which 
from  the  frequent  applications  made  of  it  ought  to  be  noticed 
in  this  place. 
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If  u  be  a  homogeneous  algebraic  function  of  n  dimensions 
of  r  variables  oc^  y,  ^,  ...  ;    then 

du         du         du 

■c-—  +y---  +  z  -—  ...  =nu. 
ax         dy         dz 

From  this  may  be  derived  a  series  of  equations  of  the  form 

d'"w  rf'"w  d"w 

cc"' +  < +  ^j?™  ~ +  &c. 

del?'"  dy""  d%"' 

iix  (±.\U±y ...  „ 


1.2. ..a. 1.2. ..^.1.2. ..7...  ' 
=  n(n  —  l)...(n  -  m  +  l)u, 
where    a  +  j^  +  y  +  ...  =  m.  Euler,  Calc.  Diff.  p.  188. 

In  applying  this  theorem  to  transcendental  functions  of 
algebraical  functions,  it  is  to  be  observed  that  it  is  not  suffi-  I 
cient  that  these  last  should  be  homogeneous,  it  is  also  necessary 
that  they  should  be  of  zero  jimensions,  as,  otherwise,  in  the  | 
development  of  the  transcendental  function  the  degree  of  each 
term  would  be  different,  and  the  function  when  expanded  not 
homogeneous. 

(19)  Let    u  =  ~ .      Then  w  =  2    and 

y-x 

du         du      2w' -  2'w'^<r  +  2«a?^  -  2a?*      2  (w^  +  a?^) 

cc +y =  -^ ^ ^— ^ =  -^ L  ^ 

dx         dy  (y  -  xY  y  —  ^ 

X^    +    W2 

(20)  u  = .       Then  w  =  -  1,    and 

X  -\-  y  •* 

du         du  ^{y  x^  +  xy^  +  x^ +yi)  {xi-\-y^ 

dx         dy         ^  (<2?  +  yy  ^  (x  +  y)  ' 

(21)  w  =  sin-M'^^^V.      Then  w  =  0,    and 

\x  +  yj 

du         du  yx  —  xy 

dx         dy       {x  +  y)\2y{x-y)Y^ 
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(22)  u  =  {w^  +  t/')i,        w  =  1, 

„d^ u  d^  u  dr  u      cc^ii-  —  2,v^  y'^  +  w^  if 

dx'      ^    ^dxdy     ^    dy~  i^' +  y')^ 

(23)  u  =  X  {2xy  +  y")a,        n  =  2, 

„d^«*  d^u  c,d^u 

a<2?"  rf^r  ay  at/ 

(ScTi/'^  +  2y^)  or  +  '■Zaiy  (Soe^y  +  Sxy^  +  y^)  —a^y'^ 
{2oDy  +  y'^)^ 

=  2.V  (2xy  +  y^)^. 

(24)  If  «*  be  a   homogeneous  and  symmetrical  function 
of  X  and  y  oi  n   dimensions,   so  that 

and  if  it  be  expanded  in    terms   of  x   so   as  to  be  of   the 
form 

^•{^idy--% 

then  will       S  \{2i  -n)  Q^\  =  0. 

As   u  is   homogeneous  of  n  dimensions,  we  have 

du         du 
nu=  X  -—  +y  -—, 
dx         dy 

and  as  it  is  symmetrical   in   x  and  y,   we  have 

du         du 
X  —  =  y  —     when  x  =  y^    so  that 
dx  dy 

du  , 

2  a? nu  =  0  when  x  =  y. 

dx 

Substituting  the  expansion  of  u  in  this  equation,  we  get 

2  {{2i-n)  QiX"}  =.0,    or 

^{{2i-n)Qi}  =0.* 

*  This  extension  of  a  property  of  Laplace's  Functions  was  communicated  to 
'  me  by  Mr  Archibald  Smith. 
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CHANGE  OF  THE  INDEPENDENT  VARIABLE. 


Sect.  I.      Functions  of  One   Variable. 

If  y=f(a;)  and  therefore  ^f  =f~^(p),  the  successive  dif- 
ferential coefficients  of  y  with  respect  to  a?  are  transformed 
into  those  of  x  with  respect  to  y  by  means  of  the  formulae. 


dy        1  (fy 

d,v      da;  dw'^ 

dy 

(d'x\^      dxd^x 
d-y  Kdy'^l        dy  dy^ 

d,v^  (div^ 

and  similarly  for  higher  orders.  The  reader  will  find  the 
demonstration  of  a  general  formula  for  the  change  of  the 
n^^  differential  coefficient  in  a  Memoir  by  Mr  Murphy,  in 
the  Philosophical  Transactions,  1837,  p.  210.  The  expres- 
sion is  of  necessity  extremely  complicated,  and  the  demon- 
stration would  not  be  intelligible  without  so  much  preliminary 
matter  that  I  cannot  insert  it  here,  and  I  must  therefore 
content  myself  with  referring  the  reader  to  the  original 
Memoir. 

If  u=f(y)  and  y  =  (p  (,v)  so  that  u  may  also  be  con- 
sidered as  a  function  of  x,  the  successive  differential  coeffi- 
cients of  u  with  respect  to  y  may  be  transformed  into  those 
of  u  with   respect   to  x  by  the  formula? 
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du  d^u  dy       d^y  du 

du       dx  d^u      dcc^  dec      dw'  dw 

dy       rf^'  dy'  /dy\^ 

dx  \dwl 

dy  fd^u  dy      d^y  du\  d"yid^udy      d^y  du 

d^u      d,v  \dw^  dw      dx^doo)  dx'^Kdx'^dw      dw~  da 

df  /dy^ 

\dx 

The  general  formula  for  this  transformation  will  be  found 
in  the  Memoir  of  Mr  Murphy  before  referred  to,  but  the 
result  is  of  such  extreme  complexity,  that  it  happens  for- 
tunately that  we  have  seldom  to  employ  these  transformations 
for  high  orders  of  differentials;  and  where  this  is  necessary, 
that  the  nature  of  the  case  usually  gives  us  the  means  of 
simplification. 

(1)  Change  the  formula 

\dxl  j  dx  dx^ 

into  one  where  y  is  the  independent  variable. 
The  result  is 

(dx\  ^  d^x 

\dy)  dy 

(2)  The  expression  for  the  radius  of  curvature  when 
X  is   the  independent   variable  is 


1+  (  — I    -(2/-«)— 8  =  0. 


p  = it:. — 


dx" 
When  y  is  made  the  independent  variable,  it  becomes 


ldx\ 
"  d~x 


i~x 
df 
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(3)     Transform 

dar         \dxl  \awl 

into  an  equation  in   which   y  is  the  independent  variable. 

The  result  is 

+  a;  -  e^  +  0. 

df 


(4)  Change  the  variable  in 

du  u 

dy      {\^■y^y 

from  y  to  a?,   when   oc  =  log  \y  -\-  {\.  -v  y"^~^\- 

mi  ,      •     ^^  ^  i- 

The  result   is  - — i-  w  =  -  (e"  +  e~  ''). 

(5)  Change  the   variable  in 

„  d^u       ^    du      ^ 

from  ^  to  a?  when  y  =  e"^.     The  result  is 

^u      ,  ,  du 

—.+  (A  -1)—  +  Bu  =  0. 

dor  dx 

(6)  There   is  a  very  convenient    formula   by  which   we 

d"u 
can  change  generally  the  independent  variable  in  «/" from 

dy" 
y  to  X  when  y  =  e^.      Taking  the  symbol  of  operation  alone, 

dy  (         d\" 


=  e'*-L-'      \   (e-''— -)   (e-"— )  to  n  factors. 

V        dxj    \       dx)    \        dxj 

This  may  be  put  under   the  form 

dx  W  dx  I V     dx        Idx 


32  CHANGE    OF    THE    INDEPENDENT    VARIABLE. 

Now  by  the  theorem  given  in  Ex.  18,  of  Chap.  ii.  Sec.  1. 
we  have  generally 


/  d          \ 

d 

I             ^ 

a.v 

^nr 

\ a 

=  e 

.  —  .  e 

\dw         I 

dx 

Hence,    substituting  these   binomial    factors,    we   find 

(7)  Change   the   independent    variable  in 

d'u         du 
dy'         dy 

from  y  to  w,   having  given   y  =  cos  w.      The  result  is 

1-  71  U  =  0. 

dx' 

(8)  Change   the  independent   variable   in 

„d~  u  ,  ,^  du         2a 

dy^  dy       \  -  y 

e"-''  -  1 
from   y  to  x,  having  given  y  —  -^ .      The  result   is 

6       T   I 

— -  +  a  (e'"  +  1)  ?^  =  0. 
dx"^ 

(9)  Change   the  variable  in 

,d^u         ,  ^.,dru       ,  ^du      ^ 

from  y  to   a?,  having  given  a?  =  log  (a  +  t/).      The  result  is 
d^u 


+  6m  =  0. 

dx' 


(10)      Transform 


\  du       d^u 

,/  +  __-  +  — ~  =  0, 
w  dx       dx 
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from  X   to  0,    having   given    x^  =■  40.     The   resulting  equa- 
tion is 

Fourier,  Traite  de  la   Chaleur^  p.  376. 
(11)     Transform 


dx^ 


l-OT 


into  a  function   where  s  is  the  independent  variable,  having 
given  that 

dxj  \dx) 

.  ,     .  d'^y  dx      d^wdy 

the    result  is  -T~2  IT  ~  ^~i^~  ■ 

ds'  ds       ds  ds 


dy 

w 

(12)      Transform    />  = 


X—  -y 

dx 


into  a  function  of  r  and  0,  having  given  x  =  r  cos  0, 
y  =  r  sin  Q.  In  this  case  we  consider  r  to  be  a  function 
of  0;   differentiating  therefore  x   and  y  on  this  hypothesis, 

dm      dr  .    /^       <^2/       ^^   •    /i 

TZ  =  T^  c°^  ^  ~  '*  SI"  ^'      TS  =  T5  s^"  ^  +  **  cos  ^  5 

a0      a0  dd      dO 

dr    . 

-— ;  sm  0  +  r  cos  d 

and  therefore      -—  =    ,  — —  . 

dx      d  r  . 

— —  cos  0  —  r  sin  y 
d9 

Substituting  this  expression  for  —  ,   we  find 

dx 
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»a 


(13)     Transform    p  = 


da?2 


into  a  function  where  9  is  the  independent  variable,  having 
given 

a?  =  r cos 0,     y  =r  sin B. 
Proceeding  as  in   the  previous  example  we  find 


dy 

w 

(14)     Express  / 


sB-^-y 
aw 


dy 


in  r  and  0,  having  given 

X  =  r  cos  0,     y  =  r  sin  0 ; 

the  result  is     t  =  r  — . 
dr 

Sec.  2.      Functions  of  two  or  more  variables. 
I  Let  i«  be  a  function  of  two  variables,  «  and  y,  so  that 

du  du  , 

then  to  express  -7-  and  -—  m  terms  of  two  new  variables 
ax  ay 
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r  and    0,    of   which    w   and  y    are    functions   given   by    the 
equations 

a?  =  <^  (r,  0),        2/  =  v//  (r,  9), 

we  proceed   as  follows.      We  have 


du 

du    dw      du    dy 
dw    dr      dy    dr^ 

du 
dd 

du    dw 

~  dw  '  dd 

du    dy 
^  dy'  dd 

^,.    .      .       du 
Ehmmating  — 

we  find 

du    dy 

du   dy 

du 

dr'  dO 

dO'dr 

dw 

dw   dy 

dy   dw 

dr'  dO 

dr'  de 

^,.    .      •       du 
Eliminating  — 

€t  CO 

we  find 

du   dw 

du   dw 

du 

dr'  dO 

dO'  dr 

dy~ 

dw  d  y 
dr'  de 

dy  dw 
~  dr'de 

If  r  and  9  be  given  explicitly  in  terms  of  w  and  y, 
we  have  at  once 

du      du    dr      du   d9 
dw       dr   dw      d9   dw 

du      du   dr      du   d9 
dy       dr    dy       d9    dy 

For  the  successive  differentials  we  proceed  in  the  same 
manner ;  and  if  there  be  more  than  two  independent  variables, 
the  only  difference  is  that  the  expressions  become  more  com- 
plicated.     Such  cases  however  seldom  occur. 

If  the  independent  variables  enter  into  multiple  integrals, , 
we  cannot  substitute  directly  the  values  of  the  original  diffe- 

3—2 
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rentials  in  terras  of  the  new  variables,  because  one  is  supposed 
to  varj  while  the  others  are  constant.  To  introduce  this 
condition  we  proceed  as  follows.  Let  for  example  there  be 
a  double  integral  ffVdxdy,  and  let 

07  =  </)  (r,  0),     2/  =  v//  (r,  9), 

doc  ,        dw 
so   that  d<r  =  — -  rfr  +  — -  dij, 

dr  dd 

dy  =  -^dr  +  -^de. 
^      dr  dO 

Since  x  is  to  vary  when  y  is  constant  and  vice  versa,  we 
must  make  dy  =  0  when  we  wish  to  find  dx,  and  dx  =  0  when 
we  wish  to  find  dy.  Taking  the  latter  condition,  we  have  the 
two  simultaneous  equations 

dx  dw  ,^ 

0=        dr  +  —-de, 
dr  46 

dy  =  ^dr+  -^dO. 
^      dr  dd 

Elin]iinating  d9  between  these  we  find 

da;  ^         (dx  dy      da  dy\    , 

—  dy  ^ ^ -\  dr. 

dO  \de  dr       dr  dOJ 

From  this  it  follows  that  when  dy  =  0,  dr  =  0,  Hence 
we  have 

dx 
dx  =  — -  dd. 
dv 

Substituting  these  values  in  the  double  integral  it  becomes 

dx  dy      dx  dy^ 


^•'     \d6  dr      dr  dOl 


If  we  had  three  variables  x,  y,  z  to  be  transformed  into 
three  others  p,  q,  r,  we  should  have  three  equations  of  the 
form 
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dai  =  Pdp  +  Qdq  +  Rdr, 
dy  =  P^dp  +  Qidq  +  R^dr, 
dz  =  P^dp  +  Q^dq  +  R.^dr ; 

and  we  should  determine  dw  by  supposing  dy  =  0,  and  dx  =  0, 
and  then  eliminating  two  of  the  three  quantities  dp,  dq,  dr. 
Supposing  we  eliminate  the  last  two  we  have  dx  =  Mdp, 
M  being  a  function  of  p,  q,  r.  From  this  it  follows  that 
when  dx  =0,  dp  =  0.  Hence  supposing  y  to  vary  while  x 
and  z  are  constant   we  have 

dy  =  Qidq  +  R^dr, 

0  =  Qzdq  +  Ridr ; 

and  eliminating  dr  between  these  we  have  dy  =  Ndq,  N  being 
a  function  of  p,  q,  r.  It  follows  that  when  dy  =  0,  dg-  =  0, 
and  therefore  if  we  suppose  z  to  vary  while  x  and  y  are  con- 
stant, we  find  dz  =  R^dr,  so  that  finally 

dxdydz  =  MNR^dpdqdr.  j 

The  general  expression  for  M  is  complicated,  and  it  is  of 
little  use  to  give  it  here,  as  the  consideration  of  the  particular 
conditions  of  any  given  transformation  will  usually  give  us  its 
value  more  readily  than  a  substitution  in  the  general  formula.* 

^        ^  dR         dR 

(l)      Transform    x y , 

^  ^  dy    _      dx 

having  given    x  =  r  cos  0,     y  =  r  sin  0, 
and  therefore   d?^  +  y^  =  r^,      tan  0  =  -  . 

X 

dR      dR        ^      dR  sine 

—  =   Y~  COS  ^  — 77:  ' 

dw       dr  dd       r 

dR      dR    ,    ^      dR  COS0 

-—  =  --  sm  0  +  -— , 

dy       dr  d6       r 

•  Lagrange,  Memoires  de  Berlin,  1773,  p.  121. 
Legendre,  Memoires  de  VAcadimie  des  Sciences,  1788,  p.  454. 
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dR         dR      dR 

whence  w  — y  —  =  —-r  . 

dy  dw       df) 

This  transformation  occurs  in  the  planetary  theory. 

/         /  X      n.        ..  dR         dR 

/         (2)      1  ransiorm    w f-  y , 

I  a<2?  dy 

the  variables  being  the  same  as    in  the  last  example.     The 
result  is 

dR 

dr 

_        .  <^'0      d''(i> 

I  (3)      Transform    —^  +  —4-  =  0, 

dor      dy 

having  given  w^  +  y^  =  r^. 

d<p      dcj)   dr      d^x 
doD       dr    dx      dr  r 

^(p      d^(l>  dr  a?      d0  1       d(p  dr  so 
dso^       dr^  dw  r       dr  r       dr  dx  r^ 

_d^<py      d(l>  n      x^\ 
dr^  r^      dr   \r      r^j' 

dy^        dr^  r       dr  \r      r^ 
Whence 

do^       dy^       dr^      r^  dr  \r  r^     )  ' 

,      1  ir  d'd)         Idd) 

and  therefore  — -^  +  -  -7^  =  0. 

dr''       r  dr 

This  equation  occurs  in  researches  on    the  motion  of  fluids. 

/  .      xr  d'(b      d'd)      d'(h 

'  (4)       If  -T^  +  -~  +  ^  =  0, 


dd?^       dy^       dfs 
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when    x^  +  y^  +  !s^  =  r^i 

d^d>      2d(f) 

we  find  -TT  +  -  T^  =  0- 

dr       r  dr 

d'V      d^V 
(5)     Transform  ——^  +  — — r  =  0  into  a  function  of  r   and 
"^  do!^      dy^ 

Oy  having  given  x  =  r  cos  0,  y  =r  sin  0. 

dV      .    ^dV      cos0dV 

—  =  sin  0  — —  H ■  — — , 

dy  dr         r     d0 

d^V       .       d'^V      cos^  0d^V      cos'0dV 
df^^^'^'d?  "^~?~  d^'^"7~d7 

SsinOcos^/     (fV       dV\ 
"^  7         V  drd0~~d0)  ' 

d^V  d^V 

The  expression  for  -— -^  may  be  deduced  from  that  of  -— -^ 

TT 

by  putting 0  for  0.     We  then  get 

(fV  ,^d2^      sin^^e^F      sin^^dF 

do?^  dr^         r'     d0^  r      dr 

2sin0cos0  /     d'^V       dT 


\drd0~~d0) 


r" 
Adding  these  together, 

d^F     d^V  _d''V      1  d^r     idV _ 
'd^'^'d^~'d?'^'?d¥'^r~d^~^' 

...     r„        .         d'^V      d^V      d^V 
(6)     Transform  — -„  +— -x  +  ^-2  =  0 
^  ^  dw^      dy^       d%^ 

into  a  function  of  r,  0,  and  0,  having  given 

a?  =  r  cos  0,  y  =  r  sin  0  sin  <^,  %  =  r  s\n0  cos  0. 

A  slight  artifice  will  enable  us  to  do  this  with  considerable! 
facility.     Assume  p  =  r  sin  0,  so  that 

y  =  p  sin  (p,  X  =  p  cos  0, 

|0  =  r  sin  0,    w  ~  r  cos  0. 
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Taking  first  the    two    variables  y    and  ^,  we  find    as   in 
the  preceding  example 

d?V      d'^V  _(fV      1   ^V      }  dV 
dif^      dz^  ~  dp^       p"^  d(p>^      p  dp  ' 

In    exactly   the    same    way,     the   equations    of   condition 
being  similar,  we  find 

d^  r      d^V  _d^V      \  d?V      idV 

d^'^'d7-~d?'^?d¥'^rd^' 

Also,  as  in   the  first  part  of  the  last   example, 

1  dV  _  1  dV      cotOdV 
p  dp       r  dr         r^     dO 

Adding  these  three  expressions, 
d^V      d^V      d^V 
dy^      d%^       da? 

_^y       \  d^V       \  d?V      2dV      cot^  dV  _ 
^'d?'^V^d¥^p'd^'  ^rl^  ^~7"de^^' 

By  substituting  for  p  its  value,  and  making  some  obvious 
reductions,   this  becomes 

dJ'irV)         1     d'^V  d        f  .  ^^     dV    \ 

dr^  sm^O  dcff      d.cos6\  d.cosOj 

This  important  equation  is  the  basis  of  the  Mathematical 
Theories  of  Attraction  and  Electricity.  The  artifice  here 
used  is  given  by  Mr  A.  Smith  in  the  Cambridge  Mathe- 
matical Journal,  Vol.  i.  p.  122. 

(7)      Transform  the  double  integral 
ffoj'^-iy^-^dyda! 

into  one  where  u  and  v  are  the  independent  variables,  w,  y,  w, 
V  being  connected  by  the  equations 

,v  +  y  =  u,     y  =  uv. 
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.     ,         Idx  dy      dw  dy\    ,     , 

Here  dy  dw  =^  [  —  t^  -  ^ —\du  dv. 

\du  dv      dv  dul 

doB  dy  dx 

Now     —  =1,      -f-=u,      —  =0. 
du  dv  dv 

Therefore  dy  dx  =  u  du  dv, 

and  ffw'"-'y"-'dydx  =  ffu"'^'"'  (l  -v)'"-'v''-'dudv. 

This  transformation  is  given  by  Jacobi  in  Crelle's  Journal, 
Vol.  XI.  p.  307 :  it  is  of  great  use  in  the  investigation  of  the 
values  of  definite  integrals. 

(8)  Transform  the  double  integral 

jje'^'^y'dwdy 

into  one  where  r  and  9  are  the  independent  variables,  having 
given 

w  —  r  cos  0,     y  =  T  sin  0, 

fje^'-'y'dxdy  =  -  !je'\drde. 

(9)  Having  given  \ 
X  =  r  cos  9,     y  =  r  sin  0  sin  (p,     ^  =  r  sin  0  cos  0, 

transform  the  triple  integral 

HfVdxdydz 

into  a  function  of  r,  0,  and   0. 

Using  the  same  artifice  as  in  Ex.  6  we  find 

fjjV dxdyd%  =  fffVr^  dr  sin  ddOdcj). 

This  is  a  very  important  transformation,  being  that  from 
rectangular  to  polar  co-ordinates  in  space.  If  we  suppose 
V  =  I,  jjjdxdy  d%  is  the  expression  for  the  volume  of  any 
solid  referred  to  rectangular  co-ordinates :  and  it  becomes 
fffr^dr  sin  Odd dcj)  when  referred   to  polar  co-ordinates. 
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(10)     Having  given  z  a  function  of  x  and  y  determined 
by  the  equation 

a?^       y^       %^ 

it  is  required  to  transform 

into  a  function  of  0  and  0  when 

0!=  a  sin  6  cos  (p,     y  =  b  sinO  sin  (p, 

and  consequently     %  =  c  cos  9. 

In  this  case 

dx  dx 

—-=  a  cos  6  cos  0,      — —  =  —  a  sin  0  sin  0, 

acr  a0 

dy  dy      ^    .    ^ 

-—  =  o  cos  6  sm  (b,     -—  =  b  sm  0  cos  0, 

da  '        00  ' 

d%  .    ^  dz 

de  =  -"^'"^'       d^  =  ''- 

Hence 

<i/p   dy      dw  dy 

d%   dy      d%  dy 

di-d0-d^d0  =  -*"(^'"^)™''^' 

d%   dw      d%  dw  ^  '    n  .    • 

-TT.  •  -; r-  — :;  =  O.C  (sin  Qy  sm  0. 

d0   dcp      d(p  dO  y        f         Y 

Substituting  these  values  in  the  general  expressions  for 

-—  ,   -— ,  and  dx  dy,  we  find 
dx     dy 

=  fjdO  d0  sin  e  {a^fe^Ccos  df  +  (c  sin  Of  {a?  sm'cp  +  6'^cos^0)}  i 

Ivory,  Phil.  Trans.  I8O9. 


CHAPTER  IV. 


ELIMINATION    OF    CONSTANTS    AND   FUNCTIONS    BY    MEANS    OF 
DIFFERENTIATION. 


Ex.  (1)  y'  =  ao?  +  b (1). 

To  eliminate  6,  differentiate,  when  we  have 

'''£='' (^>- 

To  eliminate  a,  substitute  its  value  given  by  (2)  in  (l) ; 

dy 

then  y^  =  2a?v 1-  b. 

^  ^  da 


To  eliminate  both  a  and  b,  differentiate  (2)  again ;  then 

(Py       (dy'^^ 


y^T^'^ 


m-"- 


(2)  Eliminate  a  from  the  equation 

y  =  00^  +  ae^' ; 

dy 

my  =  (n  —  mx)  af^~^. 

dw 

(3)  Eliminate  a  from  the  equation 

m 

y  =  ax  H —  ; 
a 

the  result  is  w  f  —  J    -  «  —  +  m  =  0. 

\dw)  dw 

(4-)     Eliminate  a  and  b  from  the  equation 

y  —  ax^  —  bx  =  0  ; 

the  result  is   — 4 ^  +  -^  =  0, 

a.r       X  dx       x^ 
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(5)  Eliminate   the  constants  m  and  a  from 

y  =  m  cos  (jx  +  a). 

DiiFerentiating  twice,      -—  =  —  r'^m  cos  {rx  +  a). 

Multiplying  the  former  by  r^  and  adding, 
dF  y 

(6)  Eliminate  m  and  «  from  the  equation 

'if'  =  m  {c?  —  a?'^) ; 

,     .  ^y         idyV         dy 

the  result  is  xy  — —  +  x  \—-\    -  y  —— =  0. 

dx^         \dxj  dx 

(7)  Eliminate  e  from  the  equation     x  -  y  =  ce  '-^  . 
Taking  the  logarithmic  differential  and  eliminating, 

dy 
X  -  2y  +  y  —  =0. 
dx 

(8)  Eliminate  a  and  /3  from  the  equation 

(x  -  af  +  iy-  (if  =  r\ 

dy 
Differentiating,  («"  -  «)  +  (?/  -  p)  ;p  =  0- 

Differentiatmg  agam,  1  +  (  v^J  +  (^  -p)y-i  =  0, 

\dxl  \dx/      dy 

whence        « -  p  =  -  ,.,  ,       x  -  a=         ,<,  -;— , 

d^y  d-y  dx 

daP  dx^ 

Substituting  these  values  of  y  -  /3  and  x  -  a,  we  have 


dc"^ 


=  r 


ix" 
in  which  a  and  /3  no  longer  appear. 
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This  is   the  expression  for   the  square  of  the   radius   of 
curvature  of  any  curve. 

{9)      Eliminate  m  from  the  equation 

(a  +  m/3)  (v^  -  my^)  =  my^ ; 
the  result  is 

(10)  Eliminate  a,  6,   c  from  the  equation 

z  =  ax  +  by  +  c, 
y  being  a  function  of  x. 

Differentiating  two  and   three  times  with  respect   to  a?, 

d^z         d?y                  d?  z        d?  y 
=  o— — -,       and    — ;  =  o . 

dx-         dx^  dx^         dx'' 

Eliminating  6,  we  have 

d^  z  4py      d^  %  d?y 
dx^  dx''      dx^  dx^ 

This  is  the   condition   that  a   curve  in   three  dimensions 
should  be  a  plane  curve. 

(11)  Eliminate  the  exponentials  from 

y 


„x  „— * 


Multiply  numerator  and  denominator  by  e*,  then 

^  ~  gS^  _  1  ' 


whence  e^' = ,      and  2x  =  los- . 

y-l'  ^y-i' 

.  dy 

and  differentiating,  —  =  1  -  y^. 

d  X 
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(12)      Eliminate  the  power  from  the  equation 

Taking  the  logarithmic  differential  we  have 
dy         m      wy 


dee         n  a^  +  ne^ 

(13)  Eliminate  the  functions  from 

y  =  sin  (log  od)  ; 

,     .  ^d^y         dy 

the  result  is  x^  -—  +  .a?  — -  +  ?/  =  0. 

doB^         dx 

(14)  Eliminate   the  exponential    and   circular   functions 
from 

y  =  ae"^"  sin  nx. 

Taking  the  logarithmic  differential 

1  dy 

-  —  =  m  +  ncotnx, 

y  da? 

Differentiating  again   and  eliminating  cotnx  by  the  last 
equation,  we  have 

d^V  dy 

dx  dx 

(15)  Eliminate  the  arbitrary  function  from  the  equation 

z=^xy(l)(y). 
Differentiating  with  respect  to  x  only, 

—  =  'U(h('u);  and  therefore    x %  =  0. 

dx      ^^^^^'  dx 

(16)  Eliminate  the  function  (p  from  the  equation 

y  —  nz  =  (p  {x  —  tnz). 
Differentiating  with  respect  to  x  only, 

dz        ,  (  d«\ 

-  n  —-  ^  (b  (x  —  mz)    1  -  m -J—    . 
dx      ^  \  dx) 
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Differentiating  with  respect  to  y  only, 

d%  dz 

I  -  n  -—  =  -  m  m  (x  -  m%)  -—  ^ 

dy  ^  dy 

d%         d% 
whence  m  ——  +n-r-  =  l. 

dw         dy 

This  is  the  differential  equation  to  cylindrical  surfaces. 

«  —  6       ,   ice  —  a\ 

(17)  If <^[ , 

by  the  elimination  of  the  function  we  find 

d%  dz 

(x-a)  -—+  {y-b)  —  =z  -c. 

dw  dy 

This  is  the  differential  equation  to  conical  surfaces. 

(18)  Eliminate  (p  and  y\f  from  the  equation 

Differentiating  with  respect  to  a?, 
Differentiating  with  respect  to  y, 

Multiply  (1)  by  co^  (2)  by  y  and  add, 

,  dz         dz 

then  a  - — v  y-—  =  n%. 

dx         dy 

This  is  the  differential  equation  to  all  homogeneous  func- 
tions of  n  dimensions.  It  is  to  be  observed  that  the  two 
arbitrary  functions  are  really  equivalent  to  one  only,  for  the 
original  equation  may  be  put  under  the  form 
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This  is  the  reason  why  both  functions  disappear  after  one 
differentiation.  If  we  proceeded  to  a  second  differentiation  we 
should  find 


or  -p-g  +  2a?2/  - — - — I-  y  3— g  =n{n  -  1)  x; 


dar  dx  dy  dy 

for  the  third  differentiation 


^d^  %  ,       d^%  ,.    d^z  „d?z 

dcc^  dw^dy  doedy^         dy^ 

and   so  on  to  any  order.      See  p.  27. 

(19)  Eliminate  the  functions  from  the  equation 

z  =  (p(x  +  at)  +  v//  (a?  -  at), 
w  and  t  being  variable, 

d'  z         ,.  ,, 

-~=(f)    {a)  +  at)+\lr   (a; -at), 

d^  z 

— -  =  a^<p"{a;  +  at)  +  a^\lr"(a!  —  at), 

^,       -  d^z        -  d^  z 

Therefore  — -  -  a^  ——-  =  0. 

df  dx^ 

This  is  the  equation  of  motion  for  vibrating  chords. 

(20)  Let     z  ==  (f)  i- 1; 

dz      ^  ,^       0^  ^^ 
the  result  is  2xy  -—  +  (w'  +  y'')  ——  =  0. 
^  d.v  dy 

(21)  Eliminate  (j)  and   \^  from   the  equation 

z  =  x(p  (z)  +  y^l/  (z), 

d%      ^  ,  .         ^,.  .  dz  dz 

—  =(p(z)+a!(p  {z)  —+yy^(z)—, 
dar       '  ^  doo  dw 

or  —{1  -oB(b'{z)  -y>\f'{z)\  =  (^{x). 
dw 
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Similarly, 

dz 

—  {l  -  a;<p'{%)  -  y^\r'{%)\  =  ^{^)- 

Dividing  the  one  by  the  other, 

dz 

doc      0  {z) 

-T-  =  T-r\  =/(^)   suppose. 

dy 

Differentiating   with   respect   to  x, 

d^z  dz      dz     d'z  dz  fdz\2 


dx^  dy      dx  dwdy      '  dw  \dyj 

Differentiating   with   respect   to  y, 

d^z     dz      dz  d'z       /•//  x  /^^V 
dxdy  dy      dx  dy^      '  \dyl 

Multiplying  by    - — ,    -— ,   and  subtracting, 


This  is  the  general  equation  to  surfaces  generated  by  the 
motion  of  a  line  which  constantly  rests  on  two  given  lines 
while  it  remains  parallel  to  a  fixed  plane. 

(22)      Eliminate  the  arbitrary  functions  from 

z  =  (p{ay  +  hx)  .y^{ay  —  hx). 

Taking  the  logarithm  we  have 

log  z  =  log  (f>  {ay  +  bx)  +  log  \|/  (ay  -  hx), 

and  as  the  functions  are  arbitrary  their  logarithms  are  also 
arbitrary  functions,  and  we  may  replace  them  by  the  general 
characteristics  F  and/.  Therefore,  differentiating  with  respect 
to  X  and  y  successively, 

--—  =  hF' {ay +  bx) -hf  {ay -bx), 
z  ax  • 
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-  -—==  a  F  (ay  +  ox)  +  af  (ay  -  ox). 
%  ay 


-  ^(~)'  =  h'  F"  {ay  +  hx)  +  W  f"  {ay  -  hw\ 


Differentiating  again, 
1  d?z       1  fdzV 

\d'%        1    ld%\' 

zd^^-Ady)    ="^   («2/  +  6a.)  +  aV    {ay-hx). 

Multiplying  by  a^,  6^  and  subtracting,  we  obtain  as  the 
result  of  the  elimination  of  the  functions 


[d'% 
\dx^ 


%  \dx)  J  \dy''      %\dy]  \ 


(23)     Eliminate  the  arbitrary  functions  from 

(1)  a?/(a) +  2/0(a)  +^x|/(a)  =  1, 

where  a  is  a  function  of  .r,  «/,  and  %  given  by  the  equation 

(2)  «?/'(a)  +  2/0'(a)  +  ^v/.'(a)  =  0; 

/'?  0'?  '^'  being  the  differential  coefficients  of  /,  d),  -vl/^. 
Differentiating  (l)  with   respect  to  x^ 

{^/'(a)  +  2/ <^'(a)+i.>/.' (a)}  ^ +/(«)  +  v/.  (a)  ^  =  0; 

which  by  the  condition   (2)  is  reduced  to 

/(„)  +  ^(„)^  =  0. 

In   the  same   way,    differentiating   with   respect   to   y,  we 
have 

^(a)  +  >/,(a)^  =  0. 

Since  from    these  two  equations  it  appears   that  — -  and 

dx 

d% 

—   are  both   functions  of  a,    the    one  may   be   supposed    to 

dy 

be  a  function  of  the  other,   and  we  may   wjite 
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dx  \dy 

Eliminating    the    function    F   from    this    equation    there 
results 

/^\  fd^z\  _  I  d^%  y  _ 

This  is  the  differential  equation  to  developable  surfaces. 


(24)     If  u  =-f{x,y)  =  Fir.z),     and 

r  =  (p  {aoe  +  ess)  —  -^  (ax  -  hy), 

1 du       1 du       1 du 
then  _        +     _  +  -        =0. 

adw       b  dy       cdz 

du  du   dr  du   d% 

dw  dr  da  dss   dx 

du  du    dr  du    dss 

dy  dr    dy  dz    dy 

-—  =  { a  +  c -—■]  (h'  (ax  +  cz)  =  ayl/'  (ax  -  by)y 

dx       \  dx)  ^ 

dr  d  r 

-r-  =  C(t)  (ax  +  cz).  —  =  -  bylr  (ttX  —  by)  : 

dz       ^  ^  ^'         dy  ^  ^^ 

,        ,  1  dr       I  dr 

therefore,  +  -  -—  =  o, 

a  dx      b  dy 

_    1  du       1  du       du  [1  dz      1  dz 

and 1- =  — + 

a  dx       b  dy       dz  \a  dx      b  dy 

Also    I  «  +  c  -J—  ]  (j)  (ax  +  cz)  =  a-^'  (ax  —  b  y), 

\  CvX  / 

J 

c  -r-0'  (ax  +  cz)  =  -  6\|r'  (ax  —  by), 

1 dz      1  dz  1 

whence (- = ; 

a  dx      b  dy  c 

,    ,       „  1  du       1  du       1  du 

and  therefore +7  —  h =  0. 

a dx      b  dy       c dz 


4 — 2 


CHAPTER  V. 


APPLICATION     OF     THE     DIFFERENTIAL     CALCULUS     TO     THE     DEVELOP- 
MENT   OF     FUNCTIONS. 


Sec.  1.      Taylor's   Theorem. 

This  theorem,  the  most  important  in  the  Differential  Cal- 
culus, and  the  foundation  of  the  other  theorems  for  the 
development  of  Functions,  was  first  given  by  Brook  Taylor 
in  his  Methodus  Incrementorum,  p.  23.  He  introduces  it 
merely  as  a  corollary  to  the  corresponding  theorem  in  Finite 
Differences,  and  makes  no  application  of  it,  or  remark  on 
its  importance.  The  following  is  the  statement  of  the 
theorem : 

If  u  =f(,v)   and  a;  receive  an  increment  h,   then 

du         d^u    h^        <Pu      h^ 

fCv  +  h)  =  u  +  —-h  +  — — +  -— T, h  &c. 

dw         dx^  I  .9,       d.v'  1.2.3 

If  we  avail  ourselves  of  the  method  of  the  separation 
of  the  symbols  of  operation  from  those  of  quantity,  this 
theorem  may  be  expressed  in  a  very  convenient  form,  which 
is   useful  in  various  parts  of  the  Integral   Calculus :   viz. 

,  d         h^     d^  h^        d' 

/(.  +  ^)=|l+A-+_-  — +  — —  —  -H&C.}/(..) 


dec       1.2  do:^       1.2.3  dx^ 


h  — 

c  dx 


It  is  frequently  convenient  to  use  Lagrange's  notation, 
and  to  represent  the  successive  differential  coefficients  of 
/(a?)  by  accents  affixed  to  the  characteristic  of  the  function. 
In  this  way  Taylor's   Theorem  is  written 

f(x  +  h)  =/Gr)  +f'ix)  h  +r(x)  ^  +  fix)  p^  +  &c. 


DEVELOPMENT    OF    FUNCTIONS..  53 

If  we  stop  at  any  term,  as   the  n^^,  which  is    f^"-^  (w) 
,  the   error  committed  by  neglecting    the   re- 


1  .2  ...  (n  -  1) 

maining  terms  lies  between  the  greatest  and  least  values  which 

h" 

f^"^  (a?  +  6h) can  receive ;    where  6  is   less  than   1. 

I  -2  ...  n 

This    is     Lagrange's    Theorem    of    the    limits    of    Taylor's 

Theorem.      See  Lagrange,  Calcul  des  Fonctions,  p.  88.     Also 

De  Morgan's  Differential  Calculus,  p.  70. 

Ex.  (1)      Let  f{x)  =  (a  +  a;)".      Then 

{a  + .??  +  hf  =  (a  +  wy+  n  {a+wf  "  'A  +  — ^ <-  {a+xY-^K"  +  &c. 

1  .  2 

(2)      Let  f{os)  =  a'.      Then   as  -—  a'^  =  (log  af  a% 
«-  +  ^=a^Jl  +  (loga)A  +  (loga)^^-^  +  (loga)^-^ +  ...}. 

If  we    stop    at    the  n**'   term   the    error  lies  between    the 

A" 

greatest   and   least    values   of  a<^+^*'  (lo^ «)" .     The 

*    ^    1  .2  ...  w 

least  value  is  found  by   making  0  =  0,  and    the  greatest   by 

making  0=1,  and  therefore  the  error  lies  between 

A"  h" 

a^^^  (log  ay ,      and   a""  (log  af 


1  '^,..n  ^    °        1  .  ^...n 

(3)     Let  f{w)  =  logo?.      Then  since  by  Chap.  11.  Sec.  1. 
Ex.  11, 

d''     ,        ^       ..,(»•-  1)  (f  -  2). ..2  .  1 
-_  (logo))  =  i-y-'  ^ ^--^ -'^ , 

,      /         ,x      T  h       \  h'       I  hr 

log  (a?  +  A)  =  log  a;  + +  -  — -  -  &c., 

and  the  error  of  stopping  at  the  ti"'  term  lies  between 

A"  ,  A" 

±  — „  and  ± 


n,a?"  w  {.%■  +  hy 
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(4)      Let  /(a?)  =  -^.      Then  since  by  Chap.  II.  Sec.  1. 


Ex.  12, 


d^    I  +  JB         r(r  -1)...3  .2 
=  2     ^ 


dw""   1  -  x  (1  -  ^7)'"+^ 

1  +  X  +  h       1  +  X 


1  -OS-  h      1  - 


+  2 


1(1  -  wf       (1  -  .17)3       (1  _  ^y  j 


(5)  Let  /(a?)  =  e"*  cos72ci7.       Then    as   by   Chap.    II. 
Sec.  1.  Ex.  10, 

-—  (e"""  cos  nx)  =  {a^+  n^f  e""  cos  (no?  +  r(j))\ 

€v  W 

(where  <^  =  tan~^  — }, 

gO(x  +  h)  pQg  n  (x  +  h)  =  e"''  I  cos  wa?  +  (a^  +  n^)^  cos  (nx  +  (p)  .h 

+  {a?+n^)cos(nx-\-'2,ip) h(«^+w-)^cos(wa7+30) +&c.} 

If   a  =  cos  9,    n  =  sin  Q, 
g(*  +  ;i)cos9^.Qgj^^_^^^gjjj0^^^^cos9  {cos(a7sin0)+Acos(.j?sin0+0) 

+ cos  (x  sin  0  +  2  0)  + cos  (w  sin  0  +  30)  +  &c. \ . 

1.2        ^  ^      1.2.3        ^  ^  * 

(6)  If  f{w)  =  tan~^a7,  and  we  put 

1              .                             1          T 
=  sin  y,  or  tan   \c  = v» 

1  +  <r^  2 

we  have,  by  Chap.  11.  Sec.  1.  Ex.  24, 

f  — )   tan-^a?=  C-)*-'  .(r  -  l)  (r  -2).. .2.  1  sinry  .  (siny)'", 

therefore 

k  h^ 

tan~^  (<»  +  A)  =  tan "^07  +  sini/  sini/  —  sin  2y  (sin 2/)^  — 

1  2 

+  sin  3^  (sin  yf ■  sin  4y  (sin  yY  —  +  &c. 

3  4 
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From   this    development    Euler*    has    deduced    many  re- 
markable theorems,  some  of  which  are  subjoined. 

In  the  preceding  example  let  h  =  -  <J7,  then 

tan"' (<j?  +  ^)  =  tan"' 0  =  0 ; 

^' 
therefore  tan" '  a?  =  sin  ?/  .  sin  y  .  x  +  (sin  yY  sin  2  y  — 

2 

+  (sin  yf  sin  3y—  +  (sin  yY  sin  4>y—  +  &c. 

TT  cos  y 

Now   tan'^a?  = y,    and  a;  =  coty  =  — ; 

2  smy 

therefore 

TT 

—  =  2/  +  sin  ycosy  +  ^sm  2y  (cos  yY  +  ^  sin  3y  (cosyY+kc. 


Again,    let   k  =  -  I x  +  -]  = -, ;    then 

\        xj  sm  y  cos  y 

tan~^  (a?  +  ^)  =  tan~M 1  =  -  tan"'  -  = |-tan"'a?; 

\     wj  OS  2 


therefore 


TT     sin?/     J    sin  2?/        ^^   sin  3?/       ^  sin 4^ 
2       cos 2^     ^(cos?/)^      ^  {cos  yY      ^  {cos  yY 

Again,  let  A  =  -  (l  +  a?^)^  = r-^— ;     then 

°  sm^2/ 

tan-n.^-(l+^^)H=tan-^(^^f^)=-tan-'(tan|)   =  -  |; 

therefore,  as   tan"'  x  = y, 

2 

-  =  -  +  sin  2/  +  ^  sin  22/  +  ^  sin  3?/  +  &c. 

If  we  differentiate   this   series   we  find 

0  =  4  +  cos  y  +  cos  2?/  +  cos  3t/  +  &c. 
In  these  formulae   ?/  lies   between   0  and  ^w.. 

*  Calc.  Biff.  p.  330. 
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(7)      Let  u=  cot"'<r,   then   cot~^  (a?  +  h)  is  easily   found 
from  the  expression  for  tan~^  {x  +  h).      For  since 

,         TT  ,         du  1 

cot  ^x  = tan~*  <r,     —  =  — 


2  dx  1  +  ^^ 

and  we  have  merely  to  substitute  cot~^a?  for  tan~^<r  and 
to  change  the  signs  of  the  terms  beginning  with  the  second : 
and   as  in  this  case  y  =  u,   we  find 

cof^  (w  +  h)  =  u  —  sin  u  sin  u  -  +  (sin  uY  sm2u &c. 


Sec.  2.     Maclaurin's  or  Stirling's   Theorem. 

This  Theorem,  which  is  usually  called  Maclaurin's,  but 
which  ought  to  bear  the  name  of  Stirling,  was  first  given 
by  James  Stirling  in  his  LinecB  Tertii  Ordinis  Newtonians, 
p.  32.  Maclaurin  introduced  it  into  his  Treatise  of  Fluxions, 
p.  6lO,  and  his  name  has  generally  been  given  to  the  theo- 
rem from  an  erroneous  idea  that  his  work  was  the  first  in 
which  it  appeared. 

The  following  is  the  enunciation  of  the  Theorem : 

If  fix)  be  a  function  of  w,  and  if  we  represent  the 
values  which  it  and  its  successive  diiFerential  coefficients 
acquire  when  <»  =  0,  by  /(o),  /'(O),  /"(O),  /'"(O),  &c ; 
then 

/(^)  =/(o)  +  /'  (0)  ^  +  /"  (0)  ~+f"'  (0)  ^-^  +  &0. 

This  Theorem  is  evidently  a  particular  case  of  that  of 
Taylor. 

Ex.  (1)      Let  u  =f(w)  =  (1  +  .v)i  ;     /(O)  =  l, 

du_      1         1  /  V  \  _  1 

d^o'      2  (TT^i'        ^   ^^^"i' 

^=..i_JL_      rro)--i 
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&c.  &c. 


Therefore, 

.  1  1      ^^         3        co^  3.5         x"^ 

^  2  2M.2       2M.2.3         2*     1.2.3.4 

(2)      het  u  =  (\  +2oe-\- 3x^)-k 

Then  by  the  formula  (B),  Chap.  II.  Sec.  1, 

- — =  (-)M  .2...r(l  +3a?y{l  +2x  +  3^7^)-'+^  x 

ir(r-l)         2  K3r(r-l)...(r-3)  4 

^       2      1.2      (l  +  Sa?)^      2^  1.2.3.4  (l  +  ScV)*  * 

Whence  we  find 

/(0)  =  1,     /'(0)  =  -l,     r(0)  =  1.2(l-l)  =  0, 
f"'{p)  =-1.2. 3  (1-3)  =  1.2. 3.  2, 

/"'(0)  =  -  1.2.3.4.^,     /''(0)=  1.2.3.4.5.?. 

Therefore, 

7  3 

(1  +2a?  +  3<27'^)-^  =  1  -  a?  +  2<a?°' a?''  +  -  <2?^  -  &c. 

2  2 

(3)  Let  M  =  cos  X, 

d'U  (  TT 

then  as   =  cos  \  x  +  r  — 

dx'  \  2 

x'  x^ 

U  =COS  X  =  \ + &c. 

1.2       1.2.3.4 

(4)  Let   H  =  sin"'  w. 
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Then  by  Chap.  II.   Sec.  1.   Ex.  23, 

d'u  _  1.2... (r-l)x'-^  1   (r-i)(r-2)    1 

d^'  ~        (1  -a?2)'-2         ^^  "'■g  r72        ^  ^ 

1.3  (r  -  1)  (r  -  2)  (r  -  3)  (r  -  4)    1 

+  - — 7 —  +  &c4 

Therefore, 

/(o)  =  o,      /'(o)  =  i, 

r(o)  =  o,      /"'(0)  =  i.l.2, 

2 

/"'(o)  =  o,     r(o)  =  i:^.i.2.3.4, 

2  .  4 

r(o)  =  o,  r"(o)  =  ^44-^-^-^-*-^-^- 

2.4.0 

Whence 

.      ,  1  a?^       1  . 3  a?'^       1  .  3  .  .5  a?^ 

sm-^  w  =  w  + + + —  +  &c. 

23        2.45        2.4.67 

It  was  by  means  of  this  series  that  Newton  calculated  the 
value  of  TT.      Commercium  Epistolicum,  p.  85,  2nd  Edit. 

(5)  Let  u  =  tan~^  (x). 

By  means  of  Chap.  II.  Sec.  1.  Ex.  24,  we  find 

,  ai^      w^      aP 

tan   ^x  =  iv 1 \-  &c. 

3        5        7 

This  is  Gregorie's  series.      See  Commercium  Epistolicum, 
p.  98,  2nd  Edit. 

(6)  Let  u  =  sec  x  ; 

then/(0)  =  l,  /'(0)=0,  /"(0)  =  1, 

/'"  (0)  =  0,  /"'  (0)  =  5,  /"  (0)  =  0,  f  (0)  =  61. 

Therefore, 

or  5,v^  6lcV^ 

sec.r  =  1  H i +     -     ^  +  &c. 

1.2        1.2.3.4        1.2.3.4.5.6 

James  Gregorie,  lb.  p.  99. 
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(7)  Let  u  =  tan  x  ; 

then  /(O)  =  0,     /'  (0)  =  1,        /"  (0)  =  0,       /'"  (0)  =  2, 

816 

/^(o)  =  o,  r(o)  =  i6,  r'(o)  =  o,   /-(o)  =  — , 

Therefore,  tan  a?  =  a?  h 1 1 1-  &c. 

1.3       3.5       3.5.7.9 

James  Gregorie,  lb. 

(8)  Let   u  =  €""  cosna;.     Then 

e"*  cosnw  =  1  +  {a^  +  n^)^  cos  0  -  +  (a^  +  n^)  cos  2  0 

+  (a^  +  n^)^ cos  3(b 1-  (a^  +  n^Y  cos 4(6 1-  &c. 

^  ^  '^1.2.3^  ^1.2. 3. 4 

If  a  =  cos  0,     »^  =  sin  0,     (p=  0,     a^  +  n^  =  1, 

e*'^°®^cos(<a?sm0)=  1  +.J7Cos0+ cos20h cos30+&c. 

^  ^  1.2  1.2.3 

If  a  =  w  =  1,    a^  +  »^^  =  2,    (p  =  — , 

TT         1  IT  TT  1  TT 

cos— =  -^,    cos2— =  0,    cos 3—= 7,    cos4— =  — 1, 

4      22  4  4  22'  4 

ttI  _7r  ttI  "■„ 

cos 5—  = i,    coso— =  0,    cos7— =-r»    cosS— =  1,   &c.; 

4  22  4  4       2^'  4,         '  ' 

therefore, 

a?  w^  2^  a?*  2^.2?^ 

e'  cos  .3?  =  1  H 2 


1  1.2.3        1.2.3.4        1.2.3.4.5 

2^  a?'  2*  a?® 

+  +  &c. 


1.2.3.4.5.6.7        1.2 7.i 

Ifa=i,    n  =  —  ,    a^  +  n^  =  1,    0  =  -; 

5        a?  3^  ,  a?       ,    a?^  a?^ 

6^  cos =  1   +  i 1 


1.2        1.2.3       ^1.2.3.4 

+  4 +  ;;  +  4 +  &C. 

^1.2. .5         1.2.  ..6         ^1.2...7 
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(9)      Let      u  =  (l  +  ey, 

/(O)  =  2"  ,   /'  (0)  =  W2"-^    /"  (0)  =  n2"-''  (n  +  l), 
/"(O)  =»^'2"-^(w+3),  /"'(O)  =w2"-*(w='  +  6?i^  +  3^-2); 
therefore, 


(1  +e'V  =  2"  {i  +--  + 


?^  a,'       w  (w  +  1)   tV^        n^  (n  +  3) 


w 


—  + 


1.2  2'  1  .2.S 

=■!■ 

If  w,  =  1,  then 


w  (»i^  +  6»i^  +  3w  -  2)       a?* 

+ 1 ■ +  &c. 

2*  1.2.3.4 


I  w       3     w^         7       ai' 

(1  +  eO^  =  2M  1  +  --  -  +  -^ +  ^  - 

^  ^  *         2M        2*  1  . 2       2^  1 


2  .3 


9  w' 

+  — o V  &c 

2^  1  .  2  .  3  .  4 


■1- 


Maclaurin's  Theorem  may  also  be  applied  to  the  de- 
velopment of  implicit  functions,  the  differentiations  being 
effected  by   the  methods  required  in  such  cases. 

(10)      Let  u^  -  ux  -  I  =  0. 

Expand  u  in  terms  of  w. 

When    w  =  0,    u''  =  1 ;    therefore  /(O)  =  ±1. 

Differentiating  the  implicit   function  we  have 

du  du 

2u cV u  =  0; 

dx  dec 

when   a?  =  0,    w  =  ±  1,  therefore /' (O)  =  i. 

Differentiating  again, 

,    du          du  \  d?u      du 

d.v           d.v  dw^       ax 

when  ct?  =  0,     — -  =  i,     7^  =  ±  1  ;   therefore  /"  (O)  =  =t  i- 
dx 

Differentiating  again, 

du  d'u      ,  dTu 

3(2— -1)—, +  (2«-,r)-— =0; 
^   dx  dx  dx'' 
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when    a?  =  0,     2 1=0,    therefore   f"  (0)  =  0. 

dno 

In   the  same    way   we  should  find, 

therefore, 

?/=±l  +i-  i =F  — ^ ± +&C. 

■^1       :2M.2  2*     1.2.3.4  2"       1,2.3.4.5 

Since  the  given  function  is  a  quadratic  in  u  it  involves 
really  two  different  functions  of  a?,  which  in  the  develop- 
ment are  given  by   means  of  the  double  sign. 

(11)  Let  w' -  6w.r  -  8  =  0, 

When   a?  =  0,  w^  =  8,  w  =  (8)i 

The  possible  root  of  this  is  2,  and  if  we  take  it,  we 
find  by  the  same  method  as  in  the  last  example  the   series 

1       iff'  of' 

u  =  2  +  X + —  4-  &c. 

21.2.3        1.2.3.4 

The  other  series  for  u  would  be  found  by  taking  the  im- 
possible values  of  the  cube  root  of  8. 

(12)  Let  M'  —  a'^u  +  axu  —  ar^  =  0. 
When    cV  =  0,  w^  —  a^u  =  0,    which   gives 

u  =  0,     u  =  ^  a. 
Taking  the  first  of  these  values,  we  find  the  series 

&c. 


X'       w^ 

x'' 

23' 

«' 

Taking  the  positive  value  of  a, 

X       x^        3x^ 

u=a —--1-  ~^~^ ,   Sec. 

2       8  a       \6a^ 


Taking  the  negative  value  of  a, 


X       x^       5x^ 
u=  -  a  +  ~  +  —  +  — -,  &c. 
2       8a       8a' 
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(13)  If  siny  =  a;  sin  (a  +  y), 

expand  y  in  terras  of  w. 

When  a?  =  0,  sin  «/  =  0 ;    therefore  y  =  ttt,  r  being  0,  or 
any  positive  integer. 

Differentiating,  cosy  -^  -  sin  (a  +  y)  +  w cos  (a  +  «/)—; 

putting  <»  =  0,       y  =  ttt,        we  have 

„,  ^  ^       sin  (a  +  ttt) 

f'(0)  = ^ ^  =  sin  a. 

cos  rTT 

Differentiating  again, 

d"y        .        /<^t/\-  ^  ^  rfy 

cos  y -~^  -  sm  y  [-^  ]    =2cos(a+y)  — 

ax  \dxj  ax 

-xsm(a  +  y)[—-\    +  xcos  {a  +  y) -—. 
\ax}  ax'^ 

-,, .  .  .        cos  (a  +  rir) 

f"  (0)  =  2  sin  a =  2  sin  a  cos  a  =  sin  2a. 

cos  rTT 

In  -a  similar  manner  we  should  find 

/'"(O)  =  2  sin  a  {S  -  4  (sin  a)*^}, 

and  so  on ;  therefore,  substituting  in  Maclaurin's  Theorem, 


«/  =  r7r  +  sin  a  — +  sin  2a 1-  2  sin  a  f  3  — 4 (sin  (if\ h 

1  1.2  K         \         )  >i.2.3 


&c. 


(14)  If    «*"  log  w  =  a<r,     expand  u  in  terms  of  x. 

When  X  =  0,  one  value  of  w  is  1,  as  log  1=0;  therefore 
taking  /(O)  =  1,   we  find 

/'(O)  =  a,     /"(O)  =  -  (2w  -  1)  a%     /'"(O)  =  (3w  -  l)2a^ 

,r(0)  =  -  (4w-l)VS   &c. 

Hence  we  have 

M=l  +  aa?-(2w-l) +  (3w-l)^ (4w-l)^ +8ec. 

M.2  ^   1.2.3      ^  ^   1,2.3.4 
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(15)      Let  y  =  1  +  a?e^  expand  y  in  terms  oi  x. 
Here   /(O)  =  1,       /'(0)  =  6,       /"(0)  =  2e^ 
/'"(0)  =  96^        .r(0)  =  64e^ 

Therefore, 

.,  x'^  ,     cV'  x^ 

V  =  1  +  e.o?  +  26" +  'de  +  646* +  &c. 

1.2  1.2.3  1.2.3.4 

As  the  calculation  of  the  high  differential  coefficients  of 
implicit  functions  is  necessarily  very  tedious,  this  application 
of  Maclaurin's  Theorem  is  not  of  much  use ;  and  a  better 
means  of  expanding  implicit  functions,  is  to  be  found  in  the 
Theorems  of  Lagrange  and  Laplace,  to  which  we  now  proceed. 

Sec.  3.      Theorems  of  Lagrange  and  Laplace. 
If  y  be  given  in  an  equation  of  the  form 
y  =%  +  sD(l>{y), 

and  if  u  =f(y),  f  and  (p  being  any  functions  whatever,  then 
u  may  be  expanded  in  ascending  powers  of  a?  by  the  theorem 

This  is  Lagrange's  Theorem.  See  Equations  Nume- 
riques.  Note  XI ;  Memoires  de  Berlin,  1768,  p.  251. 

The  Theorem  of  Laplace  is  an  extension  of  the  preceding 
made  by  assuming  the  given  equation  in  y  to  be 

y  ^  F\%-v  op(p(y)\. 
Then  if  u=f(y),    and    if   we   put  fF{%)  =  f(z),    and 
i-fF{z)=f;{^),    and    <^F(^)  =  0,(;^), 

V  €i%  V    m  J, 

Memoires  de  VAcademie  des  Sciences,  1777,  p.  99. 
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In  these  theorems,  if  we  make  /{y)  =  y,  we  find 

and  y  =  F{%)+(t>,{z)Fi^)-  +_  [{0,(^)}"-r  (;.)]  —  + &c. 

Ex.  (l)     Let  y^  -  ay  +  b  =  0,  or    y  =  -  +  -  y'^ ; 

a      a 

Expand  y  in  ascending  powers  of  - . 

h 

Here    f(y)  =  y,  0  (y)  =  y\  x  =  -. 

a 

Therefore  ^J0(.)}^  =  6(^)',    ^.  {0(-)P  =  9.8.  Q  V  &c 

'  T,r,  b   ^  h^  ¥  b^  6'  „       ^ 

Whence    ?/  =     (i  +_+  3  -  +  12  -  +  55  —  +  &c.) 
a  a"*         a"  a  a 

(2)  Let  a  -  y  +  by"  =  0,     or  2/  =  a  +  &2/"- 
Expand  y  in  terms  of  6. 

Here  f(y)  =  ?/,     0(?/)  =  y",     %  =  a.      Then 

6^  b^ 

y  =  a  {l+a"-'6  +  2w.a^"-^ +  3n(Sn-l)  a'''-^ +  &c.l. 

'^  1.2  ^  1.2.3  * 

(3)  Let  b  —y  +  ta^  =0,      ov  y  =  b  +  ca}'. 
Expand  y  in  terms  of  c 

Here  /  {y')  =  y,        (p  (y)  =  a-',        %  =  b.      Then 

c  c  c 

y  =  b  +  a^'.~  +  2  log  a  n^^        +3"  (log  afa^^ +  &ec. 

1  ^  1.2  ^    ^    ^  1,2.3 

If    ft  =  1,        or   ?/  =  1  +  cff/^, 

^,  ft  c  no 

«  =  1  +  a  -  +  2  log  a h  3^  (loff  «)'^  +  &c. 

^  1  ^       1.2  ^     '    1.2.3 

See  Ex.  15  of  the  preceding  Section. 


fore 
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(4)      Let    y  =  a  +  X  log  y. 

Expand  y  in  terms  of  x. 

Here  f{%)  =  z,  f'(z)  =  1,   %=  a,    <p  (%)  =  log  z.     There- 


,  cV      2  log  a  w^        3  log  a  ^     ^^ 

y  =  a  +  log  a .  -  +  — ^-  -—  +  (2  -  log  a) 


1  a       1.2  a^  °    '1.2.3 

+  — T-  5^-9  (log  «)'  +  2  (log  af\  -—--  +  &c. 

(Jb  .X«y^»C>»T? 

(5)  Let  a  -  y  +  6  («/"  +  cy"")  =  0, 

or     y  =  a  +  b^y"  +  cy"^)  : 
expand  «/  in  terms  of  b. 

Here    0(^)  =  z"  +  cz^,        z  =  a;    therefore 

2/  =  o+(o"+ca'')-  +  {2wa^"-*  +  2c(»i+»')a"+''-^  +  c^2ra^''-^} 

+  &C. 

In  the  preceding  examples  it  will  be  seen  that  the  expan- 
sion of  y  in  terms  of  b  is  the  solution  of  an  equation  either 
algebraic  or  transcendental,  and  Lagrange  has  shown  that  the 
series  always  gives  the  least  root  of  the  equation. 

(6)  Let  y^  -ay  +  b  =  0: 

1 
expand  y"  in  terms  of  -. 
a 

b 
Here    /(»)  =  ^",        0(^)  =  ^^         z  =  - . 

it 

Whence 

b"  ,  b^  1       n(n  +  5)b^  I      n(n  +  7)(n  +  8)  b^  1 


a"'-  a^  a  i 


.2       a*  a-  1.2.3  a"  a^ 


w(n  +  9)(w  +  10)(w  +  ll)   6M  . 

1.2.3.4  a^  a*  ^ 


5 
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(7)  Let   I  -  y  +  ay^  =  0  : 
expand  y"  in  terms  of  a. 

n         n(n  +  2r-l)    ,     n(n  +  3r-l)(n  +  3r-9^)a^ 

«"=!+-«  +  — ^^ a^  +  — ^^ — 

^  1  1.2  1.2.3 

w(/i  +  4r- 1)  (»^  +  4r-2)  (n  +  4r-3)    ^ 
1.2.3.4 

(8)  Let   1  -  2/  +  ae^'  =  0  : 
expand  ?/"  in  terms  of  a, 

w(w+l)   „  „     n{n^  +  3n-\-5) 
^  1.2  1.2.3 

Lagrange  has  shown*  that  if  by  his  theorem  we  develop 
the  /I*  negative  power  of  the  root  of  the  equation 

y  =  %  +  i€^{y), 

and  if  we  only  retain  the  terms  involving  negative  powers  of  %, 
the  result  gives  us  the  sum  of  the  'nP^  negative  powers  of  the 
roots ;  while,  as  has  just  been  stated,  the  whole  series  gives  the 
^th  negative  power  of  the  least  root. 

(9)  If  the  equation  be 

cy^  —  by  +  a  =  Oy 
of  which  the  two  roots  are  a,  j3,  then 

^■^/3»"W    ^^~T'b'^      1.2      b^'\b) 
n(n-4s){n-  5)  c^  (a^  ^ 


1.2.3 


the  series  only  continuing  so  long  as  there  are  positive  powers 

b  .  „  a 

of  - ,  that  is,  negative  powers  of  -  or  %. 


*  Equations  Numiriques,  p.  225. 
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(10)      Let  a-hy  +  cif  =  0. 

Then  if  we  represent  the  sum  of  the  inverse  v^^  powers  of 
the  roots  by  2  (a~"),  we  have 

^/     «x      i^W            (ay-'   c      n(n-2r  +  l)  fa\^''-^c^ 
2(a-)=(-)fl-„(-)       .-  + T?—  (j)        ^ 

n  (n  -  3r  +  1)  (n  -  3r  +  2)  fay"'^  c 


1.2.3 

the  series  being  continued  only  so  long  as  it  involves  positive 

powers  oi  -. 
a 

If  in  these    equations  we  substitute  -  for  y,   and   then 

find  the  sum  of  the  inverse  w*^  powers  of  the  roots  of  the 
transformed  equation,  we  obtain  a  series  for  the  direct  w* 
powers  of  the   roots   of  the  original  equation. 

(11)  If  we  thus  transform   the  equation   in  Ex,   10  it 
becomes 

c  —  by  +  ay^  =  0  ; 

and  if  a,  /3  be  the  same  quantities  as  before, 

continued  so  long  as  there  are  positive  powers  of  - . 

(12)  Let  u  =  m  +  esinu. 

Expand     u  and  sin  it   in  terms  of  e. 
The  expression  for  u  is 

u  =  m  ■\-  sin  m .  -  +  sin  2m  ^ +  -  (3  sin  3  m  -  sin  m) 


I  1.24'  1.2.3 

+  (8  sin  4m  -  4  sin  2m) 1-  &c. 

^1.2.3.4 

5 — 2 
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The  expression  for  sin  u  is 

sin  2  m  e      3  sin  3  wj  —  sin  m    e' 
sm  M  =  sin  m  H + 


2       1  4  1.2 

+  (2  sin  4m  —  sin  2m) v  &c. 

1  .2  .3 

(13)  We  might  employ  Lagrange's  Theorem  to  express 
h  in  terms  of  u  from  the  equation 

du ,      d~  u    h^        d^u      h^ 

u  +  -—h  +  -— +  — +  &c.  =  0; 

dx         dso^  1  .2       doo^  1.2.3 

but  the  following  method  is  more  convenient,  as  it  gives  at 
once  the  law  of  the  series.  It  is  easily  seen  that  the  series 
is  the  development  of  some  function  of  w  +  h,  which  when 
A  =  0  becomes  u. 

Let  u  =/(,a?),  then  /(a?  +  A)  =  0.  But  since  u  =f(jv), 
w  =  f~^  (u),  and  if  we  call  k  the  increment  of  u  due  to 
the  increment  h  of  w, 

x  +  h  =f~^  (u  +k), 

or,  expanding  by  Taylor's  Theorem, 

da?         d^off   k^        ^x     k^ 

X  ■ith  =  x+  -—k  +  -—  — -  +  -—z +  &c. 

du  du^  1  .2      du^l  .2.3 

But  from  the  given  equation  we  have 

u  +  k  =  0,    or    k  =  —  u,    and   therefore 

dx  d^  X    u^        d^  X       u^ 

k  =  -  ——  u  +  — — 7-3   — - —  -{-  &c. 

d  u  du^  1  .  2       du^   1.2.3 

dx  .         d^  X        dv 

If  we    put   — —  =  -  V,    then    -— -  =  -u  -— , 
du  dw         dx 

^ X  d   (    dv\  f     dy 

— -  —_«-—«  —  ]  =  —  [v  -—]    V,  and  so  on. 

du  dx  \   dx)  \    dx) 

d         u^        /     d  \2  u^ 

Hence,     h  =  vu  +  v-—v. 1-    v  — —     v  . f-  &c. 

dx       1.2       \    dx)         1.2.3 

This    is   the    form    of    the   expression   which    is    given   by 
Paoli,  Elementi  d^ Algebra,  Vol,  11.  p.  40. 
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(14)  As  an  example  of  Laplace's  Theorem,  let  us  take 

y  =  log  (z  +  a?  sin  y), 
and  expand  e^  in  terms  of  x. 

Here   f{y)  =  e^    F(z)  =  logz,   fF(z)=f^(%)=!,, 
(p  (y)  =  sin  p,    ^F  («)  =  0^  (z)  =  sin  (log  z). 

Therefore  //  («)  =  '^i -^{<p,{^)Y  =  ^  sin  (log  %)  cos  (log  %)  .  - 

=  sin  (2  log  z).  -  =  sin  (log  z'^) .  -  . 

^  t      X  .->-    3sin(log2r)r         r  .   „       x-»„      .    „       .       x,        x-i 
T~i50/(^)i  = V^[2-3{sm(log^)}^-sm(log;s)cos(log«)J 

= ^      {  8  -  9  sin  (log  z^-9.  sin  (log  ^^)  +  3  sin  (log  «^) } . 

,,ri  .    „        V  "^      sin  (log  «^)    .a?^ 

Whence  e^  =  ^  +  sin  (loff  ^)  -  +  ^ — h 

^    *=    ^  1  z  1.2 

3sin(log^)  ,           .    ,,                 .    ^,       o           .    ,1        ,xi     "^^ 
+ ^^ —  1 8  -  9  sm  (log  ^)  -  2  sm  (log  «^)  +  3  sm  (log  zr)  \ 

+  &c. 

(15)  Again,   let  z,  =  e'+*<:°sy : 
expand  y  in  terms  of  oc. 

Here       F  {z)  =  e'',     0^  (2?)  =  cos  e"",      F'  {z)  =  e".     Therefore 

y  =  e''  +  e'  cos  (e')  -  +  e''  cos  (e")  {cos  (e'')  -  2  sin  e^(e'')|  -^ 

+  e''  cos  (e'')  {(cos  e^)"  -  Qe"  cos  (e")  sin  (e"^) 

+  9  e'==  (sin ^f  -  Se'^ +  &c. 

^  M  .  2.3 

Sec.  4.     Expansion  of  Functions  by  particular  methods. 

The  preceding  Theorems  sometimes  fail  from  the  function 
which  is  to  be  expanded  becoming  infinite  or   indeterminate 
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for  particular  values  of  the  variable,  and,  more  frequently, 
they  become  inapplicable  from  the  complication  of  the  pro- 
cesses necessary  for  determining  the  successive  differential 
coefficients.  Recourse  must  then  be  had  to  particular  ar- 
tifices depending  on  the  nature  of  the  function  which  is 
given.  One  of  the  most  useful  methods  is  to  assume  a 
series  with  indeterminate  coefficients,  and  then  to  compare 
the  differential  of  the  function  with  that  of  the  assumed 
series ;  so  that  by  equating  the  coefficients  of  like  powers 
of  the  variables  conditions  are  found  for  determining  the 
assumed  coefficients.  This  method  has  the  advantage  of 
furnishing  the  law  of  dependence  of  any  coefficient  on  those 
which  precede  it. 

Ex.  (1)      Let        u  =  e^.  (l) 

Assume 

u  =  tto  +  a^x  +  a^a/^  +  &c.  +  a„  a?"  +  &c.  (2) 

Differentiating  (l)   we  have 
du  ^ 

Differentiating  (2)  we  have 

du  1      r  X  „  ,  X 

—  =  «!  +  202^?  +  &c. +wa„a?"~^  +  {n  +  l)a„+i<2?"+  &c.     (4) 
da? 

Now       e''  =1  +  x  +  - —  +  &c.  +  +  &c., 

1.2  1.2...n 

and  substituting  in  (3)  for  e^'  the  assumed  series,  it  be- 
comes 

dtL 

—  =  jflo  +  «i  ,2?  +  cfg  07^  +  &c.  +  a„a?"  +  &c.(  (5) 

dx 

X  ^  1  +  a?  + +  &c.    +  +  kc.\. 

'-  1.2  1  .2  ...W  ' 

Comparing  now  the  coefficients  of  a?"  in  (4)  and  (5)  we  find 

a„4.i= <«»+ «n-i  + +   +  Sec  + >: 

"*        n+l\  1.2         1.2.3  1.2...WJ 
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whence  any  coefficient  is  determined  by  means  of  those  which 
precede  it,  except  the  first  or  agj  the  value  of  which  is 
easily  found  by  putting  oe  =  0  in  the  original  equation,  in 
which  case  Uq  =  e^"  =  e.  Therefore,  forming  the  successive 
coefficients  from  this  first  one, 

r  2a?2         5a?^  15  a?''  52a?^ 

^  1.2       1.2.3      1.2.3.4!      1.2.3.4.5  * 

(2)      Let  u  =  e"^"*. 

Then  by    the   same   process    as  before   we  find    the    co- 
efficient of  the  general  term  to  be  given  by  the  equation 

If  ^n  -  S  ®ra  -  4  ^«  -  6  o        1 

7i  +  1   ^    "        1.2        1.2.3.4        1.2.3.4.5.6  ^ 

There  remains  to  be  determined  a^,  which  is  easily  seen 
to  be  equal  to  1.      Hence  we  find 

6®"'^  =  l+a7  + +  &c. 

1.2        1.2.3.4       1.2.3.4.5       1.2,3.4.5.6 


(3)      Let  u  =e 

Then    5^=        ' 


_  _sin~'  ar 


dx      (1  -  a}')h 

13  1.3.5 

and  (1  -  a?2)-2  =  1  +^a)^  +  -^-  a?*  +  — — '-—at^  +  &c. 

^  ^  2  2.4  2.4.6 

Therefore,   assuming  a  series  as  in  the  preceding  examples, 
we  find   for  determining  the  coefficient  of  the  general  term, 

««  +  !=  :  l«n  +  ian-2  +  ^r—r^n-i  +  &c.}  : 

n  + 1  2.4  ■' 

Also,  it  is  easily  seen,  that  Oq  =  1j    therefore 
■„_,  d?^  2x^  5  a?*  20«J?5 

1.2       1.2.3       1.2.3.4       1.2.3.4.5 

(4)     Let     w  =  («(,  +  «i  a?  +  a2  -^J^  +  &c.  +  a„  a?"  +  fee.)". 
Assume  this  to  be  equal  to 

Aq  +  J^x  +  J^ar  +  &c.  +  ^„a?"  +  &c. 
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and  take   the   logarithmic    differentials  of   both   expressions: 
equating  these  we  have 

m  {«!  +  'ia^oo  +  SffgO?^  +  &c.  +  (»^  +  l)  a„+ia?"  +  &c.| 
Oo  +  «i<a?  +  O'%oo^  +  &c.  +  a„a?"  +  &c. 
A-^  +  S^g-*^  +  SJs-J?^  +  &c.  +  (w  +  1)  ^„+ia?"  +  &c. 
Jq  +  AiX  +  A^x^  +  &c.  +  AnOf  +  &c. 

Whence,   multiplying  up  the  denominators  and  equating 
the  coefficients  of  like  powers  of  <2?,  we  have 

(n  +  l)aoJ„+i  =  (m-  n)  a^A^  +  {2m  -  (n  -  l)]  a^A,,.! 

+  {Sm  -  (n  -  2)}  a^An-2  +  54m  -  (n-  3)}  ^4  J„_3  +  &c. 

Also  since  u  is  reduced  to  a^   when  x  =  0,  we  have  A^  =  a„". 
Therefore 

(m  —  1  \ 

^^  =  ffg"  +  mai  ©o" ~  ^  a?  +  »»  I a^  +  ag^o )  «o"  ~   <» 

f(m-l)  (m-  2)     ,       .         .  1 

+  m  < ^  «!  +  (m  - 1)  «2  «i  «o  +  ®3  V  f  «o"~  '"^^  +  &c. 

12.3  J 

Euler,  Cafc.  i)j^.  p.  519. 

(5)      Let  z^  =  e«o+«i*+«2i'+ 

As  before,  assume 

u  =  Aq+  AiW  +  Jg^?^  +  8ec.  +  J„a?"  +  &c. 

By  taking  the  logarithmic  differentials  we  find 

{n  +  1)  J„+i  =  aiJ„  +2a2  J„_i  +  &c.  +  {n  +  I)  a„+i  Jq- 

Also  since  u  =  e"*"  when  ,a?  =  0,  J^  =  e"",  so  that  we  have 

,  «i^  +  2a2    o      «i*  +  6^1  fla  +  6a3 

«*  =  e""  n  +  ttja?  + a?^  +  — ■ w^  +  hc.l 

*  1.2  1.2.3  * 

Euler,  76.  p.  535. 

In  some  cases  the  law  of  the  coefficients  is  best  found  by 
proceeding  to  two  differentiations. 

(6)     Let  it  be  required  to  expand  cos  nx  m  ascending 
powers  of  cos  w. 
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Assume 

Differentiating, 

nsmnx=  \ai+2a2Cos a!  +  ...+pa  (cos  wy~^+  ... 

+  (;)  +  2)  ttp+z  (cos  5?)^+^  +  8ec.  ]•  sin  a?.- 

Differentiating  again, 

ft?  cos  nai=ai  cosw-\-...+pa   (cos<r)P+  ...  +  (p+2)  ap^.g(cos<»y+^ 

+  &c. 

-  {2a2-\-...  +p(jo-l)  ttp  {cos 0Dy-^->r  ... 

+  (^  +  1)  (P  +  2)  «p+2  (cos  ,2?)^+  ... }  (sin  wy. 

Putting  1  —  (cos  xy  for  (sin  wy,  and  taking  the  coefficient 
of  (cos  wy  we  find  it  to  be 

pap  +  p{p-l)ap-{p-{-l){p  +  2)  a^+g; 

and  this  must  be  equal  to  the  coefficient  of  (cos  wy  in  the 
original  series  multiplied  by  n^:  equating  these  we  have  the 
condition 

(n^  -  p^) 


(^p  +  2  —    ~ 


ip  +  l)(p  +  2)      ^' 


by  means  of  which  any  coefficient  is  given  in  terms  of  that 
two  places  below  it.  There  remain  to  be  determined  by  other 
means  the  first  two  coefficients  a^  and  «i.      For  this  purpose 

make  w  =  (2r  +  1)  —  in  the  original  equation,   r  being  any 

integer.  Every  term  on  the  second  side  vanishes  except  the 
first,  and  there  remains 

Gq  =  cosw(2r  +  1)  —  . 


To  find  «!,  make  w  =  (2r+l)  —  in  the  second  equation, 
when  we  obtain 
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sm  w  (2  r  +  1)  — 

ay  =  n  — ^^^— — —  =  ^  cos  (w-l)(2r+l)— . 

sm(2r  +  1)  - 
2 

Starting  from  these  values  and  giving  p  successively  all 
integer  values  from  0  upwards,  we  find 

TT  7^  w^(w^  — 2^) 

cosw<j7=cos?2(2r+l)-  {l (coSci?)^+ — ^^ ^(cos<a?y-&c.} 

^  2  ^       1.2  1.2.3.4^         '  * 

+  cos  (w  -  1)  (2r  +  1)  —  J7^  cos  a? (cos  a?)''  +  &c.  J 

When  ?2  is  an  even  integer  the  second  line,  being  mul- 

tiplied  by  an  odd  multiple  of  — ,  vanishes,  and  the  first  line 

alone  remains:  when  n  is  an  odd  integer  the  first  line  vanishes 
and  the  second  line  alone  remains.  When  »2  is  a  fraction  both 
lines  must  be  retained,  except  for  some  particular  values  of  n 
which  cause  the  factor  of  one  or  other  series  to  vanish. 

(7)  To  expand  sin  nx  in  ascending  powers  of  sin  x.  i 

Proceeding  in  the  same  manner  as  in  the  last  example,  we 
find 

f  7i^     ,  .        .o       '^^  (**^  -  2^)  ,  .         ^4  , 

sm  nx  =  sm  nrTr  \  1 (sin  wY  h (sm  x)  —  &c.  i 

*■         1.2  ^         1  .2.3.4    ^  ^  * 

7Z  (77/    "~  1    I 

+  cos  (n  -  l)  rTT  \nsmx (sin  wY  +  &c. \ 

When  n  is  an  integer  the  first  series  always  vanishes,  and 
the  second  is  positive  or  negative  according  as  (n  —  l)r  is  even 
or  odd.  When  7i  is  odd  the  second  series  terminates ;  when  n 
is  even  it  continues  to  infinity.  When  n  is  fractional  both 
series  coexist,  except  for  particular  values  of  r. 

(8)  To  expand  cos  nx  in  ascending  powers  of  sin  a?,  and 
sin  nx  in  ascending  powers  of  cos  w. 
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Proceeding  as  in  the  last  two  examples,  we  find 

72-  7i    172-    '~~  2    I 

cos  wo?  =  COS  nrir  j  1 (sin  xV  + (sin  ccY  -  &c.| 

^        1.2  ^      ■  1.2.3.4^         ^  ^ 

—  sin  (n  —  l)  TTT  \n  sin  x (sin  xy  +  &c.} 

When  n  is  an  integer  the  second  line  always  disappears, 
and  the  first  series  terminates  when  n  is  even,  and  does  not 
terminate  when  n  is  odd.  When  n  is  fractional  both  series 
are  retained,  except  for  particular  values  of  r. 

smna!=sinn(2r+l)  —il (cos<a7)^+ (cos<rV-&c.J 

^  ^2^        1.2  ^       1.2.3.4^         ^  * 

+  sin  (n - 1)  (2r  + 1)  -  {n  cos  a; (cos  wy  +  &c.} 

When  n  is  an  odd  integer  the  first  line,  when  n  is  even 
the  second,  alone  remains ;  but  when  n  is  fractional  both  series 
are  retained  except  for  particular  values  of  r.  In  no  case  do 
the  series  ever  terminate. 

For  an  exposition  of  the  difficulties  concerning  these  ex- 
pansions, and  the  discussions  to  which  they  have  given  rise, 
the  reader  is  referred  to  Poin  sot's  Memoir  on  Angular  Sec- 
tions, where  the  complete  form  of  these  expansions  was  first 
given . 

w 

(9)      To  expand  in  ascending  powers  of  a;. 

e*—  1 

If  we  were  to  endeavour  to  effect  this  by  means  of  Mac- 
laurin's    Theorem,    we    should   find   that    all    the   differential 

coefficients  take  the  form  -.    An  artifice  of  Laplace*  however 

enables  us  to  avoid  this  difficulty.      Since 

no  J.     /y»  X.     ryt 

vb  "Tx  iJb  TT  ^ 


e""        1         62  _  1         e2  +  1 


Memoires  de  V Acadtmie,  1777?  p-  106. 
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the  coefficient  of  <r"  in  -™ —  is  the  same  as  that  of  «" 

e^  —  1 

m    ^        .     Now  it  is  easy  to  shew  that  — can  contain  no 

6^  +  1 

odd  powers  of  x  above  the  first ;  for  if  we  assume 


;X  W 


00 


6^-  1 


=  «ij  +  OjO?  +  «2<»^  +  «3<^^  +  &C., 


00 

we  have  -^^^ =  a^  — a^oo ■>r a^oo^  —  a^oo^  +  &c.; 

e     —1 

and  subtracting  the  latter  from  the  former, 

oa(l-e^)  ,  ,  . 

— - — —  =  -  a?  =  ^\aiOO  +  a^oif  +  &c.}, 

and  comparing  the  coefficients  of  like  powers  of  oc, 
«!  =  -  ^,  a^=  0,  a^  =  0,    &c. 

Also  it  is  easy  to  see  that  a^=l',  we  may  therefore  assume 

00  OB  ^      00^  ^  X'^ 

=1--  +  B, ^3 +  &c. 

e'^-l  2  M.2  M.2.3.4 

i5j,  ^3,  Sec  being  coefficients  to  be  determined. 

The  coefficient  of  o?^"  in  the  expansion  of is  there- 

n 

fore  (-)"'*'^ '^ — -  ,  and  consequently  the  corresponding 

coefficient  in 

Jf-     is   (-)-^   '  ^^"- 


e^  -1 


2^"  1.2.3...(2?i) 


If  therefore  Cg„  be  the  coefficient  of  a?^"  in  -~ — ,  we  have 
the  equation 
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(-)'-(,4-)t 


2.3...  (272) 


—    ^2n. 


But   Can  =  -7 7 7  (-;-)        f-;^ l^     when  a?  =  0, 

22"i.2...(2w- 1)  V<^W      W+i; 

and  if  in  Ex.  (27)  of  Chap.  II.  Sec.  1,  we  make  r  =  2w  -  1, 
0?  =  0, 

/_d_y"-l   /       1       \    ^  /XSn-l  j_  (-jSn-l  _    fp2»-l  _  ^  ,2«-l> 

r   o     ,       2w    „     ,       2w(2w-l)    „     ,^ 

*  1  1.2  'J 

Substituting  these  values,  we  find 


B, 


{-y'^n    ^^3„_,      ,  ^„_,      2n 


'— ^         o2m  /'o2w 


2-«  (2« 


rj2n-l  _  ig^n-l  _  ZH.  l2n-l> 


+    jgSn-l 22n-l  ^  V J  j2„_n    _  ^^.  1 

*  1  1.2  ^  -' 

These  coefficients  5i,  Bs...B2n-ij  are  of  great  use  in  the 
expansion  of  series,  and  bear  the  name  of  Bernoulli's  numbers, 
having  been  first  noticed  by  James  Bernoulli  in  his  posthu- 
mous work  the  A7's  Conjectandi,  p.  97 ;  but  the  complete 
investigation  of  the  law  of  their  formation  is  due  to  Euler, 
Calc.  Diff.  Part  ii.  Cap.  V. 

(10)  To  expand  tan  9  by  means  of  the  numbers  of 
Bernoulli 

1       e(-)^2e  _  1  ^       1       r  2  . 

*^^  ^  -  (T)!  e(-)^2e  +  1  -  (Zji  |l  -  1  +  ,(-).2a)  • 

The  coefficient  of  0^""^  in  the  expansion  of  this  function 

will  be  the  same  as  that  of  a?^"  in  the  development  of  

e  +  1 
multiplied  by  2^"(-)".  By  what  has  preceded  it  appears, 
therefore,  to  be  equal  to 

2^"  (s'-^"-  1) 
1.2...  (2w)  ^'"-'' 
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Hence,  giving  n  successive  values,  we  find 

^      4.3  „  ^       16.15     _  ^,  64.63 

tan  0  =  —  B^e  + ^30^  + B,e'  +  &c. 

1.2  1.2.3.4  1.2.3.4.5.6 

(11)      To  expand  cot  6  by  means  of  Bernoulli's  numbers, 
cot  e  =  (-)i  -p^,^,-^  =  (-).  |i  +  ;hW3-J  . 

Now  the  coefficient  of  ^^""^  in  this  expression  is  the  same 
as  that  of  a?^"  in  the  expansion  multiplied  by  (-)"2^": 

€     ■"  -I 

it  is  therefore  equal  to 

(-)"2^"^,„_, 

Hence  we  have 

cot  0  =  i BiO ^30^  -  &c. 

e       1.2  1.2.3.4 


CHAPTER  VI. 


EVALUATION    OP    FUNCTIONS    WHICH    FOR    CERTAIN    VALUES    OP   THE 
VARIABLE    BECOME    INDETERMINATE. 


If    w  be    a  function  of  x  of   the   form  —  ,    and   if  for 

the  value  x  =  a,  P  and   Q  both  vanish ;  u,  taking  the  form 

-,    is    indeterminate   and   its    true   value  will  be  found  by 

dijfferentiating  the  numerator  and  denominator  separately  and 
taking  the  quotient  of  these  differentials :  that  is,  using  La- 
grange's notation,  the  real  value  of  u   will  be 

u  =  ■—,,  when  x  =  a. 

But  if  the  same  value  (x  =  a)  which  makes  P  and  Q  vanish 
also  make  P'  =  0,  and  Q'  =  0,  we  must  differentiate  again, 
and  so  on  in  succession,  as  long  as  the  numerator  and  the 
denominator  both  vanish  when  w  is  put  equal  to  a.  There- 
fore we  may  say  generally  that  the  true  value  of  u  when 

a?  =  a  is 

p(») 

P'"*  and  Q^"*  being  the  first  differential  coefficients  of  P  and 
Q  which  do  not  vanish  simultaneously  when  w  is  put  equal 
to  a. 

This  theory  of  the  evaluation  of  indeterminate  functions 
was  first  given  by  John  Bernoulli,  Acta  Eruditorum,  1704, 
p.  375. 

Ex.  (1) 


1-0?"         , 

u  =  when 

\  -  a; 

a?  =  1. 

Here    P  =  1  -  a?" ; 

Q  =  1  -  .0? ; 

P'  =  -  n.v'-^ ; 

Q'  =  -  1 ; 
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and  therefore  when  a?  =  1,    u 


n. 


1  —  <j?" 

The  function     is  the   sum  of  the   series 

\-x 

1  +  a?  +  cT^  4-   &c.   +  a?"  -  S 

which  when  a?  =  1   is  equal   to  7^,  as  we  have  just  found. 

.  a(aa?)2  -  ar^ 

(2)  u  = — -J- ,    when  w  -  a. 

a  —  («a?)2 

The  real  value  is   u=  S 


a. 


»3 


,  -  a^  -1 

\S)  u  =  — ,    when  a?  =  1. 

The  real  value  is  u  =  ^. 

.  -  (2a^off  -  a?*)3  -  a  (a^a?)3 

(4)  u  = — —y —  ,    when  a;  =  a. 

a  —  (a-j?"*)* 

16 
The  real  value  is  u  =  —  a. 

9 

This  was  one  of  the  first  functions  the  value  of  which 
was  determined  in  this  manner. 

(5)  Find  the  real  value  of 

ax^  +  ac^  -  2aca;         . 
u  = ,    when  w  =  c. 

.  .  PI  0      a 

Differentiating  twice,  we  find   u=  -  =  -. 

(6)     Let  u  =  — 


X   —  a~ 
when    a?  =  a,     u  =  0. 


ax  —  x'' 
(7)     Let  ^=«4_o«3^_^9^.^3  _    .; 


a*  -2a  a?  +  Sera?    -  a?* 
when     X  =  a,     u  =  zo 
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(8)  u  = —  ,  when  w  =  0. 

X- 

After  two  difFerentiations   we  find    u  =  —  . 

26 

(a^  +  aw  +  x^)^  —  (a^  —  ax  a-  <a?^)^' 

(9)  w  =  ,    ^    ,i      / ^1 • 

{a  +  xy^  —  (a  —  xy^ 

When    a?  =  0,    u  =  a^. 

One  of  the  most  important  applications  of  this  process 
is  to  find  the  sums  of  series  for  particular  values  of  the 
variable.  The  first  example  was  an  instance  of  this,  and  we 
shall  here  add  others  taken  like  that  from  Euler's  Calc.  Diff, 
p.  746. 

(10)  The   sura  of  the  series 

X  +  2*-  +  3,2?^+ +  wa?", 

a?  -  (w  +  l)a?"+ '  +  w<2?"  +  ^ 


IS      w  = 


{l-xf 


and  we  are  required  to  find  its  value  when  cj?  =  1,  or  when  the 
series  becomes  that  of  the  first  order  of  figurate  numbers. 
By  two  difFerentiations  we  find 

0      n{n  -It  \) 
u  =  -  = , 

0  2 

(11)      The  sum   of  the  series 

X  +  4a?^  +  Qx^  + +  n^x", 

a?  +  ,j?^- (w  +  1)^ .2?"+ '  + (2w^  +  2»^  -  l).i?"-^^- ^2^"  +  ^ 


is       M  = 


(1  -  xf 


and  we  are  required  to  find  the  real  value  of  u  when  x  =  I, 
which  in  this  case  is  the  sum  of  the  squares  of  the  natural 
numbers.      Differentiatinor  three  times  we  have 

0      n  (n  +  V)  Oin  +  \) 

M  =  -   = -4; . 

0  6 
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(12)     Let  u  = 


l-x'p    ' 


find  its  value  when  a?  =  1.      Since  u  may  be  put  under  the 

form 

a?"      1  -  ^" 
u  = , 

1  +  <3?P    1   -  a?P 

of  which  the  latter  factor  alone  becomes  indeterminate,  we 
need  only  differentiate  that  factor  so  as  to  find  its  real 
value  when  <r  =  1,  and  then  multiply  it  by  the  value  of  the 
first  factor  when  a?  =  1 .      The  real  value  of  the  fraction  is 

n 

u  =  —  . 
2p 

„"      ™» 
(13)     Let  u  = 


log  a  —  log  X 
When     .2?  =  a,     u  =  nd!'. 

loff  X 
(14)      Let  u=        ^ 


When     a?=  1,     w  =  0. 
(15)      Find  the  true  value  of 

_m *  ma 

u  = ,   when  x  =  a. 

{x  -  ay 

Differentiating  r  times  with    respect    to   x    we    find   the 
real  value  to  be 


r(r  -  1) 3  .2.1 

This  result   is   of  use  in    the  integration   of  differential 
equations. 

(16)     Let  u  = 


log  (  1  +  a?) 
When    X  =  0,     u  =  2. 
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(17)  u  = ,    when  w  =  1. 

1  —  <r  +  log  X 

After  two  differentiations  we  find   u  =  —  2. 

/sin  m6\ ' 

(18)  L,et     u  =  {—. — —     ,   m  beinff  an  integer. 

\  sin  t^  y  * 

When     ^  =  0,      w  =  m^. 

Airy's   Tracts,   p.  328. 

1  —  cos  X 

(19)  u  =  — ,    when  ,v  =  0. 

cV  log  (1   +   0!) 

After  two  differentiations  we  find  w  =  1 

cos  x9  —  cos  nO 

(20)  Let   u  = ; ; 

n-  —  x^ 

find  its  value  when  x  —  n. 

Here    P'  =  -  0  sin  xQ^      Q'  =  -  2  «', 

Q 
and    ■M  =  —  sin  nQ^    when  w  —  n. 
2  w 

(21)  Take  the  more  general  case  of 

cos  xQ  —  cos  n 0 

u  = ,   when  x  =  n 

(w^  -  oo^y 

Here  w  may  be  put  under  the  form 

1  cos  x9  —  cos  nO 

{n  +  xy         (n  -  xy 

and  as  the  second  factor  alone  becomes  indeterminate  for 
X  =  n,  we  differentiate  it,  and  then  multiply  by  the  first 
factor,  as  in  Ex.  12. 

Let  then  P  =  cos  xO  -  cos  w0,      Q  =  {n  -  xy. 
Differentiating  r  times  with  respect  to  x, 

pW  _  Qr  pQg  ^^0  ^  a*"?!")  =  0''cos  (nO  +  ^rir),  when  x  =  n, 

QM  =  (-yr{r-l) 3.2.1. 

6 — 2 
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Also    when    x  =■  n, —  becomes    ;     therefore    we 

{n  +  xy  (2  ny 

obtain  for  the  real  value  of  u^ 


u  =  (-r 


O'cos  (w0  +  \rTT) 


r  (r-1) 2.2.  1  (2w)'  * 

The  results  in  the  last  two  examples  are  of  considerable 
importance  in  the  Integral  Calculus. 

1  —  sin  w  +  cos  X 


(22)      Let  u  = 


sin  X  +  cos  X  —  \ 


When  X  =  -^      u  =  1. 

2 

The  method  employed  in  the  preceding  examples  applies 
only  to  those  functions  of  which  the  differential  coefficients  do 
not  become  infinite  when  x  =  a.  It  will  therefore  fail  in  those 
cases  in  which  the  numerator  and  denominator  of  the  fraction 
involve  fractional  powers  o{  x  —  a,  or  generally  in  those  func- 
tions for  which  Taylor^s  Theorem  is  said  to  fail.  The  follow- 
ing process  is  equally  applicable  in  all  cases,  and  in  some  of 
the  preceding  examples  might  perhaps  be  found  practically 
more  convenient.      "  It  x  =  a  cause  the  fraction  to  assume  the 

form  -,  substitute   a  +  h   for   x  in   both   numerator   and   de- 
0 

nominator,  and  develop  both  according  to  powers  of  h ;  re- 
duce the  new  fraction  to  its  simplest  form,  and  then  make 
h  =  0 ;  the  result  will  be  the  true  value  of  the  fraction."  It 
is  easily  seen  that  this  includes  the  method  by  differentiation. 

,    ^  (x'-a')^  , 

(23)  u  =  — J-,     when  x  =  a. 

{x  —  a)^ 

In  this  case  the  first  differential  coefficients  both  become 
equal  to  0,  for  x  =  a;  while  the  second  and  all  the  subse- 
quent differential  coefficients  become  infinite  for  the  same  value 
of  X. 

Let  X  =  a  +  h,   then 

(2ah  +  h^)^       ^      ^        \         2  a) 

u  = =  .. 

hi  hi 
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and  expanding  the  binomial, 

(2a)^0(l  + +  &c.) 

,      xw        3    h 
u=(2a)Hl+~  —+  &c.) 
2  2a 

=  (2  a)t,    when  h  =  0; 
and  this  is  the  true  value  of  the  fraction. 


_     ^                  (a^  —  x^)^  +  a  —  X      0         , 
(24)         u  =  —■ ;  =  - ,    when  a?  =  a. 

Since  in  this  case  u  would  be  impossible  if  x  were  greater 
than  a,  assume  w  =  a  —  h;  the  result  is 

(2a)^ 
u  = J—  ,    when  «  =  0, 

l  +  35a 

which  is  the  real  value  of  the  fraction. 


,     ,  tan  TTcT?  -  7ra?         . 

(25)  u  = ,   when   a?  =  0. 

2,3?'^  tan  TTO? 

Let  a?  =  0  +  A,  ov  h;  then,  expanding  the  circular  function 
by  the  formula 

^      „       2  03 

tan6=e  + +  &c. 

1.2.3 

we  have    u  - 


2h  \'Kh+  — +  &C.^ 

^  1.2.3  * 

TT  +  +   &C.  -  TT  2 

1-2.3  ^  U  /.         n 

when  h  =  0. 


2h\'irh  +  — — ^  +  &c.} 
'  1.2.3  ^ 
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This  is  the  sum  of  the  series 

1        1        1        „ 

h  —  +  — ,  +  &c.    to    CO. 

1'       2-       3~ 

There  are  other  forms  of  functions  which   become  inde- 
terminate for  a  particular  value  of  the  variable,  but  these  may 

generally  be  reduced  to  the  form  - .     Thus,  if  u  =  P .  Q,  and 

if  for  X  =  a,    P  =  0,   Q  =  co,    we  have  m  =  0  x  co,   which  is 

indeterminate.     But  if  we  assume   Q  =  —  ,   we  have 

u  =  —  =  -  ,     when  x  =  a. 

Q,     o' 

Therefore,  applying  the  rule  for  vanishing  fractions, 

P'  P' 

w  =  —  =  -  Q^  7y  J     when  x  =  a. 

But  if  Q  =  CO  when  x  =  a,  all  its  differential  coefficients  will 
also  be  infinite,  and  u,  taking:  the  form  — ,  is  still  indetermi- 
nate,  unless  the  factor  which  becomes  infinite  should  happen 
to  divide  out. 

P 

To    determine    the   value    of   a   function    u  =  —  ,    which 

Q. 

CO  11 

becomes  -—  for  x  =  a,  we  assume  P  =  —  ,    Q  -  —  ,   so  that 

^  P,  Qi 

u  =  —  =  -  ,   when  x  =  0. 
Pi      o' 

Treating  this  as  a  vanishing  fraction, 

Q.'     P'  Q' 

P     P' 

Whence     u  =  —  =  — -, ,     when  x  —  a. 
Q     Q' 

But  if  P  =  CO,  and  Q  =  co,  for  a?  =  a,  all  their  diiferential 

P' 

coefficients   will  also   become   infinite,    and   —,   will   still   have 
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the  form  ^ .     This  reduction,  then,  will  not  give  us  the  true 

value  of  the  fraction  unless  some  factor  divide  out,  or  we  can 
find  some  relation,  depending  on  the  nature  of  the  functions, 
between  the  new  numerator  and  denominator  which  will  enable 
us  to  trace  the  real  value. 

A  function  u  =  P  -  Q,  which  becomes  co  -  co  when  a?  =  o, 
can  frequently  be  reduced  to  the  form  - ;  for  if  P  =  —  ,  and 

Q^-P^       0 

u  = =  -  ,     when  x  =  a, 

P,Q,        O' 

and  its  value  is  to  be  found  by  the  usual  method, 

De  Morgan's  Differential  Calculus,  p.  172. 

TT 

(26)  M  =  (1  -  w)  tan  —  0?  =  0  .  CO,  when  cb  =  1. 

2 
The  real  value  is    u  =  —,    when  oc  =  I. 

IT 
1 

(27)  u  =  e'  sin  00,    when  tt?  =  0  ; 
t^  =  0.  00  =  CO. 

(28)  u  =  e"  (1  —  log  x),     when   a?  =  0 ; 

1  ,  1     i 

Here    P' =  -  -  ,      Q'=  -— eS 

X  x'^ 

_i 
and     u  =  €   ^ .  a?  =  0,     when  a?  =  0. 


(29)  u=  —=—  i     when  a?  =  co . 

^  "/  g^        CO  ' 


Differentiating  the  numerator  and  denominator   n  times 
in  succession, 

w(w-l)...2.1 

M  =  — -^ =  0,    when  a?  =  CO. 
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loff  ,V 

(30)  u  =     "      ,     when  .t?  =  cc : 

u  =  — ;  =  —  ~  0,  when  a?  =   CO. 
Q       nx" 

(31)  u  =  x"  log  OS    when  c'j?  =  0,  t*  being  positive. 

1                              loff  y         T      , 
Put  x  =  -.     Then  ?^  = ^^  ,  and  when  x  =  0,  y  =  0=  ; 

and  therefore  by  the  last  example 

u  =  x'^  log  X  =  0,     when  x  =  0. 
If  n  be  negative,     z«  =  -  co. 

(32)  u  = 


M  = 


1 

2 

-  03 

00 

when 

X  •■ 

-  1 

1  -X 

1-0?^ 

1  +  X  - 

2       0 

1 

,   when  X  = 

--  1. 

1-x' 

0 

2 

X 

1 

CO  - 

•  CO 

X  — 

1  - 

X-  1 

log  X 

W.lj 

X  log  ,27 

-  X  +   1 

0 

=  *, 

when 

X  = 

:    1. 

(33)  u  = 


yx  —  1)  log  /J?         0      ^ 

(34)     The  sum  of  the  series 

1  11. 

-  +  :,  + :,  +  &c.   to    CO, 


1  +  a?'^      4>  +  X''      9  +  X 

TTX  —  1  TT 

IS     u=  —   + 


ix"  X  (e^'^^'  -  1) 

find  its  value  when  a?  =  0. 

(7ra7-l)(6'^^- 1) +  2  7r/i?      0        , 
Here    u  =  ^^ -, ; =  - ,  when  a?  =  0, 

Differentiating  three  times,  we  find  the  real  value  to  be 
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which  is  the  sum  of  the  reciprocals  of  the  squares  of  the  natural 
numbers. 

(35)     The  sum  of  the  series 

1  1  I 

+  -r +  -:; ^  +  &C.    to    CC. 


1^  +  w^       3^  +  00^       5''  +  of 

IT  TT 

IS  «^  = -—: r  =  CO  —  CO ,    when  x  =  0: 

4>W         207(6'^^+  1) 

TT        6^^-l  0  , 

u  —  —  — ; =  -  ,    when  x  =  0. 

4   X  (e^*  +1)       0 


Differentiating  once,  we  find 


u  — 


which  is  therefore  the  sum  of  the  squares  of  the  reciprocals  of 
the  odd  numbers. 

The  reader  will  find  other  examples  of  a  similar  kind 
relating  to  the  summation  of  series  in  Euler's  Cole.  Diff. 
p.  760,  seq. 

Sometimes  the  value  of  an  indeterminate  function  may  be 
most  readily  found  by  throwing  it  into  a  form  in  which  its 
real  nature  is  more  easily  seen. 

(SQ)      If  «^  =  2*  sin  -  ; 

find  its  value  when  a?  =  co , 

.     a 
sm  — 

2* 

This    function    may    be   put    under    the    form    a , 

a 

2* 

,  .  ,      .„    o       ^     ,  sin  0 

which,    if   —  =  0,    becomes    a  —-—  .      When    a?  =  cc,    0  =  0, 

2'  e  5  ' 

J   sin  0  n     ,       „ 

and  — — —  =  1,    and   therefore  u  ^  a. 
u 

(37)      Let    u  =  (a^  -  x^)^  cot  {-  I |   >  =  0.co,   when 

[2   \a  +  xj  J 

iV  =  a. 
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This 

may  be 
(a'- 

put  u 

inder  the  form 

IT  [a  - 

<rN  2 

2 

TT 

.r 

2  Va  + 

00} 

(a  +  a?) ; 

and  a 

a  -  <27^ 

^~         TT  (a 

-w\^  " 

,a  +  w) 

TT 
2 

j              2   \a 

la  -  w\l 

+  oo) 
1,   when 

\a  +  w) 

tan 

TT  la  —  <a?\  2 

c*, 

2   \a  -Jr  xj 

we  have     u  =  —  ,    when  w  =  a. 

IT 

■r..    ,    ,         ,         ^  W  (tan  2a?)        , 

(38)      Fnid  the  value  of  w  =  ,       ^ ,  when  w  =  0. 

log  (tan  a?) 

/    2  1*3 n  T*    \ 
Log  (tan  2  a?)  =  log  ( ^  |  =  log  (2  tan  a?)  -log  (l  -  tan^  a) ; 

log  (tan  a?)  +  log  2  —  log  (l  -  tan^  x) 

therefore    u  = = ; r^ 

log  (tan  a;) 

los:  2  —  log;  (l  —  tan^  os) 

u=l  +  — ^ , =  1,    when  a?  =  0. 

log  tan  x 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  0"  co°  l^'®,  may  be  reduced  to  a  shape  in  which 
the  preceding  methods  are  applicable.  Let  z  and  y  be  func- 
tions of  cc  and  u  =  z^,  then  if  for  x  =  a 

%  =  0,   y  =  0  we  have  m  =  0", 

z  =  cc,y  =  0   we  have  u  =  co", 

;^  =  1,   y  =  ±  CO   we  have  m  =  1=^°*. 

Now  since  z  =  €'°^%  i^  =  e^'°^^ ;  and  these  three  cases  are 
reduced  to  the  determination  of  y  log  z,  which  takes  the  form 
0  X  =t  CO  . 

De  Morgan's  Dif.  Calc.  p.  175. 
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(39)  Find  the  value  of  x''"  when  a?  =  0,  a  being  positive. 
This  is  equivalent  to  e''°^°^%  and  we  have  to  find  the  value  of 
0?"  log  ,2?  when  .2?  =  0. 

Now  by  Ex,  (31)  x''  log  w  =  0  when  a?  =  0.     Therefore 

x'^'  =  e°  =  1  when  a?  =  0. 

If  a  be  negative  w^"  =  0  when  w  =  0. 


(40) 

Find  the  value  of 

u  =     —  ]     =  co°  when  w  =  0, 

U^   g-^-10g(.»)    ^g-^.T-IOg^^ 

As  before,  a?"*  log  .z-  =  0  when  a?  =  0 ; 

therefore      m  =  e"  =  1  when  w  =  0. 

(41)  w  =  .z'^'"''  when  a?  =  0. 

We  may   arrive   at   the   value    of   this    function  by    the 

sin  tV 
consideration  that,  when  x  is  indefinitely  diminished, =  1, 

X 

or   sin  x  =  x:    therefore  when  x  =  0,   x^^^"  =  a?*  =1,  by   Ex. 
(39). 

In  the  same  way  it  would  appear  that 

(sin  x)  ^'»i  '^  =  1   when  x  =  0. 

Also,   since  a?'^"  *  =  e'"^''  •  ^''^^  =  1  when  a?  =  0, 
it  appears  that  sin  x  .  log x  =  0  when  x  =  0\ 

and  similarly  that      sin  x  .  log  (sin  a?)  =  0  when  a?  =  0. 

(42)  u  =  (cot  a?)^'"  *  =  00°  when  a?  =  0. 
By   similar  considerations  it  appears  that 

(cot  x)  sin  ^  =:  1   when  a?  =  0. 

(43)  u  =  {\+nx)''    when   ,t  =  0. 
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l0g-(l  +  nx) 

Here   u  =  e       '       ,    and    we    have    to  find  the   value  of 

log  (l  +  nw) 

when    .2?  =  0.      Differentiating    we    find    this   to 

n 

be  — — —  =  n  when  cc  =  0.     Therefore 
1  +  nw 

1 

i^  =  (l  +  ncc)''  =  e"  when  a?  =  0. 

This  result  may  be  verified  by  expanding  u  by  the  bino- 
mial theorem :    that  gives 

1  ,      ,      1  /I        \  n^x^      1/1        \  l\        \  TV^ar" 
u^  l  +  -{nw)+  -    --1    +  _    -  -1      --2    +  8ec. 


n    ,  n 


=  l+w  +  —  (]  -<2?)+  (1  -  2,x  +  2a?2)  +  &c. 

1.2  ^       1.2.3  ' 


.3 


n  w 

=  1  +  7J  H + +  &c.  =  e"  when  a?  =  0. 

1.2       1.2.3 


(44)       u  =  (cos  ax)  when  .37  =  0 ; 


The  real  value  \%  u  =  e^jQ^ 

Functions  which  for  a  particular  value  of  the  variable 
take  the  form  0°,  have  been  used  by  Libri  to  introduce 
discontinuity  into  ordinary  functions. 

Thus,  if  it  be  desired  to  express  a  function  fix)  which 
shall  be  equal  to  ^  {x)  from  a?  =  —  co  to  a?  =  w,  and  to  \^  {x) 
from  X  z=zn  to  a?  =  03,  he  writes 

/(a?)  =  (1  -  0°'"")  0(a?)  +  0°'""  >//(,37). 

See  his  Memoires  de  Mathematique  et  de  Physique^  Vol.  i. 
p.  44,  and  Crelle's  Journal,  Vol.  x.  p.  303.  In  the  same 
Journal^  Vol.  xii.  p.  134  and  p.  292,  the  reader  will  find 
some  discussion  on  the  real  value  of  this  indeterminate  ex- 
pression. 


CHAPTER  VII. 


MAXIMA    AND    MINIMA. 


Sect.  1.     Explicit  Functions  of  One   Variable. 

If  uhe  an  explicit  function  of  cc,  then   the  real  roots  of 

— -  =  0  are  the  values  of  w  which  render  u   a  maximum    or 
doD 

a  minimum. 

If  a  root  oi   -— -  =  0  substituted  m  give   a  negfative 

dx  dx^    *  * 

result,  the  corresponding  value  of  w  is  a  maximum.      If  a 

du  .  d-w      .  .  , 

root   of     -—  =  0    substituted   in  -— -   give    a   positive    result, 
dx  dx'  ' 

the  corresponding  value  of  «^  is  a  minimum. 

du  ^u 

If  a  root  of  -—  =  0  also  make  -— ^  =  0,  the  corresponding 

dx  dx~  ^  ^ 

^u 

value  of  w  is  neither  a  maximum  nor  a  minimum,  unless  

dx^ 

also  vanish  for   the  same  value ;   and  generally,   u  is  neither 

a  maximum  nor  a  minimum  for  a  given  value  of  <2?,   unless 

the    first    differential    coefficient    which   does    not    vanish    for 

that  value  of  ob  be  of  an  even  order. 

If,  when  0?  +  /i  is  substituted  for  x  in  w,  the  expansion 
in  terms  of  h  assume  the  form  PA«  +  &c.,  where  a  is  less 
than  unity,  the  values  of  x  which  make  u  a  maximum  or 
minimum   are    to    be    sought    in    the   roots    of   the    equation 

1 

du 
dx 
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P 

If  u  be  of  the  form  — ,   the  equation  for  determining  w 

dP         dQ 

IS   Q— P —-—  =  0,  unless  the  same  value  of  oo  make  Q  =  0, 

ax  doo 

in  which  case  -—  =  - ,  and  its  real  value  must  he  found  by 

dw      0  ^ 

the  usual  method.  The  corresponding  value  of  u  will  be 
a  maximum  or  a  minimum  according  as  the  value  of  x  when 

substituted  in   Q  -—  —  P  ——^  gives  a  negative  or  a  positive 

Qj  00  Qj  CG 

result.  The  values  of  x  which  make  Q  =  0  make  m  =  co, 
unless  P  =  0  at  the  same  time ;  and  this  value  of  u  will 
sometimes  be  a  maximum,  sometimes  not.      If  the  same  value 

of  X  which  makes  w  =  co   make  —   a   minimum,  then  w  =  co 

u 

is  a  maximum  ; — otherwise  not. 

The  investigation  of  the  maximum  and  minimum  values  of 
u  is  sometimes  facilitated  by  the  following  considerations. 

If  ?^  be  a  maximum  or  minimum,  and  a  be  a  positive 
quantity,  au  is  also  a  maximum   or  minimum. 

When  w  is  a  maximum  or  minimum,  ©m^""*"^  is  so  also; 

,  a       .     .  , 

but IS  mverselv  a  minimum  or  maximum. 

If  M  be  a  positive  maximum  or  minimum,  aw^"  is  also 
a  maximum  or  minimum.  If  ?^  be  a  negative  maximum  or 
minimum,  «w^"  will  be  a  minimum  or  maximum.  The  same 
remarks  apply  to  fractional  powers  of  the  function  w,  except 
that  when  the  denominator  of  the  fraction  is  even  and  the 
value  of  u  negative,   the  power  of  u  is  impossible. 

When  w  is  a  maximum  or  minimum,   log  u  is  generally 
a  maximum  or  minimum,  except  when  the  same  value  of  the 

variable  makes  both  u  and  —  vanish.      This  preparation  of 

dx 

the  function  is  frequently  made  when  the  function  u  consists 
of  products  or  quotients  of  roots  and  powers,  as  the  dif- 
ferentiation is  thus  facilitated. 

Other  transformations  of  u  are  sometimes  useful,  but  as 
these  depend  on  particular  forms  which  but  rarely  occur,  they 
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may  be  left   to  the  ingenuity  of  the  student   who  desires  to 
simplify  the  solution  of  the  proposed  problem. 

In  testing  by  the  sign  of whether  the  value  of  u  be 

a  maximum   or  a  minimum,  the  following  consideration  will 
sometimes  shorten  the  process. 

If  — -  be  of  the  form  xi^.v^. v^...Vj^^  and  <i?  =  a  be  a  value 
doc 

which  causes  one  of  the  factors  as  -y,.  to  vanish,  the  only  term 

of which  is  to  be   considered  is  that  involving  — ^,  as 

dw^  dco 

all  the  others  vanish  with  v^  when  x  is  put  equal  to  a,  so 

that  — r   IS  reduced   to  one  term. 
dor 


Ex.  (l)  u  =  X  -  X 

du 
dx 


=  1  —  2a?  =  0,     whence    a?  =  ^ ; 


=  —  2,  and  X  =  h-  makes  u  =  \;,  b.  maximum. 

dx^ 

(2)  ?^  =  cV*  -  8  a?^  +  22  a?^  -  24  a?  +  12. 

du 

—  =  4  a?^  -  24  a?'  +  44  a?  -  24  =  0, 
dx 

or     a?^  —  6  <r'  +  1 1  a?  —  6  =  0. 

The  roots  of  this  equation  are  1,  2,  3,  and 
for  a?  =  1,      «A  is  a  minimum; 
for  a?  =  2,      z«  is  a  maximum  ; 
for  X  =  3,      u  is  a  minimum. 

(3)  u  =  x^  -  5  x^  -f  5  a?^  +  1 . 

du  ^  „ 

—  =  5x^  -  20 a?'  +  1 5  x^  =  0, 
dx 
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or  .r*  —  4<w^  +  3  x^  =  0, 

the  roots  of  which  are  0,   0,   1,   3. 

The  roots  0  make  u  neither  a  maximum  nor  a  minimum  ; 
the  root  1  makes  u  a  maximum ; 
the  root  3  makes  u  a  minimum. 

(4)  w  =  (a?  -  ay. 

du  .  ^     ^ 

-—  =  n{x  -  a)""' ; 
daa 

X  —  a   makes   w  =  0,    which   is   a  minimum   when    n  is  even, 
and  neither  a  maximum  nor  a  minimum  when  n  is  odd. 

(5)  M  =  a?""  (a  -  xy. 

—  =  gc^-^  {a  -  A')""'  \ma  -  (m  +  ti)  x\  =  0  ; 
doB 

the  roots  of   which   are  cc  =  0,  x  =  a,    and    x  = 


m  +  n 

X  =  0  makes  u  =  0,    a  minimum   if  m   be  even,    and  neither 
a  maximum  nor  a  minimum  if  m  be  odd. 

X  =  a  makes  u  =  0,  a  minimum  if  n  be  even,  and  nei- 
ther a  maximum  nor  a  minimum  if  n  be  odd. 

— p  =  — ^a?'""Xa-c'r)"~'^  ^ma—(ni+n)x^  -(jn+n)x'"~^(a—xy~\ 

€L  00  (JvOu 

ma 

which  for  x  = becomes 

m  +  n 

(   ma   X*""'  /    na 

-{m+n)\ 

\m  +  n)         \m  +  n 

and  therefore  x  = makes  u  a  maximum. 

m  -It  n 

This  is  the  solution  of  the  problem.  To  divide  the 
number  a  into  two  parts,  such  that  the  product  of  the 
m^^  power  of  the  one  by  the  w*^  power  of  the  other  shall 
be  a  maximum. 
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,„.  00  du         I  —  x^ 

(O)  11  =z   ^  ;  =  =  0. 

1  4-  w-  dx       (l  +  x^Y 

Whence    00^=1,  x  =  +  I,      ,t?  =  —  i  ; 

d'^u  Qx  +  2  <i'^ 

dx^  (l  4  x~Y 

d^  11 
If    ci?  =  +  1,      -—  =  -  1,      ^*  =  25   a  rnaximum  ; 

d^u 
X  =  -  l^      -—  =1,  ?/  =  _  1^   a  minimum. 


(7) 


x'^  -  X  +  I 


00~  +  X  -  I 

X  —  0,      ?/=  —  ],     a  maximum  ; 

3 
<t'  =  2,      f/.  =  -       a  minimum. 

5 

(x  +  3f 

(x  +  2y 

27 
for   r  =  0,       w  =  — ,   a  minimum  ; 
4 

for  a?  =  —  3,   u  is  neither  a  maximum  nor  a  minimum  ; 

for  X  =  -  2,   u=  Oi,  a  maximum. 

(x  -  ly 


(9)  w 


(a?  +  1)^ 


2 
<r  =  5  gives  u  =  —  ,   a  maximum  ; 

27 

a?  =  1   gives  w  =  0,   a  minimum  ; 

w=  —  1   gives  ?^  =  CO,    which   is   neither  a  maxi- 
mum nor  a  minimum. 

,     ^  x'^  du      2x  io?  —  2  <J?^) 

(10)  w  = -;  — =  !^ ^  =  0; 

whence  ^  =  —       and  u  = ^ ,   a  maximum. 

2-J  27 «' 

7 
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This  is  the  solution  of  the  problem,  To  find  the  height 
at  which  a  light  should  be  placed  so  that  a  small  plane 
surface  at  a  given  horizontal  distance  shall  receive  the 
greatest  illumination  from  it. 

(11)  u=  ^ 


{a  +  oo)  (b  +  cv) 

,  1 

X  —  (abp,      u  —    —-J r-h ,  a  maximum. 

(«§  +  65)" 

This  is  a  solution  of  the  problem,  To  find  the  mag- 
nitude of  the  body  which  must  be  interposed  between  two 
others  so  that  the  velocity  communicated  from  the  one  to  the 
other  shall  be  a  maximum. 

(12)  u  =  m  sin  (a?  -  a)  cos  cc. 

w  =      ■{ —     gives    M  =  —  (1  -  sin  a),  a  maximum  ; 

a       IT        .                      ^  /-         •       X 
a?  = gives    w  = (1  +  sin  a),   a  minimum. 

2        4'='  2  ^  ^ 

This  is  a  solution  of  the  problem,  To  find  in  what 
direction  a  body  must  be  projected  with  a  given  velocity 
that  its  range  on  a  given  plane  may  be  the  greatest  possible. 

(sin  mxY         ,    . 

(13)  u  =  -— -g-  ,  m  being  an  integer. 

( sm  Wj 

The    values   of  a;  derived   from    mtan  a?  =  tan  moo,    make      9 
u  a  maximum. 

The  values  of  a?  derived  from  sin  w  07=0,  make  u  a 
minimum.  « 

The  values  of  x  derived  from  sin  a?  =  0,  make  u  a  max- 
imum and  equal  to  m^. 

Airy's  Tracts^  p.  328. 

loff  a? 

(14)  u  =  -^•. 
^     ^  a?" 

i      .  1 

^  =  e"    gives  u  =  — ,     a  maximum. 
ne 
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(15) 

w  =  a?* ;     X  —  e  gives   w  =  e^ ,     a  maxim 

(16) 

M  =  (a~  +•  c^  -  2  ca;)2  +  X. 

X  -  —    gives  u  = ,    a  maximum. 

2c    ^                     2c 

(17) 

{a^x  -  x'-y 
2^  at  4-  cet 

a     .  1 

iT  =  -  eives    t^  =  —  ,     a  maximum. 
2    ^  3§ 


(18) 


Let 

u 

=  h  +  c{ 

[x  -  a)i. 

re 

du 
dx 

=  %c{x 

-a)-K 

1 
du 

=  0, 

when 

w  =  a. 

dx 

X  = 

a  + 

h,      Ui 

=  h  +  ch^  ; 

X  = 

:  a  — 

h,      u^ 

=  6  +  chl 

and 


If 


Therefore  if  c  be   positive  a?  =  a  makes  u  a  minimum ; 
and  if  c  be  negative,  a  maximum. 

(19)  Let     u  =  b  +  c  {x  -  ay. 

It  will  be  seen  by  the  same  means  as  in  the  last  example, 
that  X  =  a  gives  neither  a  maximum  nor  a  minimum. 

(20)  M  =  (1  +  x^)  (7  -  xy. 

w  =  7  gives  u  a  minimum ; 
X  =  1  gives  u  a  maximum ; 
X  =  0  gives  u  a  minimum. 

(21)  To  divide  a  number  a  into  a  number  of  equal  parts 
such  that  their  continued  product  shall  be  a  maximum. 

Let  X  be  the  number  of  parts,  then  -  is  one  of  the  parts, 

X 

and   I     j    is  the  continued  product,  which  is  to  be  a  maximum. 

7—2 
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Taking  the  logarithmic  differential,   we  have 

log  a  —  log  0?  —  1  =  0. 
Whence  log  a;  =  log  «  —  l  =  log  a  —  log  e  =  log  -  ; 

6 

therefore    x  =  ~  ,     and      - 

€  \x 

(22)  From  two  points  J,  B  (fig.  l),  to  draw  two 
straight  lines  to  a  point  P  in  a  given  line  ON  such  that 
AP  +  BP  shall  be  a  minimum. 

Take  the  given  line  as  the  axis  of  oc,   O  the  origin. 
Let  OP  =  cV,  and  let  the  co-ordinates  of  A  and  B  be  a,  ft, 
«!,  ftj.     Then 

u  =  AP  +  BP  =  \lr-{-  (cr-a)^p  +  {6i^  +  (ai-c^')^!^  =  minimum. 

vvnence     j^.  ^  (^  _^).^.  -  |6^.  ^  («^  _^^).^i' 
or  the  angles  APM,   BPN  are  equal. 

(23)  To  find  the  point  in  the  straight  line  AD  (fig.  2), 
at  which  BC  subtends  the  greatest  angle ;  ABC  being  per- 
pendicular to  AD. 

If  the  angle  be  a  maximum  its  tangent  is  also  a  maximum. 
Let  P  be  the  point,  AP  =  w,  AC  =  a,  AB  =  b  ; 

tan  BPC  =  tan  (APC  -  APB)  =  ^V      f ; 

ab  +  x^ 

therefore    is  to  be  a  maximum. 

Whence    ah  —  oo^  =  0  and  so  =  {ab)^. 

(24)  Through  a  point  M  (fig.  3)  within  the  angle  BAC 
draw  the  line  PQ  so  that  the  triangle  PAQ.  shall  be  a  mini- 
mum. 

Draw  MN  parallel  to  JQ,  and  let  AN  =  a,  MN  ■■=  b, 
AP  =  X.  Then  w  =  9,a  makes  PAQ  a  minimum,  and  PQ  is 
bisected  in  M. 
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(25)  Given  the  length  of  the  arc  of  a  circle,  find  the 
angle  which  it  must  subtend  at  the  centre  in  order  that  the 
corresponding  segment  may  be  a  maximum. 

Let  a  be  the  half-length  of  the  arc,  x  the  radius  of  the 
circle  :   then  -   is   the  half-angle  of  the   semnent. 

If  It  be  the  segment, 

„    .    <^         «  . 
u  =  ttcV  —  w~  sin  -  cos  -  IS  a  maximum. 

X  X 

TTfTl  «      /  ^  •  ^A 

Whence     cos  -    a  cos  -  —  x  sin  -     =  0. 

X    \  X  XI 

If  cos  -  =  0,    or  -  =  —  ,  the  segment  is  a  semicircle  and 

X  X       2 

a  maximum. 

It  -  =  tan  -  ,   X  —  ^  ^   and   u  =  0  is  a  minimum. 

X  X 

This  last  equation  might  be  equally  satisfied  analytically 
by  a  value  of  -   between   tt  and  —  ,  but   such  an  anele  is 

excluded   by   the  geometry  of  the  problem. 

A  geometrical  solution  of  this  problem  is  given  in  the 
Mathematical  Collections  of  Pappus,  Book  V.    Theor.  15". 

(26)  AC  (fig.  4)  and  BD  being  parallel,  it  is  required 
to  draw  from  C  a  line  CX\\  such  that  the  sum  of  the 
triangles  ACX  and   BXY  shall  be  a  minimum. 

If  AC  =  a,  AB  =  b,  AX  =  X,  it  is  easily  seen  that  the 
area  of  the  triangle  ACX  is  proportional  to  ax,  and  that  of 

(I  (})  —  ,x\^ 

BXY  to —  ,    so  that   we  have 


(        (6  -  wfX 


a  minimum. 


Whence   we  find  x^  —  b^  —  0,  or  ,??  =  &s,  which  determines 
the  line  CXY. 

Vincent  Viviani,  Geometrica  Divinatio,  p.  1.52. 
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(27)  OM,  OP  (fig.  5)  are  two  arcs  of  great  circles  on 
a  sphere,  and  the  arc  PM  is  drawn  perpendicular  to  Oilf ; 
find  when  the  difference  between  OP  and  OM  is  the  greatest. 

Let  POM  =  a,  OP  =  (p,   OM  =  0 ;    then  we  have 
(p  —  6  =  a  maximum  ; 

while,    by    Napier''s    rules    for    the    solution    of    right-angled 
spherical  triangles, 

tan  9  =  cos  a  tan  tp. 

Differentiating  with  respect  to  0,  we  have 

d(h 

—^-1=0, 

dO 

1  +  tau^O  =  cos  a  (l  +  tan^  (p)  — ^  ; 

do 

therefore      1  +  tan^0  =  cos  a  (l  +  taxi^cp), 

or      1  +  cos'^a  tarrcp  =  cos  a  (l  +  tan^^). 
Whence     tan  (p  =  (sec  a)^,    tan  0  =  (cos  a)K 

(28)  To  determine  the  dimensions  of  a  cylinder  open  at 
the  top,  which,  under  the  least  surface,  shall  contain  a  given 
volume. 

Let  TTtt^  be  the  given  volume,  a;  the  radius  of  the  cylinder, 
y  its  base.  Then  x  =  y  =  a  determines  the  cylinder  of  least 
surface. 

(29)  The  content  of  a  cone  being  given,  find  its  form 
when   the  surface  is  a  maximum. 

Let  be  the  given  content,  ao  the  radius  of  the  base, 

a 

y   the  height  of  the   cone.      Then  w  =  —  >  y  =  ^a  determine 

the  cone  of  greatest  surface. 

(30)  To  inscribe  the  greatest  cone  in  a  given  sphere. 
Let  the  radius  of  the  sphere  be  r,  and  the  distance  of  the 

base  of  the  cone  from  the  centre  be  w.      Then  .t  =  1  r  gives 
the  maximum  cone. 
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»^  (31)      To  find  the  point  in  the  line  joining   the  centres 

of  two  spheres,  from  which  the  greatest  portion  of  spherical 
surface  is  visible. 

If   r,  /  be  the   radii   of  the  spheres,   a  the  distance   of 
the  centres,  and  a?  the   distance  of  the  required  point   from 

the  centre  of  the  sphere  whose  radius  is  r. 

a 

Then  x  =  -^ t^  . 


ra  +  r 


(32)  A  regular  hexagonal  prism  is  regularly  terminated 
by  a  trihedral  solid  angle  formed  by  planes  each  passing 
through  two  angles  of  the  prism ;  find  the  inclination  of 
these  planes  to  the  axis  of  the  prism  in  order  that  for  a 
given   content  the  total  surface  may  be  the  least  possible. 

Let  ABC  ah  c  (fig.  6)  be  the  base  of  the  prism,  PQRS 
one  of  the  faces  of  the  terminating  solid  angle  passing  through 
the  angles  P,  R.  Let  S  be  the  vertex  of  the  pyramid. 
Draw  SO  perpendicular  to  the  upper  surface  of  the  prism. 
Join  OM,  RP,  SQ  intersecting  each  other  in  N.  Then  it 
is  easy  to  see  that  3IN  =  NO  and  consequently  SO  =  QN, 
and  as  the  triangles  POR,  PMR  are  equal,  the  pyramids 
PSRO  and  PMRQ  are  equal,  so  that,  whatever  be  the  in- 
clination of  SQ  to  OM,  the  part  cut  off  from  the  prism  is 
equal  to  the  part  included  in  the  pyramid  SPR,  and  the  con- 
tent of  the  whole  therefore  remains  constant.  We  have  then 
to  determine  the  angle  ONS  or  OSN  so  that  the  total  surface 
shallbe  a  minimum.  Let  AB,  the  side  of  the  hexagon,  =  a, 
AP,  the  height  of  the  prism,  =6,  OSN  =  9.     Then 

ON  =  NM  =\a,    and  SN  =  \a  cosec  0,    and  QM  =  ^a  cot  6. 
The  surface  of  ABPQ  =  ^a(2b-^acot0). 

The  surface  of  PQRS  =  PR  .  SN  = cosec  0. 

2 

Whence  the  total  surface  of  the   solid  is 

a         ^        3-?a"^ 

3a  (2h cot  6)  + cosec  0, 

2  2 

which   is  to  be  a  minimum.      Differentiating   we    have 

1  ,   COS0  ,       ,  f  n  ^ 

-  3<i =  0  ;      and    tneretore  cos  y  = 


sm'  9  sin"  9  35 


10^ 
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Hence  tan  SRN  =  -r  ,     and   tan  SRQ  =  2i 

This  is  the  celebrated  problem  of  the  form  of  the  cells 
of  bees.  Maraldi*  was  the  first  who  measured  the  angles  of 
the  faces  of  the  terminating;  solid  angle,  and  he  found  them 
to  be  109°.  28'  and  70°.  32"  respectively.  It  occurred  to 
Reaumur  that  this  might  be  the  form,  which,  for  the  same 
solid  content,  gives  the  minimum  of  surface,  and  he  requested 
Kcenig  to  examine  the  question  mathematically.  That  geome- 
ter confirmed  the  conjecture; — the  result  of  his  calculations 
agreeing  with  Maraldi's  measurements  within  2'.  Maclaurin-f* 
and  L'Huillier;}:,  by  difilsrent  methods,  verified  the  preceding 
result,  excepting  that  they  shewed  that  the  difference  of  2' 
was  due  to  an  error  in  the  calculations  of  Kcenig — not  to  a 
mistake  on  the  part  of  the  bees. 

(33)  To  determine  the  greatest  parabola  which  can  be 
cut  from   a  given  cone. 

Let  JBC  (fig.  7)   be  the  cone   BC=a,   JC  =  b,  BN=ar. 

Then    DN  =  -  x,  and  EN  =  (ax  -  x~)^. 
a 

4 
The  area  of  the  parabola  is  -  EN .  DN,  or 
^  3 

46  ,  1  .        . 

-  ~  X  (ax  —  x^)^,   which  is   to  be  a  maximum. 

3   a 

W  hence  x  =  —  ,  and  the  area  of  the  parabola  = . 

(34)  To  determine  the  greatest  ellipse  which  can  be 
cut  from  a  given  cone. 

Let  AC  (fig.  8)  =  a,  CD  =  b,  CN  =  x,  BP  being  the 
major  axis  of  the  ellipse.  Then  the  condition  that  the  area 
of  the  ellipse  shall  be  a  maximum  gives 

26  (a^  -  W)  ±  b  (a*  -  14a-^&-  +  6')2 


1 


w  = 


3  {a'  +  b^) 


*  Memoires  de  V Academie  des  Sciences,  1712,  p.  299, 
■\  Philosophical  Transactions,  1743,  p.  .565. 
X  Berlin  Memoirs,  1781,  p.  277. 
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In  order  that  this  may  be  possible  we  must  have 

a>  —  14  a- 6^  +  6*  >  0,   or   a  >  6  {2  +  S^J; 
that  is,   the  angle  of  the  cone  must  be  less  than   15°. 

When  this  is  not  the  case,  the  ellipse  increases  continually 
till  it  coincides  with  the  base. 

It  may  happen  that  the  maximum  value  of  the  section 
is  less  than  the  base  of  the  cone;  and  this  will  be  the  case 
unless   the  vertical   angle  of  the  cone  be  less  than   11°.  5?'. 

Sect.  2.     Implicit  Functions  of  Tivo   Variables. 

If  u  be  an  implicit  function  of   two  variables  cV  and  y, 

—  =  0    will    determine   the   values    of  x   for  which    v    is    a 
dx  ^ 

maximum  or  minimum,      y  will  be  a   maximum   for   a  given 

d'u 

value    of    <i?    when    that    value    substituted    in    gives  a 

du 

dy 
positive    result,    and  a  minimum   when    it    gives   a   negative 
result. 

Ex.  (l)  u  =  y^  —  w'y  +  x  —  x^  =  0. 

du 

—  =  1  -2xy  -  3a?-  =  0; 
dx 

whence  y  =  ,   and  substituting  this   value,    x   is    de- 

2tJ7 

termined  from  the  equation 

2.r^  +  Qx'^  +  2,i>^  -  6.r^  +1  =  0; 

one  root    of    this    equation  is  x  =  —  \,    which  gives    y  =  1  ; 

dru 

dx''       -  6x  -  2y 
and  as      = 5—  =  +  4,  «  =  1    is  a  maximum. 

du         2y  -  x'  ^ 

dy 
(2)  y^  +  2yx^  +  4<x  -  3  =  0. 

'^  ~  ~  2  giv^s  y  =  2,  a  maximum  ; 
«  =  I  gives  y  =  —  1,  neither  a  maximum   nor  a  minimum. 


106  MAXIMA    AND    MINIMA. 

(3)  y^  +  x^  -  3a^x  =  0. 

X  =  +  a  gives  y  =  2^  a,  a  maximum ; 
a;  —  -  a  gives  y  =  —  2^  a,  a  minimum. 

(4)  t^  =  2/^  +  c»^  —  Saooy  =  0. 

<j?  =  23  a  gives  2/  =  4^  a,  a  maximum ; 
X  =  0  gives  y  =  0,  a  minimum. 

The  nature  of  this  last  value   cannot  be  determined   by 

.  dy      0  d'y      0 

the    usual    method,    since    — —  =  - ,   and    also    — ^,  =  -  .      To 

doc      0  dx^      0 

determine    it,    diiFerentiate    ii    a    second    time    considering   y 
and  X  both  to  vary,  y  being  a  function  of  x ;   we  then  get,  on 

making  x  =  0,  ?/  =  0,  —  =  0,  or  =  - .     Differentiating  a  third 
dx  0 

time    on    the    same    supposition,    and   making    x  —  0^    ^  =  0, 

dy  „    ,   d'^y        2  ,  .  ,    1    .  .  .        1  , 

-JL  =  0,  we  find  — -  =  — ,   which   being  positive  shows  that 
dx  dx'       3  a 

y  —  0  is  a  minimum. 

(5)  u  =^  y*  +  X*  —  ^xy  +  2. 

—  =  — ,  whence  y  =  a?  \ 

dx      y  —  X 

and   x^^  -  3x^  +  2  =  0; 

whence  x  =  +  I   or  —  1,   and  ^/  =  +  i    or   —  1. 

„        dy      0  -11 

Therefore  —  =  - ;    and    proceeding    as    in    the   last    ex- 
dx      0  ^ 

ample  we  find  that  y  =  +  \   and  y  =  -  1    are  neither  maxima 

nor  minima. 

(6)  u  =  y'^  —  2mxy  +  x^  —  a^  —  0. 

ma  .  a 

•^  =  T. — ?n  gives  y  = 


d?y 
and  as  these  values  of  x  and  y  when  substituted  in  — — ^  give 

a  negative  result,   the  value  of  ?/  is   a  maximum. 

The    preceding   examples    are    taken  from   Euler's   Calc. 
Dij:   Part  II.  Cap.  xi. 
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Sect.  3.     Functions  of  two  or  more   Variables. 


Let   u  be   a  function   of   two  variables  oo   and    y  %    then 
the   conditions  for  u  being  a  maximum   or  minimum,  are 

du  du 

dx  dy 

In  addition  to  these  Lagrange  has  shewn*  that  the  con- 

d'u    d^u       (  d^u  Y  ,       T    T  1     • 

dition     — :^ .  — — ^  >  I  -I — r—      must   also   hold,   m   order   that 


d x'  dy"^  \dxdyj 
the  function  may  not  change  its  character  from  a  maximum 
to  a  minimum,  or  vice  versa,  in  the  course  of  the  changes 
of    the   variables.       From    this    condition    it     appears     that 

n   71  fj  11 

— -  and  -—7  must  have  the  same  sign  ;  and  the  function 
dar  dy^ 

will  be  a  maximum  if  that  sign  be  negative,  and  a  minimum 

if  it  be  positive. 

,  du  du 

If  the  values  of  w  ana  y  which  make  — —  =  0,  —  =  0,  also 

dx  dy 

make  the  second  differentials  vanish,  there  will  be  no  maximum 
or  minimum  unless  the  third  differentials  also  vanish,  while  the 
fourth  neither  vanish  nor  change  their  sign. 

If  u  be  a  function   of   three  variables  x  y  z,    the   con- 
ditions for  a  maximum  or   minimum   are 

du  du  du 

dx  dy         ^      dx- 

and   Lagrange's  condition  becomes  in   this  case 

\d'u  d'u  /  d^u  yW<Z-z*  d'u  /  d^u  \^\ 
\dx^  dy~  \dxdyl  j\dx?  dz~  \dxdzj  j 
d^u      d^u        d~u       d^u 


Mydz    dx^       dx  dy  dxdzi 

In  like  manner  if  there  be  a  function  of  n  variables  .r,  y^ 

«,  ^.,.we  shall  have,   for  determining  their  values  when  the- 

function  is  a  maximum  or  minimum,  the  n  equations  : 

du  du  du  du 

-p  =  0,       -r-  =  0,       3-  =  0,       —  =  0,  &C. 

dx  dy  d%  dt 

*   Turin  Memoirs^  V<il.  i.  p.  1(1. 
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In  this  case  Lagrange''s  condition  becomes  too  complicated 
to  be  easily  expressed,  and  as  such  functions  rarely  if  ever 
occur  in   practice,   it  is  unnecessary   to  give  it  here. 

Fran^ais  has  shewn*  that  in  a  function  of  two  variables, 

when  the  equations 

du  du 

—  =  0,     —  =  0, 
ax  ay 

are  satisfied  simultaneously  by  the  vanishing  of  one  factor, 
they  are  really  equivalent  to  only  one  condition,  by  which 
we  cannot  determine  w  and  y,  but  can  only  find  a  relation 
between  them.  This  corresponds  geometrically  to  a  locus  of 
maxima  and  minima,  such  as  would  be  produced  by  the 
extremity  of  the  major  axis  of  an  ellipse  which  revolves 
round  an  axis  parallel  to  the  major  axis.  In  these  cases 
we  have 

d^u    d'u       /  d^u  \^ 

dco^   dy^       ^dxdyj 

an  equation  which  is  usually  excluded  from  Lagrange's  con- 
dition. It  is  to  be  observed,  however,  that  this  view  supposes 
a  maximum  to  be  a  value  not  less  than  any  other  immediately 
contiguous,  whereas  it  is  generally  considered  to  be  a  value 
greater  than  any  other,  and  conversely  for  a  minimum.  This 
remark  of  Fran^ais  is  of  more  importance  geometrically  than 
analytically ;  and  I  may  add,  that  in  geometry  the  failure 
of  Lagrange's  condition  indicates  that  there  is  a  maximum 
for  some   sections,  and   a  minimum  for  others. 

When  a  function  of  two  or  more  variables  is  to  be  made 
a  maximum  or  minimum,  it  frequently  happens  that  there  are 
given  certain  equations  of  condition  between  the  variables,  so 
that  the  real  number  of  independent  variables  is  less  than 
the  number  of  variables  in  the  function.  When  this  is  the 
case,  instead  of  getting  rid  of  the  superfluous  variables  by 
direct  elimination,  it  is  usually  more  convenient  to  employ 
Lagrange's  method  of  indeterminate  multipliers.-f*  The  fol- 
lowing is  the  theory  of  the   method, 

*  Annales  de  Gergonne,  Vol.  iii.  p.  132. 
t  Micanique  Analytiqne,  Vol.  i,  p.  74. 
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Let  u  be  a  function  of  n  variables  a^,  a?2,...a7„,  these 
being  subject  to  the  r  equations   of  condition, 

Zi  =  0,     Lo  =  0, Ly  =  0. 

When  w  is  a  maximum   or  minimum, 

du  du  du 

du  =  - —  docy^  +  - —  dx^  +  ...  +  ' —  dci7„  =  0       (l),        4 
da;  I  dw.^  dx„ 

which  is   to   be  combined   with  the  r  equations 

dZ,i=0,     dL2  =  0,  ...  dLr  =  0       (2), 

the  sreneral  form  of  each  of  which  is 

dL   ,         dL  dL 

ttcr,  +  - —  dir-i  +  . . .  -1-  dec^  =  0. 

dx^  dxo  dx„ 

These  equations  are  all  linear  in  dx^,  dx.2,  ...  dx„;  mul- 
tiply therefore  the  equations  (2)  by  indeterminate  multipliers 
X],   \o,...\,,  and  add  them  to  (l).     We  then  get 

du  +  XidL]  +  \2dL.2  +  ...  +  \,dL,  =  0  ; 
an  equation   which   is  of  the  form 

M^dx^  +  M2dx2  +  ...  +  M„dx„  =  0, 
in  whicli   each   quantity   M  is  of  the  form 

du  dL]  dLo  dLr 

M=  ~  -\-Xi-j-  +X2-— :  +  ...  +X,--— . 
dx  dx  dx  dx 

If  we  determine  the  r  quantities  X  from  the  conditions 
that  they  maice  the  terms  involving  dx^,  dx^,  ...  dx,.  vanish, 
that  is  to  say,  if  we  determine  them  by   the  conditions 

ikfj  =  0,    M2=  0, ...  M^  =  o, 

the  variations  dx^,  dx^,  ...  dx^  are  eliminated,  and  there 
remains 

ilf,+  i  c?<2?,  +  i  +  ...  +  M„dx„  =  0  : 

and  as  the  n-r  quantities  dx^+i...dx„  are  independent,  their 
coefficients  are  separately  equal  to  zero.  Hence  if  we  deter- 
mine Xi,  X2,  ...  X,.  by  the  equations 

if,  =0,     J/2  =  0  ...Mr^O, 
we  shall  also  have 

Mr  +  ^^0  ...  M„  =  0; 
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and  the  n  quantities  x  and  the  r  quantities  \  satisfy  the  w  +  r 
equations, 

Jfi  =  0,     M2  =  0  ...  M^  =  0,     L,  =  0  ...  Lr  =  0. 

As  it  is  indifferent  which  of  the  variables  we  eliminate  in 
order  to  determine  Xi  ...  X,-,  the  most  general  way  of  stating 
the  result  is,  that  we  have  the  n  +  r  equations, 

Zi  =  0,     £2  =  0  ...  L,  =  0^ 


du  dLx         dLz 

dwi  dx^  dw^ 


dL, 


du  dLi  dLo 

3—  +  Xi  - —  +  X2  -7—  + 
div„  dx„  dx„ 


+  X 


dLr 

^  dx^ 


(3), 


to  determine  the  01  +  r  quantities  x^,  a?2,  ...  <r„,  Xi,  Xo,  ...  X,. 

If  u  be  homogeneous  in  Xy,  .^-g,  ...<«„,  and  if  Lj,  L„,...L, 
consist  of  homogeneous  terms  and  constants,  there  exists  a 
simple  relation  between  the  quantities  X,  which  is  very  useful 
in  many  problems. 

Let  u  be  homogeneous  of  m  dimensions,  and  let  Ly  =  0, 
L2  =  0,  &c.  be  put  under  the  form 

Ma  +  A  =  0,      iVft  +  5  =  0,  &c. 

where  Ma  is  homogeneous  of  a  dimensions,  N^  homogeneous 
of  b  dimensions,  &c.,  and  where  A,  B,  &c.  are  constants. 
Then  multiplying  equations  (3)  by  x^,  <j?2,  ...a?„  and  adding, 
we  have,  by   a  property  of  homogeneous  functions, 

mu  +  aXyMa  +  bX^Nb  +  &c.  =  0, 
or     mw  =  aXi^  +  6X2^  +  &c. 


Ex.  (1) 


x^  +  y^  -  Saxy. 


—  =  S(x^  -  ay)  =  0, 
dw         ^  ^/        ' 


du 


=  3(y^  -  ax)  =  0, 


dy 

whence     x^  —  a^x  =  0. 
Therefore     x  =  0,    or  <j?  =  a,    and  y  =  0,  y  =  a. 
Lagrange's  condition  becomes     36xy  -  9a^  >  0. 
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Therefore  <2?  =  0,  y  =  0  gives  neither  a  maximum  nor  a 
minimum,  and  x  =  a,  y  =  a  gives  u  =  —  a^,  a  minimum  when 
a  is  positive,  and  a  maximum  when  a  is  negative. 

da;  dy 

Eliminating  y  between   these  equations,   we  find 


X' 


{{^'~-iy-i}  =  o. 


whence    oa  =  0,     a?  =  ±  25,    y  =  0,    y=^<2^: 

a?  =  0,    y  =  0    give  u  =  0,    a  maximum; 

a?  =  ±  23,  ?/  =  r^  22    give  w  =  —  8,   a  minimum. 

(S)  %i  =  of  y"^  {a  -  X  -  y), 

a  a      ,  d'  , 

X  =  - .    V  =  -    give   u  =  —  a  maximum, 
2  3    *=  432 

a?  =  0,  y  =  0,  give  «*  =  0  neither  a  maximum  nor  a  minimum. 

(4)  W  =   ^ 

(a  +  x)  (x  +  y){y  +  %)  {^  +  b)' 

Taking     the    logarithmic    differential,     since    log  w    is    a 

maximum  when  u  is  so.     Then  • 

1  1 

=  0, 


1 

du       1 

— 

—  =  — 

u 

dx      X 

1 

du      1 

u 

dy     y 

1 

du      1 

u 

d%      % 

a  +  X      X  +  y 
1  1 


X  +  y      y  -T  % 
1  1 


=  0, 


=  0. 


y  -^  %      %  +  b 

or    ay  -  x^  =  0,    x%  -  y^  =  0,    by  -  z^  =  0; 

.  a      X      y      z 

whence      -=-  =  -  =  -, 
X      y      %       b 

or      a,  a?,  2/,  ^,  b  are  in  geometric  progression. 

Let  each  of  these  ratios  be  equal  to  — .     Then,  multi- 

n 

plying  them  together,     7=  —  ,      on  n=  (-]    . 

b      w*  \a) 
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Let  \ogu  =  v,  then  proceeding  to  the  second  differentials 
we  get,  on  substituting  for  x,  y,  z  the  values  na,  n'a,  n^a, 

d'^v  2  d-v  2 


div^  d'n  (l  +  riy        d-if  d^n^  (l  +  n)'  ' 

d^v  2  d~v  1 


d%^  d'iv' {\  +  ny^         dwdy      a^n^{\  +  ny 

d'v  1  d^v 


dyd%      d~n^{l  +  n)'        dwdz 
so  that  Lagrange's  condition   becomes 


0; 


12  4 


a^-n}°  {I  -^  ny      a^w'"  (1  +  n)'*' 

and   the  corresponding  value  ii  =  : — j j—   is  a  maximum. 

(a*  +  hiy 

k 

(5)      Let    -  =  nv'^  +  2xy  +  ty^ ; 

P 
X  and  y  being  connected   by   the  equation 

1  =  (l  +  p^)  oe"  +  2pqwy  +  (1  +  q')  y*. 

Differentiating  these  two   equations, 

0  =  {roG  -f  sy)  dx  +  {sw  +  ty)  dy, 

0  =  {(1  +p^)  X  +pqy]  dx  +  \pqx  +  (l  +  q[')y\  dy. 

Multiply  the  second  of  these  equations  by  an  indetermi- 
nate quantity  X,  add  it  to  the  first  and  equate  to  zero  the 
coefficients  of  the  differentials  :   this  gives 

X  j  (l  +  p^)  w  +  pqy}  +  rx  +  sy  ==  0, 

X  {pqx  +  (1  +  q^)y]  +  sx  +  ty=  0. 

Multiply  these  equations  by  x,   y  respectively  and  add, 

then,  by  the  original  equations    X  +  -  =0. 

Substituting  this  value  of  X  in  the  preceding  equations, 
and  grouping  together  the  terms  multiplied  by  the  same 
variable. 
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|-  (1  +  />-)  -  A  w  =  -  I-  pq  -sj  y 
I-  (1  +  q")  -t\y  ^  ~   [-  pq-  s\  ic 


\P  ]  ^p 

Multiplying    these  together  so  as   to  eliminate  x   and   i/, 
we  find 

k^  k 

-(1  +p-  +  q^)  --  {(1  +q^)r  -2pqs  +  (1  +  p^~)t] +rt - s"  =  0, 

P  P 

a   quadratic  equation  in   -,   whence  a  maximum  and  a  mini- 

P 
mum  value  may  be  found. 

This  is  the  equation  for  determining  the  radii  of  maximum 
and  minimum  curvature  in  a  curved  surface. 

(6)  Let    u  =  ay  (c  —  is)  =h!S  (a  —  .v)  =  ex  (b  —  y). 
Then    a?  =  ^ a,    y  =  ^b,    ^  =  ^ c,    give 

u  =  ^ahc,    a  maximum. 

(7)  Let    U  =  acos-w  +  h  cos^y  ; 

a?  and  y  being  subject   to  the  condition  ?/  —  <r  =  ^  tt. 
Differentiating,   we  have 

0  =  a  cos  cV  sin  a?  +  6  cos  y  sin  y, 
or    0  =  a  sin  2a?  +  6  sin  2y. 
From  the  equation   of  condition 

2y  =  sin  f 1-  2<r?|  =  cos2<a?. 


«m 


Therefore    tan  2w  ~ -,     whence 

a 


cos".?? 


(d~  +  b')i  ±  a  ^    _  (gs  +  6^)1  =1=  6 

and   M  =  i  |a  +  6  =t  (a^  +  6^)^}- 

The    upper    sign   giving    a    maximum    and    the    lower    a 
minimum. 

(8)      Let    u  =  cos  a?  cos  y  cos  sr, 

with   the  condition    x  +  y  +  %  =  rr. 
8 
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By  taking  the  logarithmic  differential,    and    using  an  in- 
determinate multiplier,  we  easily   find 

X  =  y  =  s;  =  ^ TT,      and  w  =  i,  a  maximum. 

(9)     Find  the   maximum   value  of 
u  =  al  +  bm  +  en, 
Z,  W2,  n  being  variable  and  subject  to   the   condition 

/"  +  m"'^  +  fi'-  =  1 . 

We  easily  find  by  the  use  of  an  indeterminate  multiplier 

that 

«       &       c 

-=—  =  —,   and  therefore 

I      m      n 

a  h  " 


(a3  +  ^2  ^  c'O"^ '  (a^  +  6'  +  c'O"  («'  +  6'  +  c')^^ ' 

and  therefore  ?<  =  (a^  ^.  52  ^  ^2^1 

This  is  the  solution  of  the  problem,  "  To  find  the  po- 
sition of  the  plane  on  which  the  sum  of  the  projections  of 
any  number  of  planes  is  a  maximum:""  /,  m,  n  are  here  the 
cosines  of  the  angles  which  the  plane  of  projection  makes 
with  the  co-ordinate  planes. 

(10)     Find  the  maximum   value  of 

w  =  (^  +  1)  (^/  +  1)  (^  +  1), 

CG^  «/,  %  being  subject  to  the  condition, 

a^Wc'  =  A. 

Taking  the  logarithmic  differential  of  both  equations  we 
have 

dx  dy  d% 

+  ^  +  =  0, 


da?  log  a  +  dy  log  h  -{■  dz  log  c  =  0. 
Whence,  by   using  an  indeterminate  multiplier  X, 

=  log  a,      — —  =  log  6,      =  log  c. 


x+l  ^^2/+!  "^  %  +  \  *=* 
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From  these  we  find 


loa; (Aabc)  log-  (Aabc)  log  (A  a b c) 

3  log  a  3  log  6  3logc 

jlog(Ja6c)|^ 

^"^  ^=1        3   1       .3   1        s- 

log  a"^ .  log  o"* .  log  c 

This  is  the  solution  of  the  problem  :  If  a,  b,  c  be  the 
prime  factors  of  a  number  A,  to  find  how  many  times  each 
factor  must  enter  into  it,  that  it  may  have  the  greatest 
number  of  divisors.      Waring,  Medit.  Algeb.  p.  344. 

(11)  To  find  the  rectangular  parallelopiped  which  shall 
contain   a  given   volume   under  the   least  surface. 

If  a?,  y,  z  be  the  edges  of  the  parallelopiped,  and  if 
a^  be  the  volume  of  a  cube  to  which  it  is  equal,  then  by 
the  condition  of  the   minimum  we   easily    find 

CO  =  y  =  %  =a^ 
so  that  the  surface  equals  6a^,  a  minimum. 

(12)  To  inscribe  the  greatest  rectangular  parallelopiped 
in  a  given  ellipsoid. 

Let  the  equation   to  the  ellipsoid   be 

x^      y~      %^ 
a^      ¥      o^ 

and    let   /v,    y,   z   be   the    half  edges   of  the    parallelopiped, 
then 

u  =  Sxy%  is  to  be   a  maximum, 

w,  y,  %  being  subject  to  the  condition, 

co^      y^      ^ 
a^      ¥       c 

By    the   method  of  indeterminate  multipliers,   we    easily 
find 

a  b  c  8abc 


■*=Tr»     y  =  —I  y  ^  =  :^,    '"'  = 


8- 


116  MAXIMA    AND    MINIMA. 

(13)  To  find  the  triangle  of  least  perimeter  which  can 
be  inscribed  in   a  given   triangle. 

Let  ABC  (fig.  9)  be  the  given  triangle,  a,  6,  c  the 
sides,  A,  B,  C  the  angles,  and  DEF,  being  the  inscribed 
triangle,  let  CD  =  oo,  AE  •■=  y,  BF  =  %.  Then  if  u  be  the 
perimeter, 

u  =  \^y^  +  {c  —  ^y  —  ^.y  {c  -  %)  cos  A^i 

+  {x^  +  {h  -  yY  -  2,v  (h  -  y)  cos  C\  s 

+  I «^  +  (a  -  <xY  —  2 .■;:  (a  -  0?)  cos  B\2 

is  to  be  a   minimum.      Whence  we  find 

cV  —  (b  —  y)  cos  C 


{x^  +  {b  -  yf  -  2w{b  -y)  cos  C}^ 

(a  —  ai)  —  %  cos  B 


1^^  +  (a  -  wf  —  2z  (a  —  x)  cos  B\^^ 
y  —  {c  —  z)  cos  A 


\y'^  +  (c  -  z)~  -2y  (c  -  z)  cos  A  \  2 

(b  —  y)  —  x  cos  C 


{^'^  +  (6  -  2/)'^  -  S.i?  (6  -  «/)  cos  C\  ^ 
^  —  (a  -  cT?)  cos  B 


[%^  +  (a  —  xy-  2%  {a  —  x)  cos 5 } 2 

(c  -  ^)  -  ?/  cos  A 


{y~  +  (c  -  «)^  -  2y  (c  —  z)  cos  ^  I  ^  * 

From  these  equations  it   appears  that 

FEA  =  DEC,    EDC  =  BDF   and    BFD  =  AFE. 

It  is  shown  by  Geometry  that  if  lines  be  drawn  joining 
the  points  where  the  perpendiculars  from  the  angles  meet  the 
sides,  each  intersecting  pair  makes  equal  angles  with  the  side 
in  which  they  meet;  consequently  the  triangle  formed  by  these 
lines  is  the  triangle  of  least  perimeter  which  can  be  inscribed 
in  the  given  triangle.  See  Cambridge  Mathematical  Journal, 
Vol.  I.  p.  157. 

(14)  To  find  the  least  distance  between  two  straight 
lines  in  space. 
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Let  the  equations    to  the  lines   be 

X  —  a  y  —  h      z  —  c 
I  m  n 

If        111        I      I 

so  —a  y  —o       X  —c 


(1) 
(2) 


/'  m  n' 

Then  if  <^,  y,  5?,  x\  y\  %'  be  the  co-ordinates  of  the  ex- 
tremities of  the  least  distance   (^), 

^'  =  (x  -  x'y  +{y-  y'Y  +  («  -  z'f 

is  to  be  a  minimum,  the  variables  being   subject  to  the  con- 
ditions  (1)   and   (2).      Differentiating, 

0  =  (a?  -  cr')  {dx  -  d,v')  +  iy-  y')  (dy  -  dy)  +  {^  -  %')  {d%  -  d«'). 

But  from  (l)  and  (2)   we  have 

dw  =  Idr^      dy  =  mdr,      d%  =  ndr, 

dw  =  I' dr\    dy  =  m  dr  ,  d%  =  n'dr. 

Therefore,  substituting  these  values,  and,  as  r  and  r' 
are  independent,  equating  to  zero  the  coefficients  of  the 
differentials,   we  have  the  two  conditions 

l{x  —  cv')  +  m  (y  —  y')  +  n  {%  -  z)  =  0,  (3) 

I'  {w  —  x')  +  m'(y  —  y')  +  n  {z  —  z)  =  0.  (4) 

Between  which,  eliminating  successively  each  of  the  quan- 
tities {.V  -  x')  &c.,  we  find 

X  —  x'         y  ~  y         ^  ~  ^' 


mn  —  m  n      nl'  —  n'l      Im!  —  I' m 
each  of  these   ratios  being  equal  to 

\  {x  -  x'f  +{y-  y'Y  +  {z  -  zy}h 


(5) 


(6) 


[{mn'  -  m'ny  +  {nl'  —  nVf  +  {Im  —  l'mY\^^  ' 

Now  multiply  each  term  of  (s)  and  (4)  by  the  corre- 
sponding members  of  (l)  and  (2),  subtract  the  one  result 
from   the  other   and  transpose  ;   then  observing  that 

{x  -  x'Y  +  {y  -  y'Y  +  (^  -  -')'  -  ^\ 

^^  =  (^  _  a')  {,1  -  .;')  +  {h  --  b')  {y  -  y)  +  {r  -  ,/)  {z  -  /). 
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Dividing  the  first  member  of  this  by  (6),  and  each  term 
of  the  second  member  by  each  member  of  (5),   we  find 

(a  -  a)  (mn-  m'n)  +  (6  -  h')  {nl' -  n'l)  +  (c  -  c')(lm-l'm) 
^{mn  -  m'ny^  +  {nl'  —  nl)"+  {Im  -  I'my^Y^ 

Equations  (5)  are  the  equations  to  the  line  of  least  dis- 
tance, and  it  appears  that  it  is  perpendicular  to  both  the 
lines   (l)  and   (2),   since   we  have 

I  {mn  -  mn)  +  m  {nt  -  n  I)  ■}■  n  {Im'  -  I'm}  =  0, 

and  I'  (mn  -  m'n)  +  m'  {nl'  -  n'l)  +  n  {Im'  -  I'  m)  =  0^ 

which   are   the  conditions  of  perpendicularity. 

(15)  To  find  the  maximum  and  minimum  radii  of  a 
section  of  the   surface,    the   equation   to  which  is 

w  +  ^  +  %)   =  a  A'"  +  o  2/   +  c^x" 

made  by  the  plane       Ix  +  my  +  nz  =  0. 

We  have  here  to  find 

r^  =  w^  +  y'  +  •^'■i     a   maximum, 

w,  y,  %,   being  connected   by   the  equations 

r^  =  a^x^  +  Wy'^  +  c"%'^, 

G  =  lx  +  my  +  nz. 

Differentiating,   we  have 

wdx  +  ydy  +  zd%  =  0.  (l) 

a^wdw  +  b^ydy  +  c^%d%  =  0.  (2) 

Idw  +  mdy  +  nd%  =  0.  (3) 

(1)  ^  \{s)  -  fx{2)  =  0  gives,  on  equating  to  2ero  the  co- 
efficients of  each  differential, 

CO  jir\l  =  fxci'^x,     y  +  \m  =  fxb^yi     z  +  \n  =  fxc^z. 

Multiply  by  ■%',  y,  %,  and  add,  then  by  the  original  con- 

ditions  r    =  (ir\       or    ft  =-  -  . 


MAXIMA    AND    MINIMA. 


119 


Substituting  this  value,  and   transposing, 

--^.  Xlr^  Xmr''^  Xnr- 

Whence     w  =  — ;^ ,     y  =  - — -  ,      z  = s  • 

r  —  a~  r  —  0-  r  —  c 

Multiply  by  Z,  wi,  w,  and  add.  Then  by  the  original 
conditions  and  dividing   by  Ar", 

r'  -  a"^      r  -  b       r  —  c 

a  quadratic  equation  for  determining  r^,  and  consequently  r. 

This  is  the  equation  in  the  Wave  Theory  of  light  by  which 
the  velocities  of  a  wave  propagated  in  a  crystalline  medium  are 
determined.  The  surface  r'  =  a~aj^  +  b'^y^  +  c~is-  is  called  the 
surface  of  elasticity.  See  Fresnel  Memoires  de  Vlnstitut, 
Vol.  vii.  p.  130,  and  HerscheFs  Lights  Sec.  1012. 


(l6)      To  find  the  area  of  a  section  of  the  ellipsoid, 

ai^      'if      z^ 

-.  +  !i  +  :;i  =  i'    ■ 


made  by   the  plane     Ice  +  my  +  n%  =  0. 

By  the  same  method  as  in  the  last  example  we  obtain  as 
the  equation  for  determining  the  principal  axes, 


+  -. 77.  +   -7^ T.  =  0. 


r'^  —  d^       r  —  b^      r^  —  d~ 

The  last  term  of  this  when  arranged  according  to  powers 
of  T^  is 

a^b^c" 


and   this  being  equal   to  the  product   of  the  roots,   the   area 
of  the  section  is 

TTttbc 


the  volume   of  the  t 

a,tr  +  a'y-  +  a"  z'  +  2hyz  +  2h\vz  +  2b", vy  =  c. 


(17)      To   find   the  volume   of  the  ellipsoid   whose  equa- 
tion is 
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As  in  the  preceding  examples  we  have  first  to  find  the 
value  of  the  principal  axes,  or  rather  of  their  product ;  and 
if  this  be  ajiy^  then  the  volume  of  the  ellipsoid  will  be 
47r 

Now  the  principal  axes  are  maxima  or  minima  values  of 
the  radius ;    we  therefore  have 

r'^  =  o!^  +  y^  +  is'^  a  maximum ; 

Xy  «/,  %  being  subject  to  the  equation  of  condition 

aw"'  +  ay-  +  a"  %■  +  9.hy%  +  2b'  x%  +  ^h"  xy  =  e. 

Differentiating, 

aidx  +  ydy  +  %d%  =  0,  (l) 

(acV+b'z-\-b"y)dcV+{a'y+hz+b'\v}dy  +  {a"!S+hy+b'a;).d%=0,  (2) 

X(l)  +  (2)=  0  gives,  on  equating  to  zero  the  coefficients  of  each 
differential, 

Xa;  +  tto!  +  b'z  +  b"  y  =  0 

Xy  +  ay  +  b%  +  b"  x  =  0  ^  .  (3) 

X^  +  a" %  +  by  +  b' w  =  0  j 

Multiply  these  equations  by  x,  y,  %  respectively  and  add,. 

then  by  the  equation  of  condition, 

c 
Xr  +  c  =  0^     and  X  = ^  .. 

On  substituting  this  value  of  \  in  the  equations  (3) 
they  become 


I  —  —  a  j  .r  -  b"y  —  b'%  =  0, 


W  CO  —  f  — :  —  «'  1  «  +  6^  =  0, 


b' x  Jr  by  —  {-^  —  a"  \  z  =  0,, 

To  eliminate   ci/,    y,    %,    multiply    the    first    of   these   by 
{1  _  a^  |1  -  a"\  -  b';    the  second  by  -  !.bb'+  b"  [-^  -  «")  l; 
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the   third  by    -  Ibb"  +  6'  ( —  -  a  j  f    and   add,   then   y  and    z 
disappear,   and  cV  dividing  out,   there  remains 

a    cubic    equation    in    -- .       If  it    be   arranged   according    to 

powers   of  r^,    the   last   term    with    its   sign    changed   will  be 

equal  to  the   product  of  the  roots,  that  is,  to  the  product  of 

the  squares  of  the  principal  axes;  and   its  square  root  is  the 

47r 
quantity  which   we  seek.     Multiplying   it   therefore   by    — , 

3 

we  find   that   the   volume  of  the  ellipsoid  is  equal  to 

47r  c^ 


S     {aaa"-aW-a'b"'-a"b"~+  Ub'b")V 

(18)  To  find  the  least  ellipse  which  will  circumscribe 
a  given  triangle. 

Let  ABC  (fig.  10)  be  the  triangle.  Take  C  as  the  origin  ^ 
CA,  CB  as  the  axes  of  a,'  and  y.     AC  =  a,  BC  =  b,  ACB  =  0. 

The  general  equation  to  an  ellipse  is 

Ax^  +  Bwy  +  Cif  +  Dx  +  Ey  +  1=0, 

which  involves  five  arbitrary  constants ;  three  of  these  may  be 
determined  by  the  conditions  that  the  ellipse  shall  pass  through 
the  three  points  A,  B,  C.  Instead  however  of  directly  express- 
ing the  undetermined  coefficients  in  terms  of  those  which  are 
determined,  it  will  conduce  to  the  symmetry  of  our  analysis  to 
assume  two  indeterminate  quantities  of  which  the  coeflficients 
of  the  equation  are  functions  which  can  be  determined  by  the 
conditions  of  the  ellipse  passing  through  the  three  given  points; 
and  then  the  actual  values  of  the  indeterminate  quantities  may 
be  found  by  the  condition  of  the  minimum.  The  two  quan- 
tities which  we  shall  assume  are  the  co-ordinates  of  the  centre 
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of  the  curve.     Let  them  be  a,  /3;    then   the  equation  to  the 
ellipse  may  be  put  under  the  form 

J  {x  -  af  +  2B(w-a)(ij-(i)  +  C(y-  (3)'  +  1=0, 

where  A,  B,   C  are   to  be  determined. 

Now  the   condition   that   the    ellipse   shall    pass    through 
the  origin   gives 

Ja^  +  2i5a/3  +  C/3-  +  l  =0.  (1) 

The    condition    that    the    curve    shall    pass    through    the 
point  w  =  a,    y  =  0,  gives 

A(a-ay  -2B(a-a)^+  C/B'^  +1=0.  (2) 

Subtracting  (l)  from  (2)   we  have 

A(2a  -a)+2B(i  =  0.  (3) 

The   condition    that    the    curve   shall   pass    through   the 
point  Of  =  0,  y  =  b,  gives 

C(b  -^y -2Ba(b-li)+Aa' +  1=0.  (4) 

Subtracting  (l)  from  (4)  we  have 

C(2/3-6)  +  2  5a  =  0.  (5) 

Also  a  (3)  +  /3  (5)  -  2  (1)  =  0,   gives 

Jaa+  C6/3  +  2  =  0.  (6) 

Combining  (3),   (5)   and  (6),   we  find 

A-       ~  ^^^  ~  ^^  C=       -(2«-«) 


a(ab  +  (ia  -  ab)  (i  (ab  +  (3a  -  ab) 

^  {2a  -a)  {2(3  -b) 

2a(3{ab  +  (ia  -  ab)  ' 

It  remains  now  to  express  the  area  of  the  ellipse  in 
terms  of  these  coefficients.  The  method  to  be  adopted  is 
the  same  as  that  used  in  the  preceding  example. 

If  r  be  any  radius  measured  from   the  centre,    so  that 

r^  =  (a?  -  a)'  +  (y  —  fty  -  2  {x  -  a)  {y  -  (i)  cos  0, 

the   axes  of  the   ellipse  are  determined  by  the  equation 

{AC  -  B)  r^  -{A  +  C  -2B  cos  61)  r^  +  sin^  9  =  0. 
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The   area   of  the  ellipse  will  therefore  be 
TT  sin  0 
{AC  -  B')^ ' 
which   is  to   be  a  minimum,   involving  the  condition  that 
AC  —  B'  shall  be  a  maximum. 

Substituting  in  this  the  values  of  A,  B,  C  previously  de- 
termined, and  differentiating  with  respect  to  a  and  /3,  we 
obtain  equations  for  determining  these  quantities.  The  re- 
sult involves  several  factors,  but  those  which  correspond  to 
the  problem  are 

2ba  +  a(i- ab  =  0,     2a/3  +  6a  -  a6  =  0 ; 

whence    a  =  -  ,     )3  =  -  ,    and   therefore 

3  S 

a^  ¥  2ab 

The  area  of   the  ellipse   is  therefore 

27r 

^«6  sin  0. 

st 

It  appears  then  that  the  area  of  the  ellipse  is  to  that  of  the 
triangle  as  47r  :  3^,  and  that  its  centre  coincides  with  the 
centre  of  gravity  of  the  triangle.  This  problem  is  given 
by  Euler  in  the  Nova  Acta  Petrop.  Vol.  ix.  p.  147,  but  his 
method  of  solution  is  deficient  in  symmetry.  In  the  same 
volume  he  has  also  discussed  the  more  general  problem — 
To  describe  the  least  ellipse  which  passes  through  four 
given  points. 

The  preceding  solution  is  due  to  Berard.  Annates  de 
Gergonne,  Vol.  iv.  p.  288. 

(19)      To  inscribe  the  greatest  ellipse  in  a  given  triangle. 

By  following  a  method  similar  to  that  adopted  in  the  last 
example  it  will  be  found  that  the  area  of  the  maximum 
ellipse  is  to  that  of  the  triangle  as  tt  :  3^ ;  that  its  centre 
coincides  with  the  centre  of  gravity  of  the  triangle ;  and 
that  the  points  of  contact  bisect  the  sides  of  the  triangle. 
Berard,   lb.   p.  284. 
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(20)  To  find  a  point  within  a  triangle  from  which  if 
lines  be  drawn  to  the  angular  points  the  sum  of  their  squares 
is  the  least  possible. 

The  centre  of  gravity  of  the  triangle  is  the  point  which 
possesses  this  property. 

(21)  Among  all  triangular  pyramids  of  given  base  and 
altitude,  find  that   which  has  the  least  surface. 

Let  a,    6,    c   be   the    sides  of  the    base,    h    the    height, 

0,   0,   \i/  the  angles  of  inclination  of  the  faces   to  the  base  : 
then 

a             h             e  . 


=  min. 


sin  9      sin  (h      sin  \^ 

0,  d),  ^f/  being  subject   to  the  condition 

a  cot  9  +  b  cot  (p  +  c  cot  yj/  =  const. 

We  find   that   9  =  <p  =  ^1/.,  or  that   the  faces  are  equally  in- 
clined to  the  base. 

(22)  To  find  a  point  within  a  triangle  from  which  if 
lines  be  drawn  to  the  angular  points  their  sum  may  be  the 
least  possible. 

The  direct  solution  of  this  problem  is  long  and  compli- 
cated, but  we  may  without  much  difficulty  obtain  a  geometrical 
condition  by  which  the  point  is  readily  determined. 

Let  ABC  (fig.  11)  be  the  given  triangle,  a,  b,  c  its  sides; 
let  O  be  the  required  point,  OA  =  u,  OB  =  v,  OC=w.  Draw 
ON  perpendicular  to  ABy  and  let  AN=dCy  ON=y;  also  let 
AON  =  9,  BON  =  (p,  CON  =  xl^.     Then 

i^  =  aP' ■\- y^  ^  v^^{c-  xf  -i-y^^   w^=(bcos  A— ajy  +  (b  sin  A- yy. 

In  order  that  u  +  v  +  w  may  be  a  minimum,  we  must 
have 

du      dv       dw 
dm       dx       da; 

du      dv       dw 
dy       dy       dy 
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Now 

d.11  r  —  x  dm         hcn?,A  —  w 

=  — sinx^, 

=  cos  \|/. 


du     w      .    ^ 

-—=-=81110, 

dw     u 

dv          c—w          .          dw        bcosA-w 

dw           V                      dw               w 

du    y        ^ 

— — =  — =COSfc^, 

dy     u 

dv       11                            dw         bcos.A-y 

=        _  cos  G),                          = 

dy       V             '               dy                w 

Therefore 

we  have   the  conditions 

sin  0  =  sin  0  +  sin  v|/, 

cos  0  =  —  (cos  0  +  cos  \|/). 

Squaring 

and  adding,  we  find 

cos  (-^  -  0)  =  -  i,      or   \//  -  0  =  120°. 

That  is,  the  angle  J?OC  =  120" ;  and  in  the  same  way  it 
may  be  shewn  that  AOC  =  120"  =  AOB.  Hence  if  on  any 
two  sides  of  the  triangle  we  describe  segments  of  circles 
containing  angles  of  120°,  their  intersection  will  determine 
the  point  O.  The  actual  length  of  the  lines  u,  v,  ^t>,  and 
the  value  of  the  minimum  sum  may  be  found.  For  from 
the  geometry  of  the  figure  we  have  the  equations 
V'  +  viv  +  w^  =  d\ 


ti^  +  uiv  +  w~  =  b^, 

u^  +  n  v  +  v^  =  c^, 

and      7iv  +  uw  +  vw  =  — ?-, 

si 

w?-  being  the   area  of  the  triangle.      Adding  the  sum  of  the 
first  three  equations   to   three  times  the  last, 

2{u  +  V  +  wY  =  a~  +  6-  +  c^  +  4  .  3^  m^ ; 

whence      u  +v  +  w  =  \^(<r  +  ¥  -\-  c^)  -i^  2  .S^  m^}i 

Calling  this  r,  and  subtracting  the    first  three  equations 
two  and  two,  we  have 

r{v  -u)  =  a^  -  b\     r  (w  -  v)  =  b^  -  c^    r  (u  -  w)  =  c^  -  a^ ; 
whence     v  =  u  -\ ,      w  =  u  + , 


and  therefore     u  +  v  +  w  =  r=3u  + 


r 

2a2-62_p2 
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From  this  we  find 

u  =  -  +  , 

3  3r 

r      a"  +  c^  —  2b^ 
3  3r 

r      a^  +  b"-2c^ 

w  =  ■-  -\ . 

3  3r- 

This  problem  possesses  considerable  interest  in  the  history 
of  mathematics.  It  was  proposed  by  Fermat  to  Torricelli, 
who,  after  some  time  gave  three  solutions  of  it.  He  com- 
municated it  to  Vincent  Viviani,  who  also  solved  it,  and  gave 
the  geometrical  construction  mentioned  above;  but  he  says 
that  it  is  a  problem  "  quod,  ut  vera  fateor,  non  nisi  iteratis 
oppugnationibus  tunc  nobis  vincere  datum  fuit."  For  his 
demonstration  see  his  Geometrica  Divinatio  de  Maximis  et 
Minimis,  p.  150.  The  reader  will  also  find  a  discussion  of 
this  problem,  and  of  the  more  general  one  where  the  minimum 
function  is  au  +  (ixi  +  yw,  in  a  paper  by  Fuss  in  the  Nona 
Acta  Petrop.  Vol.  xi.  p.  235. 


CHAPTER  VIII. 


ON    THE    GENERATION    OF    CURVES    AND    THE    INVESTIGATION    OF    THEIR 
EQUATIONS    FROM    THEIR    GEOMETRICAL    PROPERTIES. 


As  in  the  following  chapters  frequent  reference  will  be 
made  to  certain  curves  which  have  acquired  historical  im- 
portance, and  have  in  consequence  been  distinguished  by 
particular  names,  I  shall  here  describe  the  mode  of  their 
generation  and  deduce  their  equations  from  their  definitions, 
adding  some  notice  of  the  principal  properties  which  possess 
interest. 

(l)      The  Cissoid  of  Diodes. 

This  curve,  named  after  Diodes,  a  Greek  mathema- 
tician, who  is  supposed  to  have  lived  about  the  sixth 
century  of  our  era,  was  invented  by  him  for  the  purpose 
of  constructing  the  solution  of  the  problem  of  finding  two 
mean  proportionals.  The  curve  is  generated  in  the  follow- 
ing manner:  In  the  diameter  ACB  (fig.  12)  of  the  circle 
ADBE  take  BM  =  AN^  erect  the  ordinates  QJ/,  RN  and 
join  JQ;  the  locus  of  the  point  P  where  the  line  AQ,  cuts 
the  ordinate  ^iV^  is  the  cissoid  of  Diodes.  To  find  its 
equation,  put   AN  =  x,  PN  =  y,  AC=a:  then  as 

PN  _QM       y  _  {2 aw  -  c<)i 
AN  "  AM"     SG~       2a  -  w      ' 
or  y^  (2  a  —  w)  =  x^, 

which   is  the  equation   to  the  curve. 

The  curve  has  an  equal  and  similar  branch  on  the  other 
side  oi  AB  \  the  two  branches  meet  in  a  cusp  at  the  point 
A^  and  have  the  line  HK  as  a  common  asymptote.  The  area 
included  between  the  curve  and  the  asymptote  is  three  times 
the  area  of  the  generating  circle. 


128  FENERATION    OF    CUBVES. 

The  application  of  this  curve  to  the  solution  of  the 
problem  of  two  mean  proportionals  is  very  simple.  Pappus 
has  shown  that  if  BC,  CS  be  the  two  quantities  between 
which  the  two  mean  proportionals  are  to  be  inserted,  and 
if  the  line  APQ  be  drawn  so  that  QT  =  PT^  the  line 
CT  is  the  first  of  the  two  mean  proportionals :  it  is  ob- 
vious from  this  that  P  is  a  point  in  the  cissoid.  If  there- 
fore we  wish  to  find  two  mean  proportionals  between  BC 
and  CS,  we  construct  the  cissoid  AQD  and  produce  BS 
till  it  meet  the  curve  in  a  point  P.  Joining  AP,  and  pro- 
ducing it  to  meet  CS  produced,  we  determine  the  line  CT 
which  is  the  first  of  the  two  mean  proportionals  required. 

According  to  the  geometrical  ideas  of  the  ancients  a 
problem  was  not  thought  to  be  completely  solved  unless  a 
mechanical  construction  was  given.  To  complete  therefore  the 
theory  of  the  cissoid,  Newton*  invented  the  following  means 
of  describing  it  by  continuous  motion.  At  the  centre  C  of 
the  circle  ADB  (fig.  13)  erect  the  perpendicular  CDE,  of 
indefinite  length.  Take  a  point  O  in  CA  produced  such 
that  AO  =  AC ;  then  if  the  rectangular  ruler  NLM,  of 
which  the  leg  LM  is  equal  to  the  diameter  of  the  circle, 
be  moved  so  that  the  leg  NL  always  slides  along  O,  while 
the  end  M  slides  along  CDJE,  the  middle  point  P  of  LM 
will  trace  out  the  cissoid. 

(2)      The  Conchoid  of  Nicomedes. 

This  curve,  the  invention  of  Nicomedes,  who  lived  about 
the  second  century  of  our  era,  was,  like  the  preceding,  first 
formed  for  the  purpose  of  constructing  the  solution  of  the 
problem  of  finding  two  mean  proportionals,  or  the  duplica- 
tion of  the  cube,  but  it  is  more  readily  applicable  to  an- 
other problem  not  less  celebrated  among  the  ancients,  that 
of  the  trisection  of  an  angle.  The  curve  is  generated  in 
the  following  manner :  take  the  indefinite  straight  line 
HK,  (fig.  14)  and  from  a  fixed  point  O  draw  a  line  OMP 
cutting  the  line  HK  in  M  \  take  the  point  P,  such  that 
PM  shall  be  always  of  a  constant  length :  the  locus  of 
the  point  P  is  the    conchoid.      The  point   P  may  be  taken 

*  Append,  ad  Arith.  Univ. 
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between  O  and  Jf,  in   which  case  it   will  trace  out   another 
branch  of   the  curve  which  is    called    the  inferior    conchoid. 
To  determine  the  equation,  let  AN  =  cc^  PN  =  y,  PM  (which 
is  of  constant  length)  =  a,   OA  =  h. 
Then  as  PM^  =  PN"  +  MN\  and 

OA 

MN  =  AN-AM==AN--~  MN , 

we  have  x^'if  =  {a^  -  y-)  (b  +  yY, 

which  is  the  equation  to  the  curve,  including  both  the  su- 
perior and  the  inferior  conchoid. 

It  is  evident  from  the  construction  of  the  curve  that 
the  line  KH  is  an  asymptote  to  both  branches.  When 
a>b  there  is  a  loop  in  the  inferior  conchoid  at  O  as  in 
the  figure ;  when  a  =  b  the  loop  degenerates  into  a  cusp ; 
and  when  a  <b  there  are  two  points  of  contrary  flexure, 
one  on   each   side   of  the  line  OA. 

The  application  of  this  curve  to  the  construction  of 
the  problem  of  the  trisection  of  an  angle  is  as  follows.  It 
may  be  readily  shewn,  that  if  AOB  (fig.  15)  be  the  angle 
to  be  trisected,  and  if  the  line  OMP  be  so  drawn  that 
the  part  ilfP,  intercepted  between  AB  and  EC  at  right 
angles  to  each  other,  is  double  of  OB^  the  angle  AOM 
is  the  third  part  of  AOB.  Now  if  we  describe  a  conchoid 
with  O  as  pole  and  the  line  AB  as  directrix,  the  constant 
parameter  being  equal  to  twice  OB,  its  intersection  with 
BC  will  determine  the  point  P. 

Nicomedes  appears  to  have  been  led  to  the  invention 
of  this  curve  as  a  means  of  solving  the  qelebrated  problems 
mentioned  above,  by  the  facility  with  which  it  could  be  con- 
structed mechanically.  For  if  we  take  a  grooved  rule  HK 
(fig.  16)  and  another  grooved  rule  PQ,  having  a  fixed  pin  at 
a  point  M,  and  bearing  a  pencil  at  P,  and  if  we  cause  the 
pin  at  M  to  slide  along  the  groove  HK  while  the  groove 
MQ  slides  along  a  pin  fixed  at  0,  the  point  P  will  trace 
out   the  conchoid. 

(3)      The  Witch  of  Agnesi. 

In   the  ordinate   produced   of  the    circle  AMB   (fig.  17) 
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take  a  point  P,  such  that      PN  :   AB  =  MN  :  AN;     the 
locus  of  the  point   P  is  the  curve  called  the  Witch. 

Putting  AC  =  a,  AN  =  cV,  PN  =  y,  we  find  as  the 
equation   to  the  curve 

wy^  =  4a^  (2a  —  x). 

This  curve  is  given  by  Donna  Maria  Agnesi  in  her  In- 
stituisioni  Analitiche,  Art.  238,  and  is  called  by  her  the 
"  Versiera." 

The  line  KAH  is  an  asymptote  to  the  curve,  which  has 

Sa 
two  points  of  contrary  flexure  corresponding  to  x  =  —  . 

(4)  The  Lemniscate  of  Bernoulli. 

If  a  point  be  taken  such  that  the  product  of  the  lines 
drawn  from  it  to  two  fixed  points  is  constant,  it  will  trace 
out  the  curve  called  the  lemniscate*.      If  2a  be  the  distance 
between  the  fixed  points,   and  if  the  origin  be   taken  at  the 
middle  point  between  them,  the  equation  to  the  curve  is 
{f+{a  +  wy}{y'  +  {a-xf]  =  cK 
When    c  =  a,  the  equation   is  reduced  to 
{w''  +  yy=  2a2(a?2_y2). 

This  was  the  curve  used  by  James  Bernoulli  j-  in  the 
construction  of  the  curve  along  which  a  body  under  the 
action  of  gravity  will  advance  or  recede  uniformly  from  a 
fixed  point. 

It  is  the  locus  of  the  intersections  of  tangents  to  a  rect- 
angular hyperbola  with  perpendiculars  drawn  to  them  from 
the  centre,  and  its  form  is  that  of  the  figure  co.  Of  the 
properties  of  the  arcs  of  this  curve,  which  have  been  in- 
vestigated by  Fagnani  and  Euler,  we  shall  treat  in  the 
chapter  on  the  comparison  of  Transcendants  in  the  Integral 
Calculus. 

If  we  assume  a  =  r  cos  Q,     y  =  r  sin  ^,    we  find 

r^  =  2a^cos20  as  the  polar  equation  to  the  curve. 

(5)  The  Logarithmic  Curve. 

The  definition  of  this  curve  is  that  the  abscissa  is  pro- 

*  From  lemniscus,  a  ribbon.  -f-  Opera,  p.  609. 
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portional  to  the  logarithm  of  the  ordinate.     Hence  its  equa- 

tion  is  y  =  be" , 

or,  as  it  is  generally  written,     y  =  a"". 

The  subtangent  is  constant,  and  the  axis  of  a)  is  an 
asymptote.  The  whole  area  included  between  the  curve,  the 
axis  of  c^?  and  any  ordinate  is  equal  to  twice  the  triangle 
formed  by  the  ordinate,  the  tangent  at  its  extremity  and 
the  axis  of  x ;  and  the  solid  formed  by  the  revolution  of 
the  curve  round  its  asymptote  is  equal  to  a  cylinder,  the 
radius  of  whose  base  is  the  bounding  ordinate,  and  whose 
height  is  the  tangent  at  its  extremity. 

This  curve  was  invented  by  James  Gregorie*,  who  in- 
vestigated some  of  its  properties:  others  were  discovered  by 
Huyghens.  Euler-j-,  and  more  recently  Vincent,  in  the  An- 
nales  de  Gergonne,  Vol.  xv.  p.  1,  have  conceived  that  the 
equation  y  =  a"  expresses,  besides  the  continuous  curve,  a 
series  of  discontinuous  points,  forming  what  the  latter  calls 
a  "  courbe  pointillee."  This  conclusion  appears  to  me  to 
be  founded  on  an  erroneous  conception  of  the  principles  of 
the  interpretation  of  algebraical  expressions,  and  I  have 
elsewhere^  stated  my  reasons  for  believing  that  these  dis- 
continuous points  belong  eacli  to  a  separate  continuous  curve 
which  does  not  lie  in  the  plane  of  reference,  and  that  they 
cannot  be  properly  included  in  the  equation  to  one  curve. 
As  however  the  question  is  more  closely  connected  with  the 
analytical  Theory  of  Logarithms  than  with  the  subject  of 
which  we  here  treat,  I  shall  not  now  enter  into  the  argument, 
but  shall  content  myself  with  referring  the  reader,  who  is 
curious  in  such  matters,  to  the  papers  quoted  above,  and  to 
De  Morgan's  Differential  Calculus,  p.  383,  where  he  will 
find  the  views  of  Vincent  supported  and  illustrated  L 

*  GeometricB  Pars  Universalis,  Pref. 

f  Introductio  in  Analysin  Infinitorum,  Vol.  ii.  p.  290. 

J  Camb.  Math.  Journal,  Vol.  i.  p.  231,  and  p.  264. 

§  Professor  De  Morgan  says,  "that  those  who  object  to  the  pointed  branch  as 
introducing  discontinuity,  must  choose  between  its  discontinuity  and  that  of  an 
abrupt  termination."  It  appears  to  me  that  if  we  interpret  our  analytical  symbols 
with  proper  generality  so  as  to  introduce  those  branches  of  curves  which  do  not 
lie  in  the  plane  of  reference,  we  avoid  the  second  horn  of  his  dilemma. 

9 — 2 
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(6)     The  Catenary. 

This  is  the  curve  which  a  perfectly  flexible  chain  will 
assume  when  suspended  from  two  points  in  the  same  hori- 
zontal line ;  I  must  refer  the  reader  to  works  on  statics  for 
an  investigation  of  its  equation,  which  is 

c       ?  -^ 

».-(e'+e'). 

Its  most  important  geometrical  properties  are  analogous 
to  properties  of  the  circle.  Thus,  the  part  of  the  normal 
intercepted  between  the  curve  and  the  axis  of  w  is  equal  to 
the  radius  vector,  but  measured  in  the  opposite  direction  ; 
and  if  we  represent  an  ordinate  corresponding  to  the  ab- 
scissa CO  by  /O^),  and  the  corresponding  area  by  cF(a?),  we 
shall  readily  find  from  the  preceding  equation  that 

cf{x  +  x')  =  f{w)  f{co')  +  FC^)  F{w% 

cf{x  -  a>')  =  fia;)  f{w)  -  Fi,oc)  F(./), 

cF{x  +  w')  =  F{w)  f{w')  +  f{w)  F  (c^0, 

cF{w  -  w')  =  F{w)f(.v)  -f{w)  F{w'). 

It  is  obvious  that  the  preceding  formulae  are  analogous 
to  those  connecting  sines  and  cosines  of  circular  arcs.  For 
these  and  other  properties  of  the  catenary  connected  with  the 
involute  of  the  parabola,  see  a  paper  by  Professor  Wallace 
in  the  Edinburgh   Transactions,  Vol.  xiv.  p.  6^5. 

(7)      The  Quadratrix  of  Dinostratus. 

If  the  radius  CQ  of  the  circle  ABD  (fig.  18)  revolve 
uniformly  round  C  from  A  to  B,  while  the  ordinate  NM 
also  moves  uniformly  parallel  to  itself  from  A  to  C,  the 
locus  of  their  intersection  will  be  the  quadratrix  of  Dinos- 
tratus. To  find  its  equation,  let  AM  =  x,  PM  =  y,  AC  =  a. 
Then  from  the  uniformity  of  the  motion  of  CQ  and  MN^ 
we  have 

ACQ  :  ACB  =  AM  :   AC; 

IT    <V 

whence     ACQ  =  -  -. 

9.   a 
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But  PM  =  CM  tan  ACQ^   therefore   the  equation  to  the 
curve  is 


!,=  («-..)  tan  (-  -j 


This  curve  was  used  by  Dinostratus  (a  mathematician  of 
the  school  of  Plato)  for  the  purpose  of  dividing  an  angle  into 
any  number  of  parts,  and  also  of  squaring  the  circle,  from 
which  it  derives  its  name.  The  following  is  the  property 
which  enables  the  curve  to  be  so  employed. 

^  2a 

When  a7  =  a,  we  have  (by  Chap.  VI.  Ex.  ^  y  =  CE  =  —  , 

TT 

so  that  CE  is  a  third  proportional  to  the  quadrant  and  the 
radius,  and  thus  if  the  point  E  could  be  determined  by 
means  of  the  straight  line  and  circle,  the  circle  could  be 
squared. 

Leotaud,  in  his  treatise  on  this  curve  appended  to  his 
Cyclomathia,  showed  that  it  is  not  confined  within  the  semi- 
circle JBD,  but  that  it  has  two  infinite  branches  extending 
below  the  axis  of  <r,  and  bounded  by  asymptotes  parallel  to 
the  axis  of  y  at  distances  —a  and  3a  from  the  origin.  In 
addition  to  this,  the  curve  has  an  infinite  number  of  infinite 
branches,  which  are  bounded  by  asymptotes  parallel  to  the 
axis  of  y  at  distances  5a,  la,  &c.,  —3a,  —5a,  &c.  from 
the  origin,  and  which  cut  the  axis  of  a;  at  distances  4a, 
6a,  &c.,  -  2a,  -  4>a,  &c.  from  the  origin.  The  farther 
these  points  are  removed  from  the  origin  the  more  nearly 
is   the   curve   perpendicular   to   the   axis  of  cV,   the  value   of 

—  at    the   intersection  being   i(27i-l)-,   2na  being    the 

abscissa  of  the  point   where   the,  curve  cuts  the  axis  of  x. 

Rolling  Curves. 

(8)     The   Cycloid. 

This  curve  is  generated  by  a  point  P  in  the  circumference 
of  a  circle  hPc  (fig.  19),  which  rolls  along  a  line  AA'.  To 
find  its  equation  put 
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0'b  =  a,  PO'b==0, 

AM  =  X,  PM  =  y. 

Then     AM  =  Ab  -  Mb,  or  cV  =  a  (0  -  sin  0), 

PM  =  O'b  +  O'd,  or   y  =  a  {\  -  cos  0). 

These  two  equations  taken  simultaneously  represent  the 
curve,  or,  if  we  eliminate  0  between  them,  we  obtain  as  its 
equation 

x  =  a  vers" ' i^ciy  —  y^)^- 

a 

If  we  take  C,  the  highest  point  of  the  curve  as  our  origin, 
and  put   CN=.v,  PN  =  y,  and  cO'p  =  (p,  we  should  find 

cV  =  a  (l  —  cos  (p),  y  =  a  {(p  +  sin  (p)  ;    - 

whence     y  =  a  vers"  ^  -  +  (2a,v  —  w^)i. 
a 

It  is  easy  to  see  both  from  geometrical  and  analytical 
considerations  that  the  cycloid  is  not  limited  to  the  space 
between  A  and  A',  but  that  it  consists  of  an  infinite  number 
of  portions  equal  and  similar  to  AC  A'  and  touching  each 
other  in  cusps  as  in  the  figure. 

After  the  Conic  Sections  there  is  no  curve  in  geometry 
which  has  more  exercised  the  ingenuity  of  mathematicians 
than  the  cycloid,  and  their  labours  have  been  rewarded  by 
the  discovery  of  a  multitude  of  interesting  properties,  im- 
portant both  in  geometry  and  in  dynamics. 

The  inventi&n  of  this  curve  is  usually  ascribed  to  Galileo, 
but  Wallis  in  a  letter  to  Leibnitz*  says,  that  it  is  mentioned 
by  Cardinal  de  Cusa  in  a  work  published  in  1510,  and  that 
in  the  MSS.  the  date  of  which  is  about  1454,  it  is  "pulchre 
delineatam",  therein  differing  from  the  printed  copies.  Ro- 
berval  proved  that  the  whole  area  of  the  cycloid  is  three 
times  that  of  the  generating  circle,  and  this  discovery,  which 
was  the  cause  of  many  disputes  between  rival  claimants  to 
the  honour  of  making  it,  drew  the  attention  of  mathematicians 
to  the  study  of  the  properties  of  this  new  curve.  Among 
others,  Descartes   occupied  himself  with    the  subject,  and  he 

*  Le'ibn.  Opera,  Vol.  ju.  p.  95. 
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showed  how  to  draw  tangents  to  the  curve,  and  proved  that 
the  tangent  at  any  point  P  (fig.  19)  is  perpendicular  to  the 
corresponding  chord  BQ  of  the  generating  circle,  and  con- 
sequently that  it  is  parallel  to  CQ:  from  this  also  it  readily 
follows  that  if  QR  be  a  tangent  to  the  generating  circle  at 
Q,  QR  =  PQ  =  arc  BQ.  Wren  was  the  first  who  rectified  the 
cycloid,  and  he  showed  that  the  length  of  an  arc  measured 
from  the  vertex  is  equal  to  twice  the  chord  of  the  generating 
circle  which  is  parallel  to  the  tangent  at  the  extremity,  so 
that  the  whole  length  of  the  curve  is  equal  to  four  times 
the  diameter  of  the  generating  circle.  Pascal  discovered 
the  means  of  finding  the  area  and  the  centre  of  gravity  of 
any  segment  of  the  curve  as  well  as  the  content  and  surface 
of  the  solids  formed  by  the  revolution  of  the  segment  round 
the  axis  of  the  curve,  and  the  base  of  the  segment,  and  to  the 
solution  of  these  problems  he  challenged  all  mathematicians 
in  a  letter  which  he  circulated  under  the  name  of  Dettonville, 
offering  at  the  same  time  a  prize  of  forty  pistoles  to  the  first 
and  one  of  twenty  pistoles  to  the  second  person  who  should 
solve  them.  Wallis  and  Lalouere  appeared  as  candidates 
for  the  prize,  but  none  was  awarded.  To  Huyghens  is 
due  the  discovery  that  the  evolute  of  the  cycloid  is  an 
equal  cycloid  in  an  inverted  position,  and  that  the  radius  of 
curvature  is  double  of  the  chord  of  the  generating  circle 
which  is  perpendicular  to  the  tangent.  He  also  discovered 
the  important  dynamical  property  of  the  tautochronism  of 
a  cycloidal  pendulum ;  that  is  to  say,  that  a  body  under 
the  action  of  gravity  falling  down  an  inverted  cycloid  with 
its  base  horizontal,  will  reach  the  lowest  point  in  the  same 
time  from  whatever  point  it  begins  to  fall.  Two  of  the 
most  remarkable  properties  of  this  curve  were  discovered 
by  John  Bernoulli:  1st,  that  it  is  the  curve  along  which  a 
body  will,  under  the  action  of  gravity,  fall  in  the  shortest 
time  from  one  given  point  to  another  not  in  the  same 
vertical :  2nd,  that  if  any  arc  of  a  curve  as  AB  (fig. 
21),  the  tangents  at  the  extremities  of  which  are  at  right 
angles  to  each  other,  be  evolved  into  a  curve  BA',  beginning 
from  B :  and  if  the  same  operation  be  performed  on  A'B, 
beginning  from  A\   and   so   on   in   succession,   the    successive 
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involutes  will  continually  approximate  to  a  common  cycloid, 
the  axis  of  which  is  parallel  to  AC*-  The  preceding  are 
only  a  few  of  the  most  important  properties  of  this  curve ; 
for  a  detailed  account  of  all  which  the  industry  of  mathe- 
maticians has  discovered,  the  reader  must  be  referred  to  the 
treatises  on  the  cycloid  which  have  been  written  by  various 
authors.  Such  are  the  Histoire  de  la  Roulette  of  Pascal ; 
the  History  of  the  Cycloid  of  Carlo  Dati ;  the  Treatise  de 
Cycloide  of  Wallis ;  the  Historia  Cycloidis  of  Groningius 
in  his  Bihliotheca  Universalis ;  and  the  work  of  Lalouere 
called  Geometria  promota  in  VII   de  Cycloide  lihris. 

(9)  The  Companion  to   the   Cycloid. 

If  the  ordinate  Q,N  (fig.  20)  of  a  semicircle  be  produced 
till  it  be  equal  to  the  arc  CQ^  its  extremity  will  lie  in  a 
curve  which  is  called  the  companion  to  the  cycloid.  The 
co-ordinates  of  a  point  in  this  curve  are,  putting  CO  =  a, 
CN^w,  CN=y,   COQ  =  e, 

.V  =  a  (l  —  cos  0),      y  —  aO. 

It  has  points  of  contrary  flexure  at  the  extremities  D 
and  d  of  an  ordinate  passing  through  the  centre  of  the  gene- 
rating circle.  The  space  COD  is  equal  to  the  square  of  the 
radius;  the  whole  area  ACa  is  equal  to  twice  that  of  the 
generating  circle,  and  if  the  line  AC  be  drawn,  the  area 
AMD  is  equal   to  the  area  CLD. 

(10)  If  instead  of  supposing  the  point  P  to  be  in  the 
circumference  of  the  generating  circle  we  suppose  it  to  be 
either  within  the  area  of  the  circle  or  without  it,  the  curve 
traced  out  is  called  a  Trochoid.  The  equations  to  such  a 
curve  are 

,v  =  a  (9  —  n  sin  0), 

y  =  a  (l  —  n  cosO), 

where  n  is  the  ratio  of  the  distance  of  the  tracing  point 
from  the  centre  of  the  generating  circle  to  the  radius  of  that 
circle. 

*  John   Bernoulli,    Opera,   Vol.   iv.   p.  98.      Euler,    Commen.   Petrop.   1766. 
Ivegendre,  Exercices  du  Calcul  Integral,  Tom.  ii.  p.  491. 


GENERATION    OF    CURVES.  137 

(ll)      Epitrochoids  and  Hypotrochoids. 

When  the  generating  circle  rolls,  not  on  a  straight  line, 
but  on  the  circumference  of  another  circle,  the  curve  generated 
is  called  an  Epitrochoid  or  a  Hypotrochoid,  according  as  the 
curve  rolls  on  the  exterior  or  interior  of  the  fixed  circle.  Let 
0  (fig.  22)  be  the  centre  of  the  fixed  circle,  C  that  of  the 
generating  circle,  a,  h  their  radii.  Let  A  and  Q  be  the  points 
originally  in  contact,  P  the  tracing  point.      Then  if  we  make 

CP  =  A,    CN^  X,    PN  =  2/,  AOB  =  0,  so  that   QCB  =  ^  0, 

o 

we  find 

'a  +  h 


x  =  OH+  HN  =(a  +  b)cose-  h  cos  |  — —  )  0, 


=  CH  -  CK  =^  {a  -^  b)  sin  e  -  h  sin  (^^)  9. 


If  we  suppose  the  generating  circle  to  roll  in  the  inside  of 
the  fixed  circle  as  in  fig.  23,  we  should  find 

(a  -h\  ^ 
o)  =  (a  -  b)  cos  Q  +  h  cos  ( — - —    0, 


,     (a  -  b\    . 
y  =  {a,  -  b)  smO  -  h  sm  I  — - —  j  Q 


When  h  =  b  these  become  the  equations  to  the  Epicycloid 
and  Hypocycloid  respectively.  When  a  and  b  are  commen- 
surable the  curve  will  re-enter  after  a  number  of  revolutions 
of  the  generating  circle  equal  to  the  least  common  multiple  of 
a  and  6  :  in  such  cases  the  curve  is  expressible  by  an  alge- 
braical equation  between  c^  and  y.  When  a  and  b  are  in- 
commensurable the  curve  will  never  re-enter,  and  is  ex- 
pressible only  by  some  transcendental  equation  between  as 
and  y. 

\i  h  =  b  and  6  =  a  the  equations   to   the   epicycloid    are 

X  =  a  {2  cos  Q  —  cos  2  0), 
2/  =  a  (2  sin  0  -  sin  2  9), 
or       .17  =  a  { 1  +  2  cos  0  (l  -  cos  0) } , 
y  =  2  a  sin  0  (1  -  cos  G). 
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Whence,  squaring  and  adding, 

w'  +  y^  =  a^  { 1  +  4  (1  -  cos  0)  } . 
But  we  have  also 

(x  -  ay  +  2/^  =  4a^  (1  -  cos  Oy. 

Therefore    (<i?^  +  y^  —  a^y  =  4a^  |(c'}?  —  ay  +  y^\ 

is  the  equation  to  the  curve  expressed  in  rectangular  co- 
ordinates.     If  we  put     w  =  a  +  r  cos  (p,      y  =  f  sin  (p, 

we  find      r  =  2a  (l  —  cos  (j)), 

as  the  polar  equation.  From  its  shape  this  curve  is  called  the 
Cardioid :  in  common  with  the  circle  it  possesses  the  property 
that  all  lines  drawn  through  its  pole  and  bounded  both  ways 
by  the  curve  are  of  equal  length. 

In  the  equations  to  the  hypotrochoid,  if  we  make  h  =  b 

and  6  =  -  ,  we  obtain  by  the  elimination  of  0  the  equation 

(a^  —  w^  —  ify  =  27  a^co^y^ ; 
which  may  be  put  under  the  form     x^  +  y'l  =  «§. 

This  hypocycloid  occurs  in  the  solution  of  many  problems. 

If  in  the  equations  to  the  hypotrochoid  we  put  6  =  -  ,  then 

CO  =  {-  +  h\  cos  0,      y  =  [ A I  sin  0. 

Whence   (?- a)^' +(%*)'/=  g  -  A^)\ 
which  is  the  equation  to  an  ellipse  the  axes   of  which   are 

— \-  h     and h. 

2  2 

If  ^  =  -  the  hypocycloid  becomes  a  straight  line,  which 
2 

is  one  of  the  diameters  of  the  fixed  circle. 

Professor  Wallace*  has  made   a  very  elegant  application 

of  the  preceding  property  of  the  ellipse  to  generate  that  curve 

'  "  Wallace's  Conic  Sections,  p.  182. 
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by  continuous  motion.  A  and  B  (fig.  24)  are  two  wheels 
the  axes  of  which  turn  in  holes  O,  C  near  the  ends  of  the  con- 
necting bar  OC.  The  diameter  of  the  wheel  B  is  one  half  of 
that  of  A,  and  a  band  JEF  goes  round  them.  An  arm  CP 
is  attached  to  the  wheel  B,  and  bears  at  its  extremity  P  a 
tracing  pencil.  If  now  the  wheel  A  be  fixed  while  the  bar 
OC  is  turned  round  0,  the  wheel  B  will,  by  the  action  of  the 
band,  be  made  to  revolve  twice  round  its  centre,  while  the  bar 
revolves  once  round  0 :  the  point  P  will  then  trace  out  an 
ellipse. 

All  Epicycloids  and  Hypocycloids  are  rectifiable,  as  was 
first  shown  by  Newton*.  The  length  of  the  arc  of  the  epicy- 
cloid comprised  between  two  contiguous  cusps — that  is,  the 
length  of  the  arc  produced  by  one  revolution  of  the  generating 

46 
circle — is  —  (a  +  6),  and  the  corresponding  arc  of  the  hypo- 

46 
cycloid  is  —  [a  —  h). 
a 

7r6^ 
The  corresponding  area  of  the  epicycloid  is  (3a  +  26) 

.     .    .     '7r6' 
and  of  the  hypocycloid  it  is  {Sa  -  26). 

The  evolute  of  the  epicycloid  is  a  similar  figure,  the  radii 

.    ,      ,    .            cb^            ^       ah 
of  the  fixed  and  generating  circles  being and 

respectively.  An  analogous  theorem  holds  for  the  hypo- 
cycloid. 

(12)      The  Spiral  of  Archimedes. 

While  the  straight  line  OM  (fig.  25)  revolves  uniformly 
round  0,  let  the  point  P  move  uniformly  along  OM:  the  locus 
of  the  point  P  is  the  spiral  of  Archimedes.  To  find  its 
equation  let  AOP  =  0,   OP  =  r,  and  when  0  =  27r  let  r  —  a. 

'vu  r        a  a 

i  hen  -  =  —  ,     or  r  =  —  6, 

d       27r  27r 

which  is  the  equation  to  the  curve. 

*  Principia  I,  Prop.  i'.). 
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The  following  are  its  principal  properties.  The  area  of 
any  sector  bounded  by  a  line  as  OQ  =  r  is  one  third  of  the 
circular  sector    QOR,   and  it  is  one  half  of  the  area  of  the 

segment  of  a  parabola   (whose  latus  rectum  is  —  j    included 

between  the  vertex  and  an  ordinate  =  r.  The  length  of  the 
arc  of  the  sector  of  the  spiral  is  equal  to  that  of  the  segment 
of  the  parabola.  If  a  tangent  be  drawn  at  the  extremity  of 
the  arc  formed  by  one  revolution  of  the  radius,  the  subtangent 
will  be  equal  to  the  circumference  of  the  circle  whose  radius  is 
a.  If  at  the  extremity  of  the  arc  formed  by  two  revolutions, 
it  will  be  double  of  the  circumference,  and  so  on. 

This  curve  was  invented  by  Conon,  but  its  principal 
properties  were  discovered  by  the  geometer  whose  name  it 
bears. 

(13)      The  Logarithmic  Spiral. 

The  definition  of  this  spiral  is,  that  the  radius  increases 
in  a  geometric  while  the  angle  increases  in  an  arithmetic  ratio. 

Hence  its  equation  will  be  of  the  form      r  =  ce"" , 

or,  as  it  is  usually  written,     r  =  a^ . 

This  curve  was  imagined  by  Descartes,  who  also  noticed 
two  of  its  properties ;  that  at  every  point  it  makes  equal  angles 
with  the  tangent,  and  that  the  length  of  the  curve  measured 
from  the  origin  is  proportional  to  the  radius  of  its  extremity. 
Since  »•  =  0  when  0  =  -  co,  it  appears  that  the  curve  makes 
an  infinite  number  of  revolutions  before  it  reaches  the  pole ; 
a  property  which  was  at  first  disputed  by  Descartes.  From 
the  form  of  the  equation  it  is  easy  to  see  that  radii  including 
equal  angles  are  proportional :    for  if 


r  =  cr 


and    r,  =  a^+" 


Again,  if    fj  =-  a'l' ,      p^  =  a't'  +  "  ,      ^  =  a"; 

and  tlierefore     —  =  —  . 
r        p 
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The  length  of  an  arc  of  the  curve  measured  from  the  pole 
is  equal  to  the  portion  of  the  tangent  at  its  extremity  cut  off 
by  the  subtangent,  and  the  area  is  one  half  of  the  triangle 
contained  by   the  bounding   radius,    the   tangent    at    its    ex- 
tremity,    and    the    subtangent.       But    the    most    remarkable 
properties  of  this  curve  were  discovered  by  James  Bernoulli, 
who  showed*  that  this  spiral  can  be  made  to  reproduce  itself 
in   many  ways.      The  evolute  and  involute  of  this  curve  are 
both  spirals  equal  to  the  original  one,  and  differing  from  it  in 
position  only  ;    its  caustics   both  by  reflexion  and  refraction 
(the  pole  being  the  origin  of  light)  are  also  spirals  equal  to 
the  primary  one ;   and  if  another  equal  spiral  be  made  to  roll 
on  the  first,  the  pole  of  the  rolling  spiral  will  trace  out  another 
spiral  equal  to  the  original.      This  property  of  the  logarithmic 
spiral  of  constantly  reproducing   itself   appeared    so  remark- 
able to  Bernoulli  that  he  called  it  spira  mirabilis,  and  he  was 
pleased  to  see  in  it  a  type  of  constancy  amidst  changes  and  in 
adversity,  and  a  symbol  of  the  resurrection.      As  a  specimen 
of  the  fanciful  light  in  which  he  viewed  the  properties  of  this 
curve,   I  add  the  concluding  paragraph  of  his  paper.      "  Cum 
autem   ob  proprietatem  tam   singularem   tamque  admirabilem 
mire  mihi  placeat  spira  haec  mirabilis,   sic  ut  ejus  contempla- 
tione  satiari  vix  queam  ;  cogitavi  illam  ad  res  varias  symbolice 
repraesentandas  non  inconcinne  adhiberi  posse.     Quoniam  enim 
semper  sibi  similem  et  eandem  spiram  gignit,  utcunque  volvatur, 
evolvatur,  radiet ;   hinc  poterit  esse  vel  sobolis  parentibus  per 
omnia   similis   Emblema  :     Simillima  Jilia  matri.  ...  Aut,    si 
mavis,   quia  curva  nostra  mirabilis  in  ipsa  mutatione  semper 
sibi   constantissime   manet    similis   et   numero   eadem,   poterit 
esse  vel  fortitudinis  et  constantiaj  in  adversitatibus ;   vel  etiam 
carnis  nostrse,  post  varias  alterationes  et  tandem  ipsam  quoque 
mortem,  ejusdem  numero  resurrecturse  symbolum;  adeo  quidem 
ut  si  Archimedem  imitandi  hodienum  consuetudo  obtineret  li- 
benter  spiram  banc  tumulo  meo  juberem  incidi  cum  epigraphe : 
Eadem  mutata  resurget." 

*  Opera,  p.  497- 


CHAPTER   IX. 


ON    THE    TANGENTS,     NORMALS    AND    ASYMPTOTES    TO    CURVES. 


Sect.  1.     Rectilinear  Co-ordinates. 
If  the  equation  to  the  curve  be  put  under  the  form 

the  equation  to  a  tangent  at  a  point  ooy  is 

x'  and  y  being  the  current  co-ordinates  of  the  tangent. 
If  the  equation  to  the  curve  be  put  under  the  form 
u  =  (j)(x,y)  =  c, 
the  equation  to  the  tangent  takes  the  more  symmetrical  form 

du  .  ,        .       du 

(ct?  -  x)  +  —  {y  -y)  =  o. 
dx  dy 

If  «*  be  a  homogeneous  function  of  n  dimensions  in  x  and 
y,  by  a  well-known  property  of  such  functions 

du  du 

X H  V  ^—  =  nu  =  wc, 

dw  dy 

and  the  equation  to  the  tangent  becomes 

, du        , du 

X \-  y  ——  =  nc. 

dx  dy 

The  equations  to  the  normal  are 

don      , 

du  ^  ,       ^      du     , 
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The  length  of  the  subtaiiffetit  is    y  —  . 

dy 

The  length  of  the  subnormal  is      y  ~  . 

dx 

1  +  [—•]   \  ' 

The  length  of  the  normal  is  y  U  +  (  — )  >  . 

The  perpendicular  from  the  origin  on  the  tangent  is 

du         du 
ydoB  —  rudy  dw  dy  nc 

^  "  (da^~  +  dy')h  "  ( /duV'       (duY\^  "  {(duy       JJHyTl ' 
\[d-J    "■   WJ  I        Ifej     -^   [dyj   ] 

if  w  be  a  homogeneous  function  of  n  dimensions  in  cV  and  y. 

The  portion  of  the  tangent  intercepted  between  the  point 
of  contact  and  the  perpendicular  on  it  from  the  origin  is 

du         du 

w y  — 

00  dw  -^  ydy  dy  doc 


(d.v^  +  dy 


'■)i       Uduy       ,duy\-^ 


The  portions  of  the  axes  cut  off  between  the  origin  and 
the  tangent,  or  the  intercepts  of  the  tangent,  are 

y  —  CO  ~—  along  the  axis  of  y^ 

dco  . 

00  —  y  -—  along  the  axis  of  oc. 
dy  ^ 

These  I  shall  call  y^,  oo^  respectively. 

Ex.  (1).      The  equation  to  the  hyperbola  referred  to  its 

asymptotes  is 

coy  =  m^. 

,       du  du  ,    ,  .  , 

1  nen  —-  =  y,   -—■  =  oo,  and  the  equation  to  the  tangent  is 
doo  dy 

y  {og'  -a!)+x(y'  -y)  =0; 

or    yoff'  +  xy  =  9.xy  =  2m^, 
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dy  m^  dx  x^y 

Since   -r-  = r  »  the  subtanffent  =  «  -—  = j  =  -  x\ 

dx  x^  dy  m 

as  xy  =  m^. 

,.     ,  2m^ 

The  perpendicular  on  the  tangent  p  =  — -^ g-^ . 

{x  +  y  )a 

Also    yQ  =  y  +  —  =  2«,    and    Xq=  x  +  —  =  9.x. 
X  y 

Hence  the  product  of  the  intercepts  of  the  tangent 

=  a?ot/o  =  4a;2/  =  4m^  is  constant ; 

and  the  triangle  contained  between  the  axes  and  the  tangent, 
being  proportional  to  this  product,  is  also  constant. 

(2)     The  equation  to  the  parabola  referred  to  two  tangents 
as  axes  is 

Hence  the  equation  to  the  tangent  is 


y 


{ax)h       iby)h 
The  intercepts  are  x^  =  {ax)i,     y^  =  (J)y)h  ; 

or  <a?o)  2/0  ^^^  ^^^  co-ordinates  of  the  chord  joining  the  points  at 
which  the  axes  touch  the  curve. 

(3)  The  equation  to  one  of  the  hypocycloids  referred 
to  rectangular  co-ordinates  is 

xi  -I-  ^»  =  as. 

The  equation  to  the  tangent  is 

X        y  ^ 

a?3       y^ 

Therefore  x^  =  03.2?^,  y^  =  a^y^  ;  and  the  portion  of  the 
tangent  intercepted  between  the  axes  =  {x^^  +  y^)^  —  a;  or  the 
hypocycloid  is  constantly  touched  by  a  straight  line  of  given 
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length  which  slides  between  two  rectangular  axes.  The  con- 
verse of  this  proposition,  viz.  that  the  locus  of  the  ultimate 
intersections  of  a  line  of  given  length  sliding  between  rect- 
angular axes  is  this  hypocycloid,  was  first  shown  by  John 
Bernoulli.      (See   his  Works,   Vol.  iii.  p.  447.) 

For    the    perpendicular   from   the   origin   on   the  tangent 
we  find 

p  =  (aooy)^. 

(4)     In  the  cissoid  of  Diodes, 


y"  = 


whence  the  subtaneent   = 


^a  —  X 

a?  (2  a  —  x) 


3a  —  X 


11-1  ^  ^    (^«  -  X) 

and  the  subnormal   =  — . 

(2  a  -xy 

(5)     In  the  logarithmic  curve 

y  =  ce" . 
The  subtangent   =  a,  and  is  therefore  constant. 
The  tangent  =  (a^  +  y^)^. 

if'  y 

The  subnormal  =  — .       The  normal  =  -  (a^  +  -if)^. 
a  a 

y{a  —  x)  y^+ax 


(6)      In  the  catenary 

c      —        -5f  y- 

The  subnormal  =  -  (e"   -  e    ").       The  normal  =  — . 
4  ^  ^  c 

cy  y^ 

The  subtangent  =  .  ,  .      The  tangent  = 


10 


146  TANGENTS    TO    CURVES. 


(7)      From  the  general  parabolic  equation 

we  find  the  equation  to  the  tangent  to  be 
mce  {y  -  y)  =■  y  {w'  —  oo). 


y%  ^Vl-\ 


The  subtangent  =  tnw.      The  subnormal  =  —  = „ , 

mx      my^ 

m  -  \ 

^°  "  ~inr  ^'  ^0  =  -  (»^  -  1)  ^' 

whence   mJ^y^  ^  -  (m  -  l)*""' a'""^  a?,,, 

(m  —  l)  xy  mx^  +  y^ 

J)  ^ i  ^^ • 

(m^x^+  2/0^'  (m^x^  +  y^)^ 

X —y 

(8)      In  the  curve  x  ■=  e  y    we  easily  find,  by  taking  the 
logarithmic  differential, 

y^  a?y 


«/o  =  -  ,  a^o  = 

X  y  —  00 

X^  Xo  X 

Subtangent   =  =  -  y  —  =  -a?.  -. 

(9)      The  equation  to  the  cycloid  referred  to  its  vertex  is 

dy       /2a  —  x\^ 


dx       \     X 
AB  (fig.  19)  being  the  axis  of  x. 

If  M  be  the  point  where  the  ordinate  meets  the  generating 
circle,  and  if  we  join  MA,  MB,  then 

,,  ,  ^      MN      I2ax-x^)^      dy 
tan  MAN  =  — —  =  ^^ — ^  =  -^  . 

AN  X  dx 

That  is  to  say,  the  tangent  to  the  cycloid  is  parallel  to  the 
chord  of  the  generating  circle.  The  normal  is  evidently  pa- 
rallel to  the  other  chord  MB.  Hence  also  the  angle  which 
two  tangents  make  with  each  other  is  equal  to  the  angle  be- 
tween the  corresponding  chords  of  the  generating  circle. 

y^  =  y  -  {2ax  -  x^)h  =  PN  -  MN  =  PM. 

But  from  the  generation  of  the  curve,  PM  is  equal  to  the 
arc  of  the  circle  AM,  therefore  y^  =  arc  AM. 
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--hmf'{~r^ 


(2ax)^ 


and  chord  AM  =  (2acv)k      Therefore 
normal  =  -  {%awy  =  -     ^^  ~  , 

■^^0  A  AT       ^^^  ^^ 


(2  a<2?)2  chord  -4il/ 

(10)      If  py  r,  be  the  perpendicular  on  the  tangent  and 

the  radius  vector  at  any  point  of  a  curve,  then —  will  be  the 

perpendicular  on  the  tangent  at  the  corresponding  point  of 
the  curve  which  is  the  locus  of  the  extremity  of  p. 

Let  X,  y,  be  the  co-ordinates  of  the  first  curve,  a,  /3,  of 
the  second;  then  p  being  the  perpendicular  on  the  tangent, 
its  equation  is 

ao?  +  /3i/  =  p2  =  a^  +  /3^  (1) 

since  a,  j^,  are  the  co-ordinates  of  the  extremity  of  p.  But 
the  line  being  a  tangent,  this  equation  will  hold  when  we  put 
X  +  dco  and  y  +  dy  for  <j?  and  y ;   we  then  have 

adx  +  (^dy  =  0.  (2) 

Now  if  F  =  0  be  the  equation  connecting  a  and  /3,  that  is 
to  say,  the  equation  to  the  locus  of  the  extremity  of  p,  and  if 
P  be  the  perpendicular  on  the  tangent  of  that  curve, 

dV      ^  dV 
da  dfi 


But  from  the  equation  to  the  curve 

-.a^-./3  =  0.  (3) 

Now  differentiating  (l)  considering  a?, «/,  a,  /3,  as- variables, 
and  paying  attention  to  (2),  we  have 

(a?  -  2a)  da  +  (2/  -  2/3)  d(i  =  0.  (4) 

10—2 
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^  (^)  -  (4)  =  0  gives,  on  equating  to  zero  the  coefficients 
of  each  differential, 

dV  dV  ^ 

\  -T-  =  .V  ~  2a,     X  -—  =  ?/-  2/3. 
da  d^      ^         ^ 

o  1.    .      .         1  ,  ,  dV  dV  .       , 

substituting  these  values  oi  —  and  — -^  in  the  expres- 
sion for  P,  it  becomes 

p^  2  (a«  +  /3^)  -  {aw  +  (iy) 


[-^2  +  2/'  +  4  {a^  +  jS^^  -  {aw  +  ^y)\f  ' 
which  by  (l)  is  reduced  to 

{w   +  y~p       r 

(ll)  To  find  the  least  polygon  of  a  given  number  of 
sides  which  will  circumscribe  a  given  oval  figure. 

Let  JB,  BC,  CD,  (fig.  26)  be  consecutive  sides  of  the 
polygon.  Produce  AB,  DC  to  meet  in  E,  which  take  as 
origin,  the  axes  being  EA,  ED.  Then  the  position  of  BC 
must  be  such  as  to  make  BEC  a  maximum. 

Now  calling  as  before  the  intercepts  of  the  tangent  w^,  y^, 

dw  dy 

w^  =  X  -  y  -—  ,     yo=  y  ~  w  —-; 
dy  dw 

w  and  y  being  the  co-ordinates  of  the  point  of  contact  P. 
The  area  BEC  =  ^  w^y^  sin  E,   therefore 

f  dw\   f  dy\        (  dyY  dw 

is  to  be  a  maximum,  (neglecting  the  negative  sign). 
Differentiate  with  respect  to  <r, 


/  dy\  d^  y  dw  ,  dw 

V  dw)  dw'  dy^  ^  dy         ^ 

The  last  factor  alone  gives  a  solution.      From  it  we  have 
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That  is,  EM  =  ^  EB  =  MB,  and  hence  also  CP  =  PB, 
or  CB  is  bisected  at  the  point  of  contact.  As  the  same  con- 
dition holds  for  every  side  of  the  polygon,  it  follows  that,  when 
the  polygon  circumscribing  an  oval  is  a  minimum,  each  side  is 
bisected  at  the  point  of  contact.  Hence  we  see  that  of  all  the 
parallelograms  which  circumscribe  an  ellipse,  those  are  least 
which  have  their  sides  parallel  to  conjugate  diameters. 

(12)     The  degree  of  a  curve  being  n,  there  cannot  be  more 
than  n  (n  —  1)  tangents  drawn  to  it  from  one  point. 

Let  u  =  Cj  (1) 

be  the  equation  to  the  curve,  then  the  equation  to  the  tan- 
gent is 

du        ,  du  du          du 

dw          dy  dcB          dy 

and    the    condition   that    this    tangent  shall    pass    through    a 
given  point  a,   h,  is 

du  du  du  du 

dx  dy  dcB  dy 

The  equations  (l)  and  (2)  being  combined  together  will 

give  the  values  of  ob  and  y  at  the  points  of  contact ;  and  as 

both  equations  are  of  n  dimensions  in  co   and  y,  (since  u  is 

.  du  du 

of  n  dimensions  and  -—  and  — —    oi    w  —  1,    and    therefore 
dee  dy 

du  du    „        ^.  ...  ,,  ,         , 

x 1-  ?/  —  OI  n  dimensions),  it  wouJd  appear  that  the  re- 

dx      ''  dy  ^  ^^ 

suiting  equation  is  of  the  degree  w^,  and  therefore  that  there 

are  as  many  tangents  passing  through   the   point.      But  the 

degree  of  the  equation  can  always  be  reduced ;   for  we  may 

combine  (2)  with  any  multiple  of  (l),  and  the  result  of  the 

elimination  between  the  new  equation  and  either  of  the  others 

will    still  give   us   the  co-ordinates  of  the  point   of  contact. 

Multiply  (l)  by  ^  and  subtract  it  from   (2),  then  we  have 

du  du  du  du 

a  -T-  +  o  -^ nc  =  X V  y nu.  (3) 

dx  dy  dx  dy 
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Now  by  a  property  of  homogeneous  functions,  if  v  be 
homogeneous  of  n  dimensions  in  x  and  ?/, 

dv  dv 

00  — —  +  «  —  =  nv. 
dos  dy 

This  then  will  be  true  of  the  terms  of  n  dimensions  in  u, 
and  they  will  therefore  disappear  from  the  second  side  of  the 
equation  (S),  which  will  thus  be  reduced  to  {n  —  l)  dimensions, 

du       ^  du  ,       ,.    ,        1  XT  1 

since   —  and   — -  are  only  oi  that  degree.     Hence  the  corn- 
da?  dy 

bination  of  (l)  with  (3)  will  rise  only  to  the  degree  n  {n  —  1), 
which  therefore  represents  the  greatest  number  of  tangents 
which  can  be  drawn  from  a  given  point  to  a  curve  of  n  dimen- 
sions. Waring  had  fixed  the  limit  at  n^,  as  it  at  first  sight 
appears  to  be ;  the  preceding  process  of  reduction  is  due  to 
Bobillier,  Annales  de  Gergonne,  Vol.  xix.  p.  106.  It  is  to  be 
observed  that  though  n{n  —  I)  is  the  greatest  number  of  tan- 
gents which  can  be  drawn,  it  seldom  reaches  that  limit,  since 
the  final  equation  generally  involves  impossible  roots  which 
refer  to  tangents  drawn  to  the  branches  of  the  curve  which  do 
not  lie  in  the  plane  coy.  Since  n(ji  —  1)  is  essentially  even, 
it  may  happen  that  for  certain  positions  of  the  point  all  the 
roots  are  impossible ;  a  result  which  is  geometrically  apparent, 
inasmuch  as  from  the  interior  of  an  oval  curve,  such  as  the 
ellipse,  no  tangents  can  be  drawn  to  the  part  of  the  curve 
which  lies  in  the  plane  of  wy. 

Aaymptotes. 

As  an  asymptote  is  a  line  which,  intersecting  the  axes  at 
a  finite  distance  from  the  origin,  is  a  tangent  to  the  curve  at 
an  infinite  distance,  it  appears  that  if  <2?o  or  2/0  remain  finite 
when  X  or  y  are  infinite,  their  values  will  determine  the 
position  of  the  asymptote. 

A  more  convenient  method  however  is  that  first  given  by 
Stirling,  in  his  Linece  Tertii  ordinis  Newtoniance,  p.  48. 

\i  y  —  f{w)  be  the  equation  to  the  curve,  and  if  we  can 
expand  /(<J?)  in  descending  powers  of  a?,  so  that 

y  =  a.nOo'^'  +  «„_ict?'""'  +  &c.  +  a,x  +  «o  +  +  — -  +  &c. ; 
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then  when  cr  =  oo,  the  terms  involving  negative  powers  of  x 
vanish,  and  the  equation  to  the  curve  coincides  with  that  to 
another  curve  the  equation  to  which  is 


y  =  a^w'^  +  o„_ict?'""^  +  &c.  +  a^w  +  a, 


This  then  is  the  general  equation  to  a  curvilinear  asymp- 
tote, the  nature  of  which  will  depend  on  the  degree  of  the 
highest  power  of  .r  which  is  involved  in  it.  The  most  im- 
portant case  is  that  in  which  the  equation  is  reduced  to 

y  =  a^cc  +  a^, 

that  is,  in  which  the  asymptote  is  a  straight  line. 

This  method  fails  when  the  asymptote  is  parallel  to  the 
axis  of  y,  as  in  that  case  the  coefficient  of  co  would  be  infinite : 
but  asymptotes  of  this  kind  are  visible  by  a  simple  inspection 
of  the  equation  to  the  curve  when  it  is  put  under  the  form 
y  =s  f(a!).  For  the  value  o(  y  being  infinite  for  the  abscissa 
corresponding  to  the  asymptote,  we  have  only  to  find  what 
values  of  x  will  make  /(a?)  =  co,  or  to  make  the  denominator 
of /(a?)  vanish,  since  no  finite  value  of  a?  in  the  numerator  can 
make  /  (a?)  =  co .  These  values  of  x  being  found,  the  ordi- 
nates  drawn  through  them  are  asymptotes  to  the  curve. 


(13)      Let  the  equation  to  the  curve  be 

y^  =  ax^  +  0?^ 
dy      2ax  +  Sa^ 


Then 

and    ya  =  y  - 


dco  Zf 

9.aw^  +  Sa^      3  (y^-x^)  -  9,ax^ 


3y'  Sy' 

But  from  the  equation  to   the   curve,   3{if  -  u^)  =  Sax^, 

a  a^ 

therefore  y,  = ^  . 

^0       3  y^ 

To  find  the  value  of  —  when  x  and  y  are  infinite,  we  have 

y 

from  the  original  equation 

—  =  -  +  1  =  1   when  X  and  y  are  infinite. 

x^       X 
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Therefore  also  —  =  1  when  w  and  y  are  infinite, 

y 

and  hence  2/o  =  „  • 


oimilarly,  x^=x  — 


^aco  +  ^x^  2qaf  +  3ar 

= when  0?  =  CO . 

3 

Hence  the  asymptote  cuts   the  axis  of  ^   at   a  distance 

-  ,  and  that  of  <»  at  a  distance from  the  origin,   and 

3  o 

as  it  is  therefore  inclined  at  an  angle  of  45''  to  the  axis  of 

,a?,  its  equation  is 

a 
^  3 

(14)     Let  the  equation  to  the  curve  be 


y^  = 


oe  —  a 


„  [w  +  a\ 

Then  y^  =  a)^  = 

^  \x-  a) 


2  a      Sa^      ^     ^ 
=  a?2  (1  +  —  +  ^r  +  &c.)  ; 

1  ,        a      a? 

and   «=i^(]  +  -4-—  +  &c.)- 

X       x^ 

Therefore  y  =  ±  (cT  +  a)  are  the  equations  to  two  asymp- 
totes at  right  angles  to  each  other. 

Another  asymptote  parallel  to  the  axis  of  y  is  given  by 
putting  X  =  a. 

(15)     Let  the  equation  to  the  curve  bp 

x^  —  3ax^  +  a? 
^  ~  x^-  Sbx  +  2b^' 
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The  denominator  equated  to  0  gives  w  =  h,  d?  =  26 ;  there- 
fore the  corresponding  ordinates  are  asymptotes,  since  for  x  =  b 
and  X  =  2b  y  is  infinite. 

^  (        3a       ah 

Also  y  =  i— — ^— — — — —  . 


<-l){-'i) 


Whence,  expanding  and  rejecting  the  terms  involving 
negative  powers  of  w,  we  have  y  =  x  —  3  (a  —  b)  as  the 
equation  to  a  third  asymptote,  which  is  therefore  inclined 
at  an  angle  of  45°  to  the  axis  of  x. 

When  the  equation  cannot  be  solved  with  respect  to  y, 
we  are  sometimes  able  to  determine  the  asymptotes  by  as- 
suming y  =  oe%,  and  then  by  means  of  the  equation  expressing 
x  and  y  in  terms  of  z.  If  the  same  value  of  is  which  renders 
a?  and  y  infinite  give  a  finite*  value  for  the  intercepts  of  the 
tangents,  then  these  determine  the  position  of  the  asymptotes. 

(l6)     Let  ay^  -  bai^  +  c"xy  -  0 

be  the  equation  to  the  curve  :   then  assuming  y  =  wz,  we  find 

b  —  az'^  b  —  az^ 

Now  w  and  y  are  both  infinite  when  z  =■  I  - 1  ,  and  the 

intercept  of  the  tangent  on  the  axis  of  y  is 

—  C^'CCU  —  c^  z 

^  3az^+- 

X 

which  when  ;s  =  |  - 1    ,  and  consequently  a?  =  oo  becomes 


& 


yo=- 


3aUV 
and  the  equation  to  the  asymptote  is 

7/  =       -         [X- 


Sa^bi 
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(17)      If  the  equation  to  the  curve  be 

2/*  —  0?*  +  2  hx^y  =  0, 

we  find  by  the  same  means  the  equations  to  two  asymptotes 
to  be 


y 


=  c2?--,     and   y^-  [^  + -^  - 


(18)  Find  the  asymptotes  of  the  curve 

00^  —  ay  (cV  —  b)  =  0. 
As  this  equation  can  be  put  under  the  form 

ay= — 7, 

(37  —  0 

the  curve  has  a  rectilinear  asymptote  in  the  ordinate  at  a 
distance  h  from  the  origin.  It  has  also  a  parabolic  asymptote, 
for  we  have 

ay  =  a;^  \\  — 

\  00) 

and  therefore  for  the  asymptote 

ay  =  w^  —  hx  +W ; 

or     ay  -  ^h^  =  {x  -  \hf ; 

the  equation  to  a  common  parabola,  the  latus  rectum  of  which 
is  a,  and  the  axis  of  which  is  parallel  to  that  of  y. 

(19)  The  curve  whose  equation  is 

a^y^  -2h^y  -  x^  =  0, 
has  two  parabolic  asymptotes  whose  equations  are 

X' =  a  \y 1,     and  x'^  =  a  \ y\  . 

Their  common  axis  is  therefore  the  axis  of  y,  and  their 
latera  recta  are  equal  to  a,  but  they  are  turned  in  opposite 
directions. 

It  sometimes  happens  that  we  obtain  an  equation  for  an 
asymptote  with  possible  coefficients,  though  for  large  values 
of  one  variable  in  the  equation  to  the  curve,  the  other  va- 
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riable  becomes  impossible.  This  apparent  anomaly  has  been 
explained  by  Mr  Walton*,  by  availing  himself  of  the  general 
interpretation  which  may  be  given  to  the  symbols  in  ana- 
lytical geometry.  The  impossibility  of  one  of  the  variables, 
when  certain  values  are  assigned  to  the  other,  may  be  in- 
terpreted as  signifying  that  the  curve  for  these  values  leaves 
the  plane  to  which  it  is  referred.  Now  when  by  assigning 
an  indefinitely  large  value  to  the  one  variable,  the  other 
tends  to  become  again  possible  and  to  assume  the  form  of 
the  equation  to  a  straight  line,  as  is  the  case  when  we  find 
a  possible  rectilinear  asymptote,  this  indicates  that  the  curve 
tends  to  return  to  the  plane  of  reference,  and  that  at  an 
infinite  distance  it  will  coincide  with  it  in  a  line,  the  equa- 
tion to  which  is  that  of  the  asymptote. 

(20)     As  an  example  of  a  curve  having  a  possible  asymp- 
tote to  an  impossible   branch   let  us   take  the  equation, 

When  X  =  0,  y  =  o:>  and  is  possible,  and  therefore  the  axis 
of  y  is  an  asymptote:  this  is  one  of  the  ordinary  kind.  But 
if  we  put   the  equation   under  the  form 

it  is  easily  seen  that  when  x  =  QO  ,  y  =  c.  On  the  other 
hand,  if  a?  >  a,  y  is  impossible.  Hence  the  line  whose  equa- 
tion is  2/  =  c  is  an  asymptote  to  an  impossible  branch  of  the 
curve ;  that  is  to  say,  a  branch  of  the  curve  leaves  the  plane 
of  reference  when  a?  =  =t  a,  but  tends  to  return  to  it  again 
when  .t?  =  ±  CO  ,  coinciding  then  with  the  line  whose  equation 
is  y  =  c.  The  form  of  the  curve  is  given  in  fig.  27,  where 
the  dotted  curve  represents  the  impossible  branches  of  the 
curve  lying  in  a  plane  at  right  angles  to  the  plane  of  the 
paper. 

On  the  subject  of  asymptotes  to  curves,  the  reader  may 
consult  in  addition  to  the  work  of  Stirling  before  referred 
to,  Newton's  Enumeratio  Linearum  Tertii  ordiniSf  and 
Cramer's  Analyse  des  Lignes  Courbes,  Chap.  viii. 

*  Cnmhridfje  Mathematical  Journal,  Vol.  ii,  p.  23(). 
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Sect.  2.     Polar  Co-ordinates. 

If  the  curve  be  expressed  by  a  relation  between  r  and 

d,  then  the  tangent  of  the  angle  (0)  between  the  radius  vector 

dO 
and   the   tangent    to  the  curve  is  r  — .       The    subtangent, 


which  is  the  portion  of  a  perpendicular  to  the  radius  vec^ 

tor    at  the   origin    intercepted    by   the  tangent,  is  r^ — ;  and 

dr 

the  perpendicular  from  the  origin  on  the  tangent  is 


r' 


l-QT 


If  the   curve    be  expressed   by  a   relation  between  ii   and  G 

where  w  =  - ,   the  subtangent  and  perpendicular  are  equal  to 
r 

— r-  and  .,,  1  respectively. 

du  {  ,      (du\ni       ^  ^ 

Asymptotes    to  spirals  are  determined  by   finding  what 

value   of  d  makes   r   infinite;   and  if   the   same  value   of  9 

dG 
make  r^ —  either  finite  or  equal  to  zero,  a  line  drawn  through 
dr 

the  extremity  of  the  subtangent  parallel  to  r  is  an  asymp- 
tote to  the  curve. 

Spirals  may  have  asymptotic  circles :  these  are  found 
by  the  condition  that  an  infinite  value  of  G  gives  a  finite 
value  for  r. 

Ex.   1.     The  equation  to  the  spiral  of  Archimedes  is 

r  =  aG. 

The  angle  between    the  radius  and  tangent  is 

.     dG 
d)  =  tan  V  — -  =  tan  '  G. 

^  dr 

,,2 

The  subtangent  =  —  . 
a 
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The  equation   to   the  locus   of  the  extremity  of  the   subtan- 
gent  is  evidently 

/  =  -  =  ae% 

a 
0  being  measured  from  a  line  90"  distant  from  the  original 
axis  as  r  is  at  right  angles  to  r.  If  in  a  similar  way  we 
find  the  locus  of  the  extremity  of  the  subtangent  of  the 
curve  r'  —  aO^,  and  so  on  in  succession,  we  shall  have  a 
series  of  spirals,  the  equations  to   which  are 

1.2'  1.2.3 1 .2  ...  (w  -  1)' 

the   angle  6  in   each    case   being    measured   from  a    line  90° 
distant  from  that   in  the  preceding   curve. 

(2)  The  equation  to  the  hyperbolic   spiral  is 

a  0 

r  =  - ,      or    ?^  =  - ; 
B  a 

d9 
therefore  the  subtangent  =-—=«. 
^  du 

The  locus  of  the  extremity  of  the  subtangent  is  evidently 
a  circle,  the  radius  of  which  is  a :  and  as  6  =  0  makes  r  =  co 
while  the  subtangent  remains  finite  and  equal  to  a,  it  appears 
that  a  line  drawn  parallel  to  the  axis  at  a  distance  a  is  an 
asymptote. 

(3)  The  equation  to  the  lituus  is 

a  0i 

r  =  -I ,      or    7/  =  —  ; 
02  a 

then     0  =  tan~^  (- 20),     subtangent  =  2 a^a; 

and  as  0  =  0  makes  r  =  co  and  the  subtangent  =  0,  it  appears 

that  the  line  from  which  6  is  measured  is  an  asymptote  to  the 

curve. 

Also  since  r^O  =  a^  it  appears  that  if  a  circle  be  described 

with  radius  r,  the  sector  between  the  axis  and  the  radius  r 

is  of  constant  area. 

(4)  The  equation  to  the  Lemniscate  is 

r"  =  a^  cos  2O. 
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The  perpendicular  on  the  tangent  is    — : 

(h  =  tan-'r  —  =  tan"'  (-  cot  2  0)  =  20-  -. 

(5)  The  equation   to  the  logarithmic  spiral  is 

e 
r  =  c  6  « . 

Then  d)  =  tan~^a,  and  is  therefore  constant; 
^  =  r  sin  (tan    ^  a)  =       ^       y 

The  subtangent   =  ra. 

The  locus  of  the  extremity  of  the  subtangent  is  the 
involute  of  the  curve,  the  equation  to  it  bping 

e 
r^=^  ar  =  acef^  , 

and  therefore  a  similar  spiral. 

Also  if  ra  be  the  subnormal,  that  is,  the  portion  of  a 
perpendicular  to  the  radius  vector  at  the  origin  cut  off  by 
the  normal,  the  locus  of  the  extremity  of  r.^  is  the  evolute 
of  the  spiral,  its  equation  being 

r      c    - 

r2  =  -  =  -  e« . 
a       a 

(6)  The  equation  to  the  Cardioid  is 

r  =  a  (l  —  cos  &). 
If  /  be  a  radius  in  the  direction  of  r  produced  backwards, 
r'  =  a  J 1  -  cos  (0  +  tt)  5  =  a  (l  +  cos  Q). 

Therefore  r  +  r'  =  2  a,  or  the  chords  passing  through  the  pole 
are  of  constant  length. 

tan  0  =  tan  10;  therefore  cp  =  ^6. 

(7)  Let  the  equation  to  the  spiral  be 

r"  =  a"  sin  nO. 
Then  tan  <p  =  tan  n9;  and  (j)  =  n9. 

If  (pi  be  the  value  of  (f}  corresponding  to  an  angle  0  +  ir; 
that  is,  to  a  tangent  at  the  other  extremity  of  the  chord  passing 
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through  the  origin,  (pi  =  n(0  +  tt)  and  0i  -  0  =  wtt.  There- 
fore the  angle  between  two  tangents  at  the  extremities  of  any 
chord  passing  through  the  origin  is  constant. 

(8)  Let  the  equation   to  a  spiral  be 

Then  when  0  =  co,  (2ar  —  r^)a  =  0  and  r  =  0,  r  =  2a. 

Therefore  the  circle,  the  radius  of  which  is  2  a,  is  an 
asymptote  to  the  spiral.  The  pole  also,  for  which  r  =  0, 
may  also  be  considered  as  an  asymptotic  circle  the  radius 
of  which  is  zero,  as  the  curve  makes  an  infinite  number  of 
revolutions  before  it  reaches  it.  The  same  remark  applies 
to  the  logarithmic  spiral,  and  many  other  curves  for  which 
r  is  zero  when  0  is  infinite. 

(9)  The  curve  whose  equation  is 

''~¥^' 
offers  examples  of  both  rectilinear  and  circular  asymptotes. 

For  if  0  =  ±  1,  r  =  CO,   and    as  r^—-  = ,    the   sub- 

dr  2 

tangent  corresponding  to  0=±i  is  t^«j  and  there  are 
therefore  two  rectilinear  asymptotes  inclined  at  angles  +  1 
and  —  1  to  the  axis. 

Also  since  r  =  •— — -  =  "  U  ~  Za        ~  ^  when  y  =  co ,  the 

circle  whose  radius  is  a  is  asymptotic  to  the  spiral. 
The  form  of  the  curve  is  given  in  fig.  28. 
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vanish  along  with  ^—  be  of  an  even  order,   the  ordinate  is  at 


By  the  Singular  Points  of  Curves  are  usually  meant  those 
for  which  any  of  the  differential  coefficients  of  the  one  variable 

with  respect   to  the  other  take  the  values  0,    co   or  - .     We 

shall  confine  our  attention  to  the  first  and  second  differential 
coefficients  only ;  and  of  these  the  first  is  the  more  important. 

When  —  =  0,   the  curve  is  at  that  point  parallel  to  the 

axis  of  .r,  and  if  the  first  differential  coefficient  which  does  not 

dy 

da? 

that  point  a  maximum  or  a  minimum.  We  shall  not  here  con- 
sider any  examples  of  such  points,  as  the  subject  has  been 
already  sufficiently  illustrated  in  Chap,  vii. 

When  —  =  CO  ,   -—  =  o,  and  the  abscissa  is  at  that  point 
dx  dy 

a  maximum  or  minimum. 

When  — -  =  0,  the  curve  coincides  at  that  point  with  a 
dx^ 

straight  line;  for  as  ?/  =  o,^  +  &  is  the  equation  to  a  straight 

dx' 


line,  it  follows  that  for  such  a  line  ^j— ^  =  0.     The  same  result 


of'  ft  I 

may  be  deduced  from  the  consideration  that  when  — — -  =  0, 

da, 

the  radius  of  curvature  is  infinite,  or  the  line  at  that  point 
has  no   curvature,   or   is    straight.      If  the  first    differential 

coefficient   which   does   not  vanish   along  with  -— -  be  of  an 

dx^ 
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odd  order,   then    —    is   a  maximum   or  minimum,   and   the 
ax 

curve   has  a  point  of   contrary  flexure.      Instead  of  finding 

what    diiFerential   coefficient    vanishes,    it    is    generally    more 

^^  y 

convenient    to    try    whether  -—   change  sign  on  substituting 

CL  OG 

in  it  values  of  x  a  little  greater  and  a  little  less  than  that 
which  makes  it  vanish.      If  it  do  change  sign,   the  point  is 

^  y 

one  of  contrary  flexure,    otherwise   not.       If   — -  =  co,  there 

may  be  a  point  of  contrary  flexure  provided  that  it  change 
sign  for  values  of  x  a  little  greater  or  a  little  less  than 
that  which   makes   it  infinite. 

If  any  values  of  x  and  y  make  —  =  -,  it  is  an  indica- 

tion  generally  that  the  point  in  question  is  a  multiple  point, 

or  that  several  branches  of  the  curve  pass  through  it.     The 

d  7/ 
multiplicity  may  be  of  difi^erent  kinds.     1st.  If  ——   is  found 

€L  CO 

by  the  usual  method  of  evaluating  vanishing  fractions,  to 
have  several  different  possible  values  there  are  as  many 
branches  of  the  curve  cutting  each  other  in  one  point.     2nd. 

If    —   is   found  to  have  two   or    more   equal  and  possible 
ax 

values,  there  are  two  or  more  branches  of  the  curve  touching 

each  other  in  one  point,  which  is  called  a  point  of  osculation. 

3rd.  If  all  the  values  of  —  are  found  to  be  impossible,  then 

a  X 

the  point  in  question  is  an  isolated  or  conjugate  point,  that 

is,  one  through   which  there  passes  no  branch  in  the  plane 

of  the  co-ordinate  axes.     In   fact  the  point  is  that  in  which 

impossible  branches  of  the  curve  meet  the  plane  of  the  axes. 

With  respect  to  the  2nd  and  3rd   class  of  multiple  points  a 

few    more    remarks    are   necessary.      If  when   —-    has  two 

Oj  CO 

equal  values    for   a  given  value   a  of  one  of  the   variables, 
we  find  that  for  a  value  a-yh  the  other  variable  is  possible, 
11 
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and  for  a  value  a  —  h  impossible,  or  vice  versa,  the  curve 
stops  short  at  the  point  in  question,  and  is  doubled  back 
on  itself,  forming  what  is  called  a  cusp.  The  cusp  is  said 
to  be  of  the  Jirst  species  or  a  ceratoid*  when  the  branches 
touch  the  common  tangent  on  opposite  sides ;  and  of  the 
second  species  or  a  ramphoid-f  when  they  touch  on  the 
same  side.     These  may  be  distinguished  by  the  consideration 

that  in  the  first  the  values  of  — ^  are  of  opposite,  and  in  the 

second  of  the  same  signs.  It  is  to  be  observed  that  at  a 
cusp  the  two  branches  of  the  curve  never  make  with  each 
other  an  angle  the  trigonometrical  tangent  of  which  is  of 
finite  magnitude :  we  cannot  properly  say  that  the  angle 
itself  is  infinitely  small,  as  in  fact  it  is  equal  to  two  right 
angles,  the  inclination  of  the  one  branch  of  the  curve  being 
measured    in    a    direction    opposite    to    that    of    the   other. 

Although    the   condition  of  -— -  when   of  the  form  -  having 
*=  dw  0  ^ 

impossible  values  always  indicates  a  conjugate  point,  yet  it 

may    happen   that  — —  and   any   number   of  the    differential 

coefficients  are  possible  at  a  conjugate  point.  In  such  cases 
the  impossible  branch  of  the  curve  does  not  pierce  the  plane 
of  the  axes,  but  touches  it  at  the  conjugate  point,  the  order 
of  contact  being  that  of  the  highest  differential  coefficient 
which  is  possible.  To  determine  with  certainty  whether  a 
point  be  or  be  not  a  conjugate  point  or  a  cusp,  it  is  always 
necessary  to  try  whether  the  equation  to  the  curve  gives 
possible  values  for  both  variables  on  each  side  of  the  point 
in  question. 

d  V 

If  some  of  the  values  of  —  be    possible    and   some  im- 

dw 

possible  for  the  given  value  of  w,  there  is  a  conjugate  point 

situate   on   the   curve;    that  is,    a  branch    in    the   impossible 

plane  pierces  the  plane  of  reference  in  a  point  through  which 

there  passes  a  possible  branch   of  the  curve. 

*  KepcES,  a  horn. 
t  'Pd/xcpo^,  a  beak. 
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For    a   fuller    development    of   the  relation    between    the 

various  kinds  of  points  indicated   by   the   condition   —  =  - , 

the   reader    is    referred   to   a  paper  by    Mr    Walton    in    the 
Cambridge  Mathematical  Journal,   Vol.  ii.  p.   155. 

If  the   equation    to    the    curve    be   put    under   the   more 
symmetrical   form 

we  easily  obtain   analytical  conditions  for    distinguishing  be- 
tween  the    three   classes  of  double    points    indicated  by    the 

condition  —  =  - ,  viz.  true  double  points,  points  of  oscula- 
dx      0  r  r 

tion,  and  conjugate  points.      The  condition  — -  =  -    involves 

the   two, 

du  du 

ax  dy 

Proceeding   to   the    differential    of   the   second  order,   we 
find  in  consequence   of  the   preceding  condition 

d?u  d~u    dy       d~7i  (dy\^ 

— -  +  2 +  -^      =0, 

dar        dxdydx       dy^  \dxj 


whence   we  find 


—  ± 


dy  dx  dy 


if  d^u  y       ld'^u\    (d"u\]^ 
\\dxdy)    ~  \d^V   \dyv] 


dx  d^u 

df 

Now  for  a  true  double  point  we  must  have  two  possible 

values  for  — ;   for  a  point  of  osculation  we  must  have  the 

dx 

two  values  equal ;  and  for  a  conjugate  point  we  must  have 
the  two  values  impossible.  Hence  we  have  the  three  con- 
ditions : 


f  d^u  Y       (d'u\   fd'u\  ^  ,     ,,         . 

-; — —      -     -r-T       ~, —    >  0  for  a  true  double  pomt, 
\dxdyl         \dx')   \dy^)  ^ 
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/  dru  \'       [d^u\   ld~u\  „  .         ,.  ,    ■ 

I -     — 7,       -r-T    =  0  for  a  point  oi  osculation, 

{  d^u  \^       (d^u\    fd^u\ 

—     — :r\ <  0  lor  a  coniua-ate  point. 

Ua^dy)         Kdco'j  \dyV  i  &        v 

If  the  point  be  more  than  double,  it  is  necessary  to  pro- 
ceed to  higher  differentiations,  but  the  formulae  become  too 
complicated   to  be  of  much    use. 

The  second  of  the  preceding  conditions  furnishes  an 
easy  demonstration  of  the  following  general  property  of 
curves  of  the  third  order.  "  The  three  asymptotes  of  a 
curve  of  the  third  order  being  given,  the  locus  of  the 
points  of  osculation  is  the  maximum  ellipse  which  can  be 
inscribed  in  the  triangle  formed  by  the  asymptotes :  the 
locus  of  the  conjugate  points  is  within,  and  of  the  double 
points  without  this  ellipse." 

If  we  refer  a  curve  of  the  third  order  to  two  of  its 
asymptotes  as  axes,  their  intersection  being  the  origin,  its 
equation  must  evidently  be  of  the   form, 

ax^y  +  9.hwy ->r  caoy"^  =:h. 

^^  du  ,  o 

Hence  —  =  ^axy  +  2b  y  -\-  cy-j 
dx 

—  =  ax^  +  2hx  +  2cxy, 
dy 

d"u  d'^u  d^u  . 

-T-rj  =  ^ay,      -r^  =  2cx,       ~~~  =  2  (ax  +  h  +  cy). 

dx  dy^  dxdy 

Therefore  by  the  condition  for  a  point  of  osculation 

{ax  +  6  +cyY  -  acxy  =  0, 

or  a^x"  +  acxy  +  c^y"^  +  2ahx  +  2hcy  +  b^  =  0, 

which  is  the  equation  to  an  ellipse. 

That  this  ellipse  is  the  maximum  ellipse  inscribed  in 
the  triangle  formed  by  the  asymptotes  is  easily  shown.  The 
equations  to  the  three  asymptotes  are 

X  =  0,   y  =  0,  and   ox  +  cy  -\-  2b  =  0. 
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From  the  last  it  appears  that  the  intercepts  of  the  axes 

26               2c 
cut  off  by   the   third    asymptote  are  —  —  and .      Also 

from    the  equation  to  the  ellipse  it   appears   that   it  touches 

he 
the  axes  at  distances and from   the   origin,    or  that 

the  points  of  contact  bisect   these  two  sides  of  the  triangle. 

If    in    the   value   of  —    derived   from    the    equation   to    the 
dco 

b  h 

ellipse   we    substitute  the  values  -  -  and for  cc  and  y, 

a  c 

we  find  —  =  —  -  J  which  is  the  same  as  that  derived  from 
dx  c 

the  equation  to  the  third  asymptote,  and  as  these  values 
of  X  and  y  satisfy  both  the  equation  to  the  ellipse  and 
that  to  the  asymptote,  it  appears  that  the  ellipse  touches  all 
the  three  sides  of  the  triangle  in  their  middle  points,  which 
by  Chap.  vii.  Ex.  19,  is  the  property  of  the  maximum  el- 
lipse. The  latter  part  of  the  theorem  is  too  obvious  to 
need  demonstration.  This  proposition  is  due  to  Plucker, 
Journal  de  Mathtmatiques,  {Liouville)   Vol.  11.  p.  11. 


Points  of  Contrary  Flexure  or  of  Inflexion, 

Ex.  1.      The  equation   to  the   Witch  of  Agnesi  is 
xy  =  2a  (2ax  -  x-)^ ; 

whence  we   find 

d'y      2a^{3a-2x) 
dx^      X  (2 act?  -  ,i?^)i  ' 

d^y  .  Sa        .  2a  3a       ^ 

— — -  =  0    gives    X  =  —    and    «  =  ±  — ,- ,    and    as [■  h    and 

dx^  ^  2  ^3^  2 

3  a  .  d^y 

h,  when  substituted  for  x,  make  -—  change  sign,  there 

are  two  points    of   contrary    flexure    corresponding    to    these 
values  of  x  and  y. 
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— T  and  —  both  become  infinite  when  co  =  0  and  when 
dx^  aw 

w  =  2a,  but  neither  of  those  values  gives  a  point  of  in- 
flexion, since  y  is  impossible  when  x  is  negative  or  greater 
than  2  a. 

(2)  The  curve  whose   equation  is 

w^  —  3b  w'^  +  a^y  =  0 
has  a  point  of  inflexion   the  co-ordinates  of  which  are 

'V=b,    y  =  — 
a^ 

(3)  Let  the  equation  to  the  curve  be 

aar'  +  by^  -  c'^  =  o. 
There  are  two  points  of  inflexion,  the  co-ordinates  of  the 

one  being  cV  =  0,     ?/  =  c  I  -  j  , 

those  of  the  other  x  =  c  l-\    ,     y  =  0. 

(4)  Let  the  equation  to  the  curve  be 

a?*  —  a^x^  -f  a^y  =  0. 
There  are  two  points  of  inflexion  corresponding  to 
a  5a 

65'     -^      36 

(5)  Let  the  equation  to   the  curve  be 

y  =  b  +  {x  —  a)^  , 
where  m  and   n  are  both   odd. 

If  —  >  1,   X  =  a  gives   a  point   of  inflexion,   the    tangent 
n 

being  parallel   to  the  axis  of  x. 

If  —  <  1,  X  =  a  gives  a  point   of  inflexion  corresponding 
n 

to  — -  =  CO,  the  tangent  being  perpendicular  to  the  axis  of  x. 
dx' 
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(6)  In  the  curve  of  sines  the  equation  to  which  is 

.    OP 
y  =  c  sin  -  , 
a 

there   is  a  point   of  inflexion   wherever    the    curve    cuts  the 
axis  of  X. 

In  polar  curves  points  of  inflexion  are  found  by  the 
conditions  that  at  such  points  — -  =  0,  and  changes  sign  in 
passing  through  zero. 

(7)  In  the  lituus  r^  =  —  ;    whence  we  find 

u 


When  r  =  ±  a  22  or  0  =  i,  —  =  0,  and  changes  sign  on  either 

side  of   the  point   corresponding  to   these   values :    the  point 
is  therefore  one  of  inflexion. 

(8)  In  the   Lemniscate  of  Bernoulli 

r^  =  a^  cos  2  6, 

r^  dp      Sr' 

and  ^  =  -  —  =  — ^  . 

Hence  the  origin  is  a  point  of  inflexion  for  two  branches 
of  the  curve. 

(9)  The  equations  to  the  Trochoid  are 

OB  —  a  {0  —  esmQ)^    y  =  a  {1  -  e  cos  6), 

whence  we  find 

(Py      e  (cos  d  —  e) 

dx^      (l  -ecosOy 

therefore  when  cos  Q  =e  and   y  =  a  (l  -  e^)  there  is  a  point 
of  inflexion. 

The  preceding  examples  are  taken  chiefly  from   Cramer, 
Analyse  des  Lignes  Courbes,   Chap,  xi. 
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Multiple  Points. 

Among   these  I    include  all    those    points    for    which  we 

find  —-  =  -  5  including  points   where  several  branches  inter- 

sect,  or  nodes,   points  of  osculation,    cusps,    and    conjugate 
points. 

(1)  Let   the  equation  to   the  curve  be 

ajf  —  a^  —  bx^  =  0. 

dy       ScD^  +  2bw      0      ,  ^        , 

Here  —  = =  -   when    co  =  0,    y  -  0.     By    the 

dw  2ay  0  if  J 

usual   method  of  evaluating  vanishing  fractions  we  find 

dy      ()oc  -r  2b 

dx  dy 

2a  — 

d,v 

(dy\^      6a' +  26      b 

whence     -7-      = =  -,   when  x  -  0. 

\dt)o)  9,a  a 

1  7,1 

Therefore  — —  =  ±     - 1  ,    indicating;  that    at   the   origin 

d,v  \aj  ^  * 

two  branches  of  the  curve   intersect,   making  with   the  axis 

/6\5  (b\^ 

of  w  angles  the  tangents  of  which  are  I  -  )  and  —  I  -  1     respec- 
tively. 

(2)  The  curve 

x^  —  ayx^  +  by^  =  0 

has  at  the  origin  a  triple  point  formed  by  the  intersection  of 

dy 
three  branches  of  the  curve.     The  values  of  — —  at  the  point 

dx 

fb\i 
are    =*=    -       and  0.      See  fig.  29. 


(3)      The  curve 

x^  —  2ax'^y  —  2x'^y^  +  ay^  +  y^  =  0 

has  at  the  origin  a  triple  point,  the  values  of  —  being  ±  ^ 

and   0.     The  form  of  the  curve  is  given  is  fig.  30. 
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(4)     Let  the  curve  be 

/»■*  -  2  ay^  -  3d~y~  -  2a^iv'^  +  a*  =  0. 

Here    — -  =  4  (a?^  —  o-a')  ,  __  =  —  b{ay   +  a  y)- 

ax  ay 

Both  of  these  vanish  when  y  =  0  and  w  =  ^  a,  and  when 
y  =  —  a  and  <2?  =  0.  There  are  three  double  points  corre- 
sponding to  these  values  of  oc  and  y. 

dy       ■    /4\2 
For    !,  =  0,  ..=  +a,  ^  =  =ty   , 

rfy  /  4  \  '^ 


w  =  0,  tl?  =  -  «,  T~  =  =*=   I 


For  the  form   of  the  curve   see  fig.  31. 

(5)  In  the  curve 

x^  +  x"y'^  —  6ax"y  +  a'y~  =  0 

we  find  ( 1—  I    =  0  at  the  origin,  or  two  branches  there  touch 

\CvlV  J 

each  other  as  in  fig.  32. 

(6)  In  the  curve 

w^  +  6.2?*  —  a^  y'^  =  0 
we  find  at  the  origin 

rd'u\    (d'u\        I  d^uV 


(6fu\     (d'u\        /  d'u  y 
\dx^)    \dy^J        \dwdyi 


y^l        \dwdy, 

d  ?/ 

Avhich  indicates  a  point  of  osculation,  and  as  —  =  0  at  the 

dw 

origin,  the  two  branches  touch  the  axis  of  a?.      See  fig.  S3. 

(7)      The  curve 

(hy  —  cxY  =  {,v  —  ay 

has  a  cusp  of  the  first  species  when  x  =  a;   the  common  tan- 
gent is  parallel  to  the  axis  of  x.      See  fig.  34. 
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(8)  The  curve 

0?*  -  ax^y  —  aocy^  +  o^y^  =■  0 

has  at  the  origin  a  ramphoid  cusp,  the  axis  of  co  being  the 
common  tangent.     See  fig.  35. 

(9)  The  curve 

2/*  -  axy^  +  a?*  =  0 

has  at  the  origin  a   ceratoid    cusp   touching    the   axis   of   x^ 
and  also  a  branch   touching  the  axis  of  y.      See  fig.  36. 

(10)  The  curve 

ay^  —  a?^  +  hx"^  =  0 

has  a  conjugate  point  at  the  origin,  since  x  =  0,  y  =  0  satisfy 
the  equation,  but  x  =  ^  h  when  h  is  small  make  y  impossible. 

At    the  origin  —  takes  the  form  - ,  and  its  true  value  is 
^      dx  0 

h\^         ,      .     . 

)  5  which  indicates  that  there  are  two  impossible  branches 

a) 

passing  through  the  plane  of  the  axes  at  the  origin. 

(11)  The  curve  whose  equation  is 

{c^y  -  x^y  =  (x  -  by  (x  —  ay,        a<  b, 
has  a  conjugate  point   whose  co-ordinates  are 


a 

y  =  -72 


but  the  differential  coefficients  are  possible  till  we  come  to 
the  third,  showing  that  the  impossible  branch  has  a  con- 
tact of  the  second  order  with  the  plane  of  the  axes. 

(12)      In  the  curve 

a^y^  —  2abx'^y  —  x^  =  0 

there  is  a  point  of  osculation  at  the  origin,  and  one  of  the 
branches  experiences  an  inflexion.  Such  a  point  is  called 
one  of  oscul-inflexion.      Sec  fig.  37.  . 
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(is)      The  curve 

y^  +  ax^  —  Jfwy'^  =  0 

has  a  ceratoid  cusp  at  the  origin  and  an  inflexion  in  another 
branch  at  the  same  point.  The  cusp  has  the  axis  of  x  as 
tangent,  and  the  inflected  branch  touches  the  axis  of  y.  The 
form  of  the  curve  is  that  of  the  letter  R.     See  fia;.  38. 

(14)  The   curve 

{y  —  c)'  =  (cP  -  ay  (a;  -  b),      a  >  6, 

has  an  oval  between  oo  =  a  and  w  —  b.  When  a;  =  a  and 
y  =  c  there  is  a  point  of  osculation,  the  common  tangent 
being  parallel   to  the  axis  of  x.     See  fig.  39- 

(15)  The  curve 

{x^'  +  y^y  =  4>a^x^y'^ 

has  at  the  origin  a  quadruple  point,  a  pair  of  branches 
touching  both  the  axes.  The  form  of  the  curve  is  best  seen 
by  transferring  the  equation  to  polar  co-ordinates,  when  it 
becomes  r  =  a  sm2d. 

The  greater  number  of  the  preceding  examples  are  taken 
from  Cramer"'s  work,  Chap.  x.  and  Chap.  xiii. 


CHAPTER  XI. 


ON    THE    TRACING    OF    CURVES    FROM    THEIR    EQUATIONS. 


Sect.  1.      Curves  referred  to  Rectangular  Co-ordinates. 

Before  proceeding  to  give  examples  of  the  application  of 
analysis  to  determine  the  form  of  curves  when  their  equations 
are  given,  I  shall  say  a  few  words  on  the  principles  of  the 
interpretation  of  symbols  in  analytical  geometry,  as  a  know- 
ledge of  these  is  requisite  for  the  understanding  of  the  views 
which  I  have  adopted  both  in  the  preceding  and  in  the 
following  pages. 

By  the  principles  of  the  Geometry  of  Descartes,  the 
position  of  a  point  in  a  plane  is  known  when  its  distances 
from  two  axes  Ox,  Oy  intersecting  each  other  at  right  angles 
are  known :  and  a  curve  is  defined  as  a  series  of  points  for 
which  there  exists  the  same  relation  between  the  ordinate 
y  and  the  abscissa  a'.  This  relation  is  expressed  by  means 
of  an  equation  f{-v,  y)  =  0  between  x,  y  and  constants,  which 
is  called  the  equation  to  the  curve.  If  we  assign  a  series 
of  values  to  one  of  the  two  variables  a?  and  y,  the  corre- 
sponding values  of  the  other  can  be  found  by  means  of  the 
equation  f(x,  y)  =  0:  now  so  long  as  we  consider  this  only 
as  an  arithmetical  equation,  the  only  values  of  a;  and  y 
which  we  can  use  are  positive  numbers.  If  we  agree  that 
the  values  of  x  are  to  represent  lines  measured  from  O 
(fig.  40)  along  Ox,  and  values  of  y  lines  measured  from  O 
along  Oy,  we  can  by  means  of  the  arithmetical  values  alone 
of  X  and  y  determine  the  positions  of  all  points  within  the 
angle  xOy.  But  the  equation  f(x,  y)  =  0  for  any  value  of 
one  variable  will  frequently  give  an  expression  for  the  other 
variable  which  is  not  arithmetical,  such  as  -  a  or  (-  a^)i,  or 

more  generally  (+«")".     Now   there  is  no  necessity  for  in- 
terpreting   these    expressions    which    are    uninterpretable    in 
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arithmetic ;  but  it  is  clear  that  we  shall  gain  an  advantage 
in  the  generalization  of  our  results  if  we  are  able  to  interpret 
these  expressions  in  any  way  consistent  with  the  original 
definition  of  the  symbols  employed.  It  was  soon  seen  by 
the  early  cultivators  of  this  geometry  that  the  first  of  these 
expressions  (—  a)  could  receive  the  geometrical  interpretation 
that,  if  a  represented  a  line  measured  in  one  direction,  (-a) 
represented  the  same  length  of  line  measured  in  the  opposite 
direction.  This  extension  of  the  interpretation  of  the  sym- 
bols is  of  great  importance,  since  it  enables  us  to  express 
by  the  one  equation,  f(x,  y)  =  0,  the  position  of  a  point  in 
all  parts  of  the  plane  in  which  the  axes  OiV  and  Oy  lie ; 
and  no  curve  is  considered  to  be  completely  traced  unless 
the  negative,  as  well  as  the  positive,  values  of  the  variables 
be  taken  into  account.  This  however  is  merely  a  matter 
of  convention,  and  we  might,  if  it  were  thought  proper, 
restrict  ourselves  to  the  positive  values  of  the  variables  and 
confine  the  curve  to  the  angle  wOy.  If  instead  of  inter- 
preting (—a)  to  mean  the  measuring  of  the  length  a  in  a 
direction  opposite  to  that  originally  taken,  we  use  the  more 
general  definition  that  —  a  means  that  the  line  a  is  to  be 
turned  round  through  two  right  angles,  we   are  led  to   the 

general  interpretation  of  such  an  expression  as  (+a")",  viz. 
that  the  line  a  is  to  be  turned  round  through  the  n^^  part 
of  four  right  angles.  This  gives  us  a  farther  extension  of 
the  use  of  the  equation  /(-3?,  y)  =  0;  for,  as  the  turning  of  a 
line  through  a  given  angle  is  not  confined  to  any  one  plane, 
we  are  enabled  to  express  by  the  equation  to  the  curve  the 
position  of  a  point  situate  in  any  part  of  space.  To  explain 
this,  let  us  suppose  that  for  a  value  x  =  a,  we  obtain  a  value 

m 

?/  =  (+)"6;   this  implies  that   the  length  h  is  to  be  measured 

not    along    the   axis   of   y,    but  along  a  line   inclined   to   it 

m 
at   an   angle  -27r:    but  as  the  axes  are  supposed  to  ^remain 

n  ^  '■ 

perpendicular  to  each  other,  this  angle  must  be  taken  in  a 
plane  perpendicular  to  that  of  the  original  axes.  Hence,  if 
there   be   a   series   of   values  of  y  all  affected   by   the   same 
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quantity  (+)",  they   will  give  rise  to  a  branch  of  the  curve 

lying  in  a  plane  inclined  at  an  angle  —  2  tt  to  the  plane  of  the 

original  axes.      If  for  different   values  of  x  the  index  of  + 

change  its  value,   the  branch   does  not  lie  in  one  plane,  but 

is  a  curve  of  double  curvature. 

1^ 

This  use  of  the  interpretation  of  the  symbol  (+  a")"  has 
not  been  generally  adopted,  but  it  is  quite  as  legitimate  an 
extension  as  that  of  the  negative  values  of  the  variables, 
and  for  the  thorough  understanding  of  the  course  of  a 
curve  it  is  quite  as  necessary.  For  all  the  ordinary  pur- 
poses however  of  the  equations  to  curves  it  is  sufficient  to 
use  only  the  positive  and  negative  values  of  the  variables, 
and  to  these  I  shall  restrict  myself,  only  observing,  that 
when  such  an  expression  as  (—  a?)^  occurs,  it  is  not  to  be 
called  imaginary,  nor  is  the  curve  to  be  said  therefore  to 
have  no  existence  for  that  value ;  but  it  is  to  be  interpreted 
as  indicating  that  the  curve  there  leaves  the  plane  of  the  axes, 
which   for  convenience  I   shall  call  the  plane  of  reference. 

The  student  who  wishes  for  more  information  regarding 
the  general  interpretation  of  formulae  in  Analytical  Geometry 
is  referred  to  a  paper  by  the  Abbe  Buee  in  the  Philosophical 
Titans  actions  for  1806,  to  Mr  Warren's  Tract  on  the 
Geometrical  Interpretation  of  Imaginary  Quantities^  and 
to  the  Cambridge  Mathematical  Journal,  Vol.  i.  p.  259,  and 
Vol.  II.  p.  103  and  p.  155:  the  last  two  papers  being  by 
Mr   V^alton. 

When  we  proceed  to  trace  a  curve  from  its  equation  it 
is  advisable  in  the  first  place  to  solve  the  equation  with 
respect  to  one  or  other  of  the  variables,  if  the  solution  be 
in  a  form  which  enables  us  to  determine  readily  its  value 
for  different  values  of  the  other  variable.  After  that  we 
may  proceed  in  the  following  way. 

1.  If  .V  be  the  variable  which  is  expressed  in  terms 
of  CO,  assign  to  w  all  positive  values  from  0  to  co,  marking 
those  which  make  ?/ =  0,  ?/ =  co,  or  ?/  impossible.  The  first 
gives  the    points   where    the  curve  cuts    the   axis   of  x,    the 
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second  gives  the  infinite  branches,  and  the  third,  showing 
where  the  curve  quits  the  plane  of  reference,  gives  the  limits 
of  the  curve  in  that  plane. 

2.  Assign  to  on  all  negative  values  from  0  to  co,  pro- 
ceeding as  in  the  case  of  the  positive  values  of  x.  In  both 
cases  attend  to  both  the  positive  and  negative  values  of  y,  so  as 
to  obtain  the  branches  on  both  sides  of  the  line  of  abscissas. 

3.  Find  whether  the  curve  have  asymptotes,  and  deter- 
mine them  if  they  exist. 

d  tj 

4.  Find  the  value  of  — ,  and  thence  deduce  the  maxi- 

dx 

mum  and  minimum  points  of  the  curve,  and  the  angles  at 
which  the  curve  cuts  the  axes. 

d"  7/ 

5.  Find  the  value  of  — ^  and  thence  deduce  the  nature 

of  the  curvature  of  the  diiferent  branches,  and  the  points  of 
contrary   flexure  if  such  exist. 

6.  Determine  the  existence  and  nature  of  the  singular 
points  by  the  usual  rules. 

Ex.  1.     Let  the  equation   to  be  discussed  be 
cv'  -  a' 

r  = r- 

From  its  form  we  see  at  once  that  there  are  always 
for  each  value  of  x  two  values  of  y  equal  but  of  opposite 
signs;  hence  the  curve  is  symmetrical  with  regard  to  the 
axis  of  cV. 

Let  a;  be  positive ;  when  w  is  between  0  and  «,  y  is 
impossible,  and  the  curve  does  not  exist  in  the  plane  of 
reference:  when  a;  =  a,  y  =  0:  when  x  >  a,  y  is  possible, 
and  increases  without  limit  as  x  so  increases. 

Let  X  be  negative;  when  x  is  between  0  and  b,  y  is 
impossible,  and  there  is  no  branch  in  the  plane  of  refer- 
ence: when  X  =  b,  y  is  infinite:  when  x  >b,  y  increases 
without  limit  as  x  so  increases.  Hence  it  appears  that  the 
curve  has  six  infinite  branches. 

Since  x  =  —  b  makes  y  infinite,  the  ordinate  at  that  point 
is  an  asymptote.       Also  since 
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2/  =  ±  \ — i-  =  ±  ,r    1  -  -        1  +  -        ; 

^  (a? +  6)2  V        a?V    V        W 

on  expanding,  and  neglecting  negative  powers  of  a?,  we  find 

2/  =  ±  (cT  -  16) 

as  the   equation    to  two  asymptotes  inclined  at  angles    +  45° 

and   —  45°  to  the  axis  of  x. 

On  combining  the  equation  of  this  asymptote  with  that 
of  the  curve,  we  find  that  there  is  a  value  of  a?  correspond- 
ing to  an  intersection  of  the  curve  with   the  asymptote. 

Difi*erentiating  the  equation  to  the  curve,  we  find 

dy         2x^  +  3hx^  +  a? 
2-^ 


dx      {x  -  a^Y  {x  +  6)t 

This  equated  to  zero  gives  a  cubic  equation,  which 
must  have  one  real  root  negative,  since  all  the  terms  of 
the  numerator  are  positive :  this  indicates  a  minimum  ordi- 
nate. The  course  of  the  curve  shows  that  the  other  two 
roots  of  the  cubic  must  be  impossible. 

du 
When  cT  =  a,  —  is  infinite,  or  the  curve  cuts  the  axis 
dx 

at  right  angles. 

dx^ 

cave   to  the  axis   of  x  when  x  is  positive,  and  convex  when 
it  is  negative. 

The  form  of  the  curve  is  given  in  fig.  43,  where  OA  =  a, 
OB  —  b ;  ON  is  the  abscissa  corresponding  to  the  intersection 
of  the  curve  with  the  asymptote;  and  OM  is  the  abscissa  of  the 
minimum  ordinate. 

(2)     Let  the  equation  to  the  curve  be 


The  value  of  -^— ^  shows  that   the  curve   is   always  con- 


9.x  — a 

This  curve,  see  fig.  44,   has  four  infinite  branches,   and 
the  equations  to  its  asymptotes  are 


a 


1    /        a 

=  -T  M?  +  - 

2H         6 
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The  curve  cuts  the  axis  of  x  at  right  angles  at  tlie 
origin,  and  at  distances  +  a  and  -  a  from  the  origin  :  at  the 
latter  two  points  there  are  points  of  contrary  flexure,  while 
the  origin  is  a  cusp.  There  is  a  maximum  value  of  y  cor- 
responding to  a  value  of  oe  between  0  and   —  a. 

(3)  a-y^  +  2a^y  -,v^  =  0. 

Solving  the  equation  with  respect  to  y,   we  find 

y  = =*=  \'^  +  -z 

,v        \         x~ 

When  a;  =  0,  y  =  0,  and  ^  =  —  co .  This  will  be  readily 
seen  by  putting  the  original  equation   under  the  form 

f         2«^ 

y  \y+  —  \  -w^  =  o, 


which  when  x  =  0  gives  y  =  0,   and  y  -\ =0  or  y  =  —  co  • 

To   determine    the    eiFect   of  increasing  a?   positively,  let 

us    consider   the  two    values   of  y   separately.        Taking  the 

upper   sign   and   expanding   the  radical   in  ascending  powers 

of  X-,  we  have 

la?*  1 . 1      a?^  \ 

-,  +  &c.j, 

1  x^  1  . 1     0?'^ 

^^  y  =  -  ~^  — 0 7.  +  &C' 

^  2  a^  2l  1  .  2  a« 
Now  when  x  is  small,  the  first  term  gives  the  sign  to 
the  series,  and  y  is  therefore  positive  ;  and  as  no  value  of 
X  can  make  «/  =  0,  this  branch  of  the  curve  lies  always  in 
the  first  quadrant,  and  extends  to  infinity,  since  y  =  co, 
when  X  —  OS' 

Taking    the    lower    sign    and    expanding    the  radical    in 
descending  powers  of  a?,  we  have 

a^  /,       1  a^ 

y= .^,l+&c. 

X  \         2  x^ 

which   when    a?  =  »    is   negative   and  infinite:    expanding  in 
ascending  powers  of  x,   we  have 


2a^        j\  x^  1,1     X' 

y  = -— -  -o -,  &c. 

X  \2  a~       2~.  1  . 2  a'' 
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which  when  x  =  0  is  negative  and  infinite  ;  hence  this  brancli 
lies  wholly  in   the  fourth  quadrant. 

For  the  negative  values  of  x  it  is  sufficient  to  observe 
that  as  the  original  equation  remains  unchanged  when  —  m 
and  —  y  are  substituted  for  +  x  and  +  y,  it  follows  that  the 
opposite  quadrants  are  symmetrical,  and  we  need  therefore 
only  investigate  the  form  of  the  curve  in  the  first  and  fourth 
quadrants. 

To  determine  the  asymptotes :  since  y  =  —  co  when  x  =  0, 
the  axis  of  y  is  an  asymptote  to  the  branch  in  the  fourth 
quadrant :  also  by  expanding  the  value  of  y  in  descending 
powers  of  a?  we  have,  neglecting  the  terms  involving  nega- 
tive powers  of  a?, 

as  the   equations   to   two  other  asymptotes. 

Differentiating  the  value  of  y,  we  find  that  at  the  origin 

d  77 

—  =  0,  and  therefore  that  the  curve  then  touches  the  axis  of  w. 
dw 

We  also  find  a  minimum  value  for  y  when  a?  =  ±  S^a.     This 

minimum    value   of  y   belongs    only   to   the  branches  in   the 

second  and   fourth    quadrants,    and    not    to    the   branches   in 

the  first  and  third  quadrants. 

d^y 

Without   proceeding;  to  find   the   value  of  — 5,  it  is  not 

^  *  dw^ 

difficult  to  see  that  at  the  origin  there  is  a  point  of  con- 
trary flexure,  since  the  curve  there  both  touches  and  cuts 
the  axis  of  x.      The  form  of  the  curve  is  given  in  Fig.  (45). 

When  the  equation  cannot  be  solved  with  respect  to  one 
or  other  of  the  variables,  it  is  necessary  to  have  recourse  to 
particular  artifices  suited  to  the  case  under  consideration. 

(4)      Let  the  equation  to  be  discussed  be 
.71^  —  Sawy  +  y^  =  0. 

When  a?  =  0,    t/^  =  0  :   the   multiplicity  of  values  of  y  shows 

that  there  is  a  multiple  point  at  the  origin.     Differentiating, 

we  have 

dy      ay  —  x"      0      ^ 

-^  =  — =  -  when  X  =  0,    ?/  =  0. 

dx      y'  —  ax      0 
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To   find  the  true  value  of  this   fraction,  differentiate  its 
numerator  and  denominator ;    then 

ay  ax 

dx  dii 

<iy  ~  -  a 
^  d.v 


therefore  when  x  =  0, 

'dyY 
\dx 


Hy\^A  -«^}  =  0' 


which  as  ?/  =  0    when   a?  =  0,   gives 

^  =  0-      —  = 

dx         '      dx 

therefore  at  the  origin  one  branch  touches  the  axis  of  x  and 

the  other  that  of  y. 

To  find  the  points    where  the  tangent  is  parallel  to  the 

d  u 
axis  of  X  make  — ^  =  0,  whence    ay  =  x~ ;    substituting    this 

value  in    the  equation   to    the  curve,  it  becomes 

x^  -  2a^x^  =  a; 
whence  x  =  0,        x^  =  2  a'. 

The  former  value  gives  the  origin  ;  the  latter  gives  one 
possible  value  x  =  23  «,  to  which  corresponds  y  =  2^  a.  From 
the  symmetry  of  the  equation  it  is  easy  to  see  that  the 
curve  is  parallel  to  the  axis  of  y  when  y  =2^a  and  x  =  23a. 
Hence  it  appears  that  in  the  first  quadrant  there  is  a  closed 
curve  forming  a  loop  which  at  the  origin  touches  the  two 
axes. 

To  find  the  asymptotes  put  y^zx,  then  we  have 

Sa%  Sa%^ 


y  = 


z^  +  1  '  "       %""  -\-  I 

When  z  =  —  I  both  x  and  y  are  infinite.      The  expres- 
sion for  the  intercept  of  the  tangent  on  the  axis  of  x  is 

—  Saz 


=  —  a     when   z  —  ^  I. 

Z''  -  9. 
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Therefore  a  line  inclined  at  angle  of  135'^  to  the  axis  of 
X,  and  cutting  it  at  a  distance  -a  from  the  origin,  is  an 
asymptote  to  the  curve.  For  the  form  of  this  curve,  see 
<%  51). 

(5)      The  form  of  the  curve   whose  equation  is 

(<^•  +  6)  2/"  =  {x  -\-  a)  ,v\      b  >  a, 

is  given  in   (fig.  47),  where   OB  =  6,   OA  =  a. 

The  reader  will  find  a  great  variety  of  curves  discussed 
in  the  work  of  Cramer,  hefore  referred  to.  For  lines  of  the 
third  order  he  may  consult  Newton''s  Enumeratio  Linearum 
Tertii  Ordinis,  and  Stirling''s  Commentary  on  that  work. 

Sect.  2.      Curves  referred  to  Polar   Co-ordinates. 
When  the  equation  to  a  curve  is  given  by  an  equation 
r=fiO), 

a  fixed  point  is  to  be  taken  as  origin,  and  a  fixed  line  passing- 
through  it  as  the  axis  from  which  9  is  to  be  measured.  The 
values  of  9  which  make  f(9)  =  0  are  then  to  be  found  ;  these 
give  the  angles  at  which  the  branches  of  the  curve  which 
pass  through  the  origin  cut  the  axis.  By  giving  to  9  the 
values  0  and  »Z7r  we  find  the  values  of  r  when  the  curve  cuts 
the  axis;  and  by  giving  to  9  the  value  ^{2n+  I^tt  we  find 
tbe  values  of  r  when  the  radius  is  perpendicular  to  the  axis. 

dr 
By  making  v^  =  ^  we  find    the  values  of  9,   for  which  r  is 
d  u 

a  maximum  or   minimum.     After  determining  these  points  in 

the  curve,  the  asymptotes,  both  rectilinear  and   circular,  are 

to    be    sought   out;    and    when    these   are   known    there    will 

generally  be  little  difficulty  in  finding  the  form  of  the  curve, 

except    when    singular    points   occur ;    and    these    are    to    be 

investigated  by  the   usual  process. 

It  is  to  be  observed  that  in  all  cases  we  must  substitute 
both  positive  and  negative  values  of  9,  and  that  when  the  re- 
sult gives  a   negative  value  for  r,  it  is  to  be  measured  along 
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the  radius  vector  produced  backwards :  if  this  be  not  attended 
to,  the  curve  will  want  branches  or  spires,  and  will  appear  to 
l>e  discontinuous.  Some  authors  neglect  the  negative  values 
of  r,  and  trace  the  spiral  only  with  the  positive  values  of  the 
radius  vector ;  that  this  is  an  incomplete  mode  of  tracing  the 
curve  may  easily  be  seen  by  transferring  the  equation  from 
polar  to  rectilinear  co-ordinates,  when  it  will  be  found  that, 
according  to  the  principles  of  interpretation  used  for  the  latter, 
the  tracing  of  the  curve  from  its  rectilinear  equation  will  give 
more  branches  than  that  from  the  polar  equation.  The  re- 
mark which  was  made  regarding  the  interpretation  of  the 
symbols  in  rectilinear  co-ordinates  applies  equally  to  polar : 
there  is  no  necessity  for  interpreting  all  the  symbols  which 
arise  in  our  operations,  but  we  gain  much  in  the  generality  of 
our  formulae  when  we  do  interpret  them,  and  we  should  sacrifice 
many  advantages  by  not  doing  so  *. 

Ex.  (l)      Let  the  equation   to  the  curve  be 

r  =  a  cos  9  +  b,      a  >  b. 

When  0-0,     r  =  a  +  b,  a.  maximum. 

From  6  =  0  to  0  =  cos~^  ( I  ,   which   is  an  ansle   in 

\      aj  .  * 

the  second  quadrant,  r  is  positive  and  continually  diminishing 

till  when  0  =  cos"'  ( j   it  is  equal  to  0,  and  therefore  the 

curve  passes  through  the  pole  cutting  the  axis  at  an  angle 
whose  cosine  is . 

O; 

From  0  =  cos"'  (  ~  ~)  to  0  =  tt,  r  is  negative  and  in- 
creasing, and  being  measured  on  the  radius  vector  produced 
backwards  it  traces  out  the  portion  OEB  (fig.  42)  of  the 
curve ;   and   when  ^  =  tt,  r  =  —  (a  -  b)  =  OB. 

*  It  has  been  usual  among  writers  on  this  subject  to  neglect  the  negative  values 
of  r  and  so  to  deprive  the  curves  of  their  due  allowance  of  branches:  a  marked 
instance  of  this  may  be  seen  in  the  spiral  of  Archimedes,  which,  as  usually  traced, 
appears  shorn  of  one  half  of  its  length.  Professor  De  Morgan  is,  so  far  as  I  know, 
the  only  writer  who  has  insisted  on  the  interpretation  of  negative  values  of  r.  See 
his  Diff.  Cnk.  p.  U2. 
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From  0  =  IT  to  6  =  cos~^  (  ~  ~)    ^"   *^^®   third  quadrant 

r  is  still  negative  and  diminishing,  and  traces  out  the  portion 
BFO  of  the  curve. 

When    9  =  cos"'  [  —  -),  r  =  0,    and    the    curve   passes 

again  through  the  pole,  cutting  the  axis  at  the  same  angle 
as  before,   but  measured  in  the  opposite  direction. 

From  0  =  cos"'  (  —  -)    in  the  third  quadrant  to  0  =  2x, 

r  is  positive  and  increasing,  till  it  again  reaches  the  maximum 
value  a  +  6  or  OA,  after  tracing  the  portion  OGHA  of  the 
curve.  On  increasing  the  values  of  Q  the  same  values  of  r 
recur,  showing  that  the  curve  is  complete ;  and  it  is  obviously 
unnecessary  to  give  to  0  negative  values,  since  these  will  give 
the  same  values  for  r  as  the  positive  values  Stt  —  0  have  done. 

When  a  =  h  the  smaller  oval  OEBF  vanishes,  and  the 
point  O  is  a  cusp ;  the  curve  then  becomes  the  common  car- 
dioid. 

(2)      Let  r  =  a  sin  3  0  be  the  equation   to  the  curve. 

r  =  0  when  36  =  nir;  that  is  for  0  =  0,  6  =  -  ,  6  =  — , 

3  3 

3  3 

When  0  =  2  TT  or  upwards  the  same  series  of  values  again 
recur.  The  curve  therefore  passes  six  times  through  the  pole, 
and  as  r  never  becomes  infinite,  it  must  consist  of  six  equal 
loops  arranged  symmetrically  round  that  point.  A  little  con- 
sideration will  show  that  the  form  of  the  curve  is  that  given  in 
fig.  49- 

This  curve  belongs  to  a  class  represented  by  the  general 
equation  r  =  a  sinm^,  the  properties  of  which  have  been  very 
elaborately  treated  of  by  the  Abbe  Grandi,  in  a  paper  in  the 
Philosophical  Transactions  for  1723,  and  in  a  book  called 
rather  quaintly  Flores  Geometrici.  From  a  fanciful  notion 
that  thebe  curves  resembled  the  petals  of  roses,  he  gave  them 
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the  name  of  "  Rhodoneae,"  and  endeavoured  to  trace  analogies 
between  them  and  the  flowers  after  which  he  had  named  them. 
The  first  paragraph  of  his  paper  in  the  Philosophical  Trans- 
actions will  give  an  idea  of  his  way  of  treating  the  subject : 
"  Suos  Geometria  hortos  habet  in  quibus,  aemula  (an  potius 
magistra  ?)  naturae,  ludere  solet,  sua  ipsius  manu  flores  elegan- 
tissimos  serens  irrigans  enutriens ;  quorum  contemplatione 
cultores  suos  quandoque  recreat  ac  sumraa  voluptate  per- 
fundit." 

(3)  Let  the  curve  be 

r  =  a  (sin  20  -  sin  0)  =  a  sin  Q  (2  cos  9  —  l), 
r  is  equal  to  0  when  sin  0  =  0  and  cos  0  =  ^?  or  when 

0  =  0,      0  =  7r,      9  =  —  i      9  =  . 

o  o 

O  S 

The  values  of  r  recur  when  0  =  2  tt  ;  and  as  r  never 
becomes  infinite,  it  appears  that  there  are  four  loops  arranged 
round  the  pole,  one  pair  being  smaller  than  the  other. 

From  9  =  0  to  9  =  ^tt,   r  is  positive. 

From  9  =  ^77  to  9  =  TT,  r  is  negative  as  2  cos  0—1  is  nega- 
tive,  and  sin  9  is  positive. 

Btt 
From  9  =  TT  to  9  =  — ,  r  is  positive,  since  both  factors 

are  negative. 

From   9=-^   to    0=27r,  r  is  negative. 

The  form  of  the  curve  is  easily  seen  to  be  that  in  (fig.  50). 

(4)  Let  the  equation  to  the  curve  be 

r  =  a  (tan  9-1)  (fig.  48). 

When  0  =  0,  7'  =  -  a  —  OB  if  OA  be  measured  in  the 
positive  direction. 

From  0  =  0  to  0  =  ^tt,  r  is  negative  and  decreasing,  and 
traces  out  the  portion   BDO  of  the  curve. 

When  0  =  ^TT,  r  =  0,  and  the  curve  passes  through  the 
pole,  cutting  the  axis  at  an  angle   of  45°. 

From  0  =  Itt  to  0=  Itt,  r  is  positive  and  increasing,  and 
traces  out   the  portion    OEL. 
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When  9  =  ^TT,  r  =  co.      To  see  whether  this  corresponds 

dG 
to  an   asymptote   we  must   find   r^  — . 

dr 

Now  ^a(l  -{-  tan-O)  ; 

h      f         r^  1^  -  ^'  ^*^"  9 -if       a  (sin  0  -  cos  9)'  _ 

dr  ~  a(l  +  tan^0)   "~     (sin-0  +  cos"^^)    ~    ' 

when  9  =  ^TT.  Therefore  AL  drawn  perpendicular  to  the  axi« 
at  a  distance  OA  =  a  is  an  asymptote  to  the  curve. 

From   9  =  —    to    9  =  — ,  r  is   negative  and  diminishing, 

and  it  traces  out  the  portion  KHACO:  the  prolongation 
AK  of  AL  being  an  asymptote  to  this  branch. 

When  9  =  — ,  r  =  0,  and  the  curve  again  passes  through 

4 

the  pole,   cutting  the  axis  at   an  angle  of  45°. 

Sir  z^^"". 

From  9  =  —    to  9  =  — ,  r  is  positive,  and  traces  out  the 

portion  OFN ;  and  when  9  =  ^tt,  r=  co,  and  it  is  seen  as 
before  that  a  line  BN  perpendicular  to  the  axis  is  an  asymp- 
tote. 

From   9  =  —  to  0  =  2  TT,  r  is  negative  and   diminishing, 

and  traces  out  the  portion   MGB. 

When  9  =  '2,'K  the  curve  joins  on  to  the  first  portion,  and 
is  therefore  complete.  It  is  obviously  unnecessary  to  consider 
negative  values  of  9  as  they  are  included  in  what  has  already 
been  done. 

(5)     Let  the  equation  to  the  curve  be 

,        „  sin  S9 

r  -  a  —  . 

COS0 

The  form  of  this   curve  is  given   in   fig.  46. 
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ON    THE    CURVATURE    OF    CURVED    LINES. 


Sect.  1.      Radius  of  Curvature. 

When  the  curve  is  referred  to  rectangular  co-ordinates, 
if  a  be  the  radius  of  curvature 


MS)T 

P  = ITT- 


dsG^ 
m  being  made  the  independent  variable ;    and 

dy' 
y  being  made  the  independent   variable ;   and 

1       fd^co      d^y\  3 
~p  ^  \d?  "*"  d^l ' 
the  arc  being  made  the  independent   variable. 

Ex.  (l)     In   the  parabola,   the  equation   to   which   is 
y"  =  ^mx, 

2  (m  +  w)i 


P  = 


m^ 


Ex.  (2)      In    the  ellipse  ^,  +  -,  =  l, 

a~      b' 

p  = ; ,  where    e  ~ . 

ab  a 
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(3)      In   the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

xy  =  m^y 


and 


P  = 


-2m^ 


(4)     In  all  the  curves  of  the  second  order  the  radius  of 
curvature  varies  as  the  cube  of  the  normal. 

If  N  be  the  length  of  the  normal,  N=y\l  +  (-^J  J  ; 
and  therefore  P  =  ' 


-  if — - 

All  the  curves  of   the  second  order  are  included  in  the 
equation 

y-  =  9,px  +  qoo"  -^ 

dy 
therefore     y-i-=p  -^  q^x, 

CLOG 

d?y       (dy' 


^       d'y       (dyy 

and    2/7-2+3-      =  ^' 
^  dx^       \dxl 


Therefore  p  —  —z- . 

p 

(5)  In  the  cubical  parabola  Sa^y  =  ob^, 

(a*  +  w'f 
P  ~  ~      2a^off 

(6)  In  the  semi-cubical  parabola  Say"^  =  2,v^, 
(2  a  +  3,37)^072 


P=  - 


3^.  a 


/  X      T     .1,  1  -A  ^y      (2ay-y'y^ 

(7)      In  the    cycloid  -—  = ; 

^  ^  '  dx  y 

(dyV'      2ff         d^y  a  ^  .„      xi 

\dwj         y         dar         y 
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C      ~  -- 

(8)  In  the  catenary  y  =  -{e^-\-e    "^ ), 

2 

dw      2^^        ^      ^'      dw^       (?'       ^  2c' 

(9)  In   the  tractory  y  ■\-  {a?  —  y^)^  — —  =  0. 

Taking  the  expression   for  p  in   which  y  is  the  independent 
variable  we  find, 

(10)  In   the  hypocycloid  x^  +  yi  =  as,       p  =  —  3  {awy)^. 

If  the  curve  be  referred  to  polar  co-ordinates  r  and  0, 
then 


hST 


.  fdrV''      d^r  ' 

r^  +  2    -—     —r- 


\ddj         dO' 

or,  if  it  be  expressed  by  the  relation  between  r  and  the  per- 
pendicular on  the  tangent  (p), 

dr 
dp 

(11)  In  the  cardioid   r  =  a  (l  -  cos0), 

(8ar)^ 

(12)  In  the  lemniscate  of  Bernoulli  r' =  a^  cos2d, 

dr  _      (a'-r*)i  (dr'v'^a'       ^ 

__  _         ,  ^— j=__r, 

rf^r           a*  d^r  a*  +  r* 

= r  -  r,  r 


dO'  r'        '  df?2  r'      ' 

a"' 
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(13)  In  the  spiral  of  Archimedes  r  =  a9^ 

(a'  +  r'O^ 

P  =  — z ~- 

'        2a~  +  r' 

(14)  In  the  hyperbolic  spiral  r  =  -^ 

r  (a'  +  r^)i 
P^ a^ • 

(15)  The  equation   to  the  lituus  being   r'-=— , 

r  (4  a*  +  r*)t 
P  ~  2o-(4a*-r')" 

(16)  The  equation  to  the  trisectrix  being  r=  «(2cos0  =t  1 ), 

(5  ±  4  cos  9)^ 

p  =  a  —  . 

^  3  (3  =t  2  cos  6) 

(17)  In  the  logarithmic  spiral  when  referred'  to  p  and  r, 

r        p 
p  =  mr,  p  =  —  =  — :  . 

mm 

(18)  In    the    involute    of   the    circle    p~  =  r^  -  a^,    and 

P  =P' 

br 

(19)  The  equation  to  Cotes'  spirals  is  p  =  — ^ ^i  r 

r  {a?  +  r^)i 
P^         ~^b        ■ 

^20)      In   the  epicycloid 

3      c'  (r^  -  a') 


P 
Therefore     p  =  p 


c  —  a'^ 
c^-a^      (c2  _  d')^  (r^  -  a,')^ 


Sect.  2.     Evolutes  of  Curves. 

When  a  curve  is  referred  to  rectangular  co-ordinates,  the 
co-ordinates  (o,  /3)  of  its  centre  of  curvature  are  given  by  the 
equations 
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\dxl  dy         „  \dxl 

d'^y       doD  d^y 

dw^  dso^ 

To  determine  the  equation  to  the  evolute  it  is  necessary 
to  eliminate  x  and  y  between  these  equations  and  that  of  the 
given  curve ;  but  the  complication  of  the  formulae  renders 
this  elimination  always  very  troublesome,  and  most  frequently 
impracticable.  The  few  cases  in  which  it  can  be  effected  we 
shall  give. 

(l)      In  the  parabola  y^  =  4^aoo,   whence 

a  =  Sw  +  2a,     B  =  -  ^^, ; 
^  4-a' 

ft  ^  Q,  n. 

therefore     oc  =  ,      y  =  (^—  4a^j3)i. 

3 

Substituting  these  values  in  the  equation  to  the  parabola, 

we  find  (4a^/3)3  =  —  (a  —  2a), 

•     or      27«/3^  =  4(a  -  2a)% 
the   equation   to  the  semi-cubical  parabola. 

(2)  In  the  rectangular  hyperbola  referred  to  its  asymp- 
totes 

wy  =  m^, 

'J  p 

77"  lV 

whence     2a  =  Sx  +  '—  ,     2l^  =  Sy  -\ . 

X  y 

Adding 

2(a  +  /3)  =  3  (a?  +  7/)  +  ^ =  ^ ^—^ , 

xy  m 

or    2w^  (a  +  /3)  =  (a?  +  t/)^      or  x  +  y  =  (2w^)i  (a  +  /3)i 
Similarly,  subtracting 

2m~  («  -  /3)  =  {x  -  yf,      or  x  -  y  ^  (2nr)^  (a  -  fi)'. 
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Adding  and  subtracting, 

2<2?  =  (2m^)^  {{a  +  /3)^  +  (a  -  (^)^, 
2y  =  (2m'ys  {(a  +  /3)^  -  (a  -  fi)H. 

Multiplying  these  together,  and  observing  that  xy  =  m^, 
the  equation  to  the  evolute  is  found  to  be 

(a  +  /3)3  -  (a  -  /3)^  =  (4<wi)i 

(3)  The  equation  to  the  evolute  of  the  ellipse  may  be 
found  in  the  same  manner,  but  it  is  obtained  more  readily 
by  considering  it  as  the  locus  of  the  ultimate  intersections  of 
consecutive  normals,  as  follows  : 

Let  a,  /3,  be  the  current  co-ordinates  of  the  normal,  x,  y 
of  the  curve ;   then  if 

si^      y-  ,  . 

be  the  equation  to  the  ellipse,  the  equation  to  a  normal  passing 
through  the  point  a?,  y  is 

— ^  =  a^  -  Ir.  (2) 

^        y 


Differentiating   (2)   and  (l)   with  respect  to  x  and  y^ 

a?a  b^B  ocdx      ydy 

—J-  ax 5 

w  y 


dx —  dy  =  0, !-  — — -  =  0, 


.  X       a^a       ^   y  b^3 

whence     a  —  =  — -  ,     A  —  = . 

a         X"  b'  y 

Multiply  by  x,  y  and  add,  then 

x'      f\       a'a       b'(3  ^        _      ,,^ 

a''      o^J        X  y 

Therefore     x^  =  - — -  ,     f  =  -  ~ -^ , 

and  substituting  the  values  of  x  and  y  in  (l),  we  find 
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(4)  The  equation  to  the  semi-cubical  parabola  is 

3ay^  =  w^ , 

whence     a=-fa?+^],      /3  =  4  (a  +  .t?)  [  —  j   ; 

and  eliminating  w,  we  obtain  for  the  equation  to  the  evolute 
81  a/3' =  16  {2a^{a"-6aa)^-  {^  {or  -  6aa)^  -  a]. 

(5)  In  the  hypocycloid,  the  equation  to  which  is 

x^  +  yi  =  ai , 
a  =  w  +  3cr-3  2/3 ,      13  ==  y  +  Sai^y^ . 
Adding  these 

a  +  /3  =  a?+2/  +  3  {^y)^  {00^  +  y^) 

=  O173  +  yi)  {a?5  +  2  (xy)^  +  2/1}  =  (a-i  +  yif. 
Subtracting 

a-l3  =  w-y^S  (a)y)i  {x^  -  y^)  =  (^i?3  -  yhf. 
Whence 

w^  +  yk  =  (a  +  /3)i ,     w^-y^={a-  /3)i 
Adding  and  subtracting  these  equations 
2a;'^=  (a  +  /3)^  +  (a-/3)3, 
22/4=  (a+/3)4-(a-/3)4. 
Substituting  in   the  equation   to  the  hypocycloid 
{(a  +  /3)4  +  (a  -  iS)ip  +  K«  +  i3)^^  -  (a  -  iS)^}^  =  4af  , 
or     (a  +  j8)3  +  (a  -  /3)a  =  Sas , 
which  is  the  equation  to  the  evolute. 

The   following   method    sometimes    allows  us    to    find   at 
least    the    differential    equation    of    the    evolute    when    direct 

elimination   would  be  impracticable.      If  we  can  express  — 

dec 

,  d'y  . 
and  -—  m  terms  of  one  of  the  variables  only,  we  can  some- 
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times   express  y  or  x  in   terms  /3  or  a:    then    without  find- 
ing the  other  variable  it  is  sufficient  to  substitute  the  values 

dR  dw 

of    y    or    w    in    the    equation    — ^  = ^ ,   ^nd   we   have    a 

da  dy 

differential  equation  in  a  or  /3,  which  is  the  differential  equa- 
tion to  the  evolute. 

.^^      T„   .-u t_:j^2/       i^ay-y~)h 


dw 

y 

> 

(dy\^      2a 

d'y 

dw'- 

a 

r 

whence      y  -  fi  =t  2y,      or    ?/  = 

-i8- 

Substituting  this  value  in  

da 

dw 
dy' 

we  have 

d{-^)                     (- 

-/3) 

da       52«(-^)-(-/3y^5r 

which  is  the  equation  to  an  equal  and  similar  cycloid,  but 
in  an  inverted  position. 

(7)      The  equation  to  the  tractory  is 

dy^  y 

d  X  (a^  —  y^)^ 

whence     /B  =  —  ,     y  =  --:, 
y      '      P 

o.   1     •       •         1  •         1        •     d^  dw  ^    , 

substitutmg  this  value  in  —  = we  find 

da  dy 

da  a 


which  is  the  differential  equation  to  the  catenary. 

(8)      The  equation  to  the  catenary  is 
dy^  ^  c 

dw       (2c w  +  w^)^  ' 
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whence     x  —  a=  —  (c  +  w)  and    x  = , 

,     .,     .        .  dQ  dx 

substituting  in  ——  = , 

da  dy 

da 
which  is  therefore  the  differential  equation  to  the  evolute. 


(9)      The  equation  to  the  logarithmic  curve  is  t/  =  «e" ; 
^,      oi 

y 

/3±(/3^-8a^)^ 


whence     ii  —  (i  = ^ ,      or     v  -  —  y  -^ —  =  0. 

^      '^  y  ^        2^       2 


From  this     jr  = 

and     4a-^  +  /3±  (j3^-8a^)^=0 

is  the  equation  to  the  evolute. 

In  curves  referred  to  polar  co-ordinates  the  most  con- 
venient mode  of  finding  the  equation  to  the  evolute  is  by 
the  relation  between  p  and  r. 

If  p  and  r  be   the  co-ordinates  of  the  curve, 

p^  and  r^ evolute, 

p  be  the  radius  of  curyature ;  then  p  =f(r)  being 
the  equation  to  the  curve, 

rf  =  r  +  p^  -%pp, 

2  2  2  ^** 

P!=r   -p\    P-r  —  . 

Between  these  four  equations  we  can  eliminate  p,  r,  p, 
and  so  find  a  relation  between  p  and  r ,  which  is  the  equation 
to  the  evolute. 

(10)     Let  p'^^r^-  a\ 

Then  p  =  p^    rf  =  r"  ->r  p^  —  9.p^ 

O  O  Q 

=  r-  —  p^  =  a\ 

and.  p"^  =  r^  —  p^  =z  a?. 
13 
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Hence  p^   and  r^  being   both   constants,  the   evolute  is  a 
circle. 

(11)     In   the  logarithmic  spiral  p  =  mr, 

V 

whence     p  =  —^    p^  =  r^  {l  —  m") , 

r;  =  r  +  — ^  -  2r^  =  r" , 

and     p^  =  mr^, 

the  equation  to   a  similar  logarithmic  spiral. 

The  logarithmic  spiral  may  even  be  its  own  evolute ;  that 
is,  one  convolution  of  the  curve  may  be  the  evolute  of  another 

convolution.     To  find  the  condition   that  this  should  be  the 

e 
case,  let  r  =  e"' 

be  the  equation  to  the  curve.  Let  P  (fig.  52)  be  a  point  in 
the  curve,  PN  the  normal  at  that  point  touching  a  point  Q 
in  the  convolution  which  is  the  evolute  of  the  convolution  AP. 
Then  since  the  curve  makes  a  constant  angle  with  its  radius 
vector,  the  angle  SPT  must  be  equal  to  the  angle  SQP; 
that  is,  PSQ  must  be  a  right  angle.  Hence  the  radius  SQ 
is  separated  from  the  radius  SP  by  some  whole  number  of 
circumferences  together  with  three  right  angles,  or  if 

JSP  =  e,    ASQ  =  e  -  (4r  +  3)  -  . 

If  SP  =  r,    and    SQ  =  r  , 

But  Q  being  a  point  in  the  evolute,  r  =  ar^,  so  that 

0  £  _  4r+3  ■TT 

e«  =  ae«        a      2 . 

4r  +  3Tr 

whence      a  =  e    «     ^  , 

or      a"  =  e(4'+3)  I  ^ 
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which  is  the  condition  that  the  parameter  a  must   satisfy    in 

e 
order  that  the  spiral  whose  equation  is  r  =  e"  may  be  its  own 
evolute. 

(12)     In  the  Epicycloid     p^  =  — \ g-^, 

rf  =  r  + --L  p2  _  2 __  p^ 


=  r% 


fi^^ .)(.-., 


=  -  (a^  +  c^  -  r% 

Substituting  for  c^  —  r^  its  value  in  terms  of  p,, 
^      a*  +  (c'  -  a^) 

»•;  =  — pi ;>/' 

a' 


and     p/ 


r.3      I      «,    2     _ 


c"  —  a' 
which  is  also  the  equation   to  an  epicycloid. 


13—2 


CHAPTER    XIII. 

APPLICATIONS    OF    THE    DIPl'ERENTIAL   <3ALCULUS    TO    GEOMETRY 
OF    THREE    DIMENSIONS. 


Sect.  1.     Tangencies. 

If  F{w,y,%)  =  0 

be  the  equation    to   a  curved  surface,   the    equation   to    the 
tangent  plane  at  a  point  x,  y,  %  is 

dF      ,  ,  dF      ^  ,  dF 

(x  -w)-—  +{y  -y)  —  +  {%-%)  —  =0, 
^  ^  doe  dy  dz 

where  x,  y\  %    are   the  current  co-ordinates  of  the  tangent 
plane,  <»,  i/,  %  those  of  the  point  of  contact. 

If  the  equation  to  the  surface  consist  of  a  function 
homogeneous  of  n  dimensions  in  w^  y,  %  equated  to  a  con- 
stant, the  equation  to  the  tangent  plane  becomes 

,dF       ,dF        ,dF 
doB  dy  dz 

F  {w,  y,  %)  =  c  being  the  equation  to  the  surface. 

If  p  be  the  perpendicular  from  the  origin  on  the  tangent 
plane, 

dF         dF         dF 
dx  dy  dz 

\[d^l  "^  \d^)  "^  \dij  j 

and  if  the  function  be  homogeneous  of  n  dimensions, 

nc 

^^TJdFy     TdF?     TIFvP' 
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The  equations  to  a  normal  at  a  point  a?,  y,  z  are 
cc  -  X     y'  —  y      s;'  —  % 
dF    "     dF    "  Ilf"  ' 
dx  dy  d% 

Ex.  (l)     The  equation  to  the  Ellipsoid  being 

00^      y^      %^ 

-  +  r-  +  ^  =  1' 
a^      0-      c 

that  to  the  tangent  plane  is 

xoe'      yy       %%' 
a'         h'         & 

The  perpendicular  on  the  tangent  plane  from  the  origin 
IS  given  by  the  equation 

1  _    Ix^      f      %\^ 
p^  W  "^  6*  "^  ?/    * 
If  we  wish  to  find  the  locus   of  the  intersection  of  the 
tangent  plane  with   the  perpendicular  on  it  from  the  centre, 
we  have  to  combine  the  equation  to  the  tangent  plane, 

xx'      yy       %%' 

2      ^       1.9      ^  2  ' 

with  the  equations  of  a  line  perpendicular  to  it,  and  passing 
through  the  origin 

w'x       b^y       &% 
X  y  % 

These  last   may  be  put  under  the  form 

ax       by'      ex'      .  2  '2  ,  a2  '2       '^  '2v^ 

x         y         % 

a         b         c 

x^      y^      %^ 
since     -;  +  7^  +  ^  =  1- 

Multiplying  each  term  of  the  equation  to  the  tangent  plane 
by  the  corresponding  member  in  these  last  expressions,  x^  y,  % 
are  eliminated,  and  we  have  for  the  locus  of  the  intersections 

x'~  +  y"'  +  z''-^  =  (arx"  +  h'y'-  +  c-z'''-)--^. 
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This  is  the  equation  to  the  surface  of  elasticity  in  the 
wave  Theory  of  Light. 

(2)     Let  the  equation  to  the  surface  be 
oi)y%  =  im". 

The  equation  to  the  tangent  plane  is 
/        '        / 

OB  It         Z 

-  +  ^  +  -  =3. 
X       y       z 

The  intercepts  on  the  tangents  are 

and  the  volume  of  the  pyramid  included  between  the  tangent 

1  ^   *T,  ^-     *       T  •     9*2/^       9o? 

plane  and  the  co-ordmate  planes  is =  —  . 

^  ^22 

The  volume  of  this  pyramid  is  smaller  than  that  of  any 
other  pyramid  formed  with  the  co-ordinate  planes  by  a  plane 
passing  through  the  point  w,  y,  %. 

The  length  of  the  perpendicular  from  the  origin  is 
given  by 

1        1/1         1         1  \  2 


p      3  \oe^      y^      ^ 

(3)  The  equation  to  the  Cono-Cuneus  of  Wallis  is 

{a"  —  w^)  y^  -  c'z^  =  0, 
and  the  equation  to  the  tangent  plane  is   therefore 
y'^wx  —  {a"  -  aP^)  yy  +  <?%%'  =  x^y^, 

(4)  The  equation   to  the  helii^oide  gauche  is 

and  the  equation  to  the  tangent  plane  is 

h  {xy  —  yx)  +  2 tt  («^  +  y^) %'  =  'i.itz  (x^  +  y^^ ; 
and   the  perpendicular  on   it  is 

'i.'KTZ  o  5 

V  =  7V^> ^-^J^i  '•>   where  v  ==  x~  +  y. 
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(5)      The  equation  of  the  heli^oide  developpable  is 

,v  sin^ -^ —>  +  vcos{ }  =  a- 

\   h  a  j      ^       \    h  a  j 

The  cosine  of  the  angle  which  the  tangent  plane  makes 
with  the  plane  of  xy  is 

dF 

d% 

dFY     idFy     /ZFvP" 


djo  )         \dy  I 


■*OT 


Let ^^ —^  =  0,     then 

h  a 

dF        .    ^      x(w  cos^  —  «/  sinO) 
=  sinO         ^  ^         ^ 


dx  a  {oB^  +  y"  -  a?y^ 

dF  n      y  {^  ^os 0  —  2/  sin 6) 

-—  =  COS0 — : ^ 

dy  a{cV  +  y^  -  a  )2 

dF      2'7r 

— —  =  —  (x  cosO  —  y  siny). 

dz        h 


'i\\    ' 


Now    {cG  COS0  —  y  sin^)^  =  x^  cos^O  +  y^  sin^0  —  2xy  sin0  cos0, 
and  from   the  equation   to  the   surface 

2xy  sin0  cos0  =  a^  —  os^  sin^0  -  y^  cos'^0  ;    therefore 

(<2?cos0  -  ^sinO)-  =  x"  +  y^  —  a?.     Hence 

dF        .    ^      X  dF  ^      y 

-— =  sm0 ,  — —  =  cos0--, 

dx  a  dy  a, 

—-=  —  {x^  +  y'  -  a~)5  . 
dz        h 

From   these  expressions   the  cosine  of    the   inclination  of 
the  tangent  plane  to   the  plane  of  xy  is  found  to  be 

27ra 


The   inclination   is   therefore  constant,   and  equal   to   that   of 
the  helix,  which  is  the  directrix  of  the   surface. 
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(6)  Let   the   surface   be   FresnePs  surface  of  elasticity,, 
the  eqaation  to  which  is 

The  equation  to  the  tangent  plane  is 

(2r^  —  cP)  OCX  4-  (2r^  -  lf)yy'  +  (2r^  -  c")  %%'  ^  r% 
where     r^  =  .2?^  +  ^^  +  «^. 

The  perpendicular  from  the  centre  on  the  tangent  plane  is 

{w^  -T  y^  +  z^Y 

When  a  curved  line  in  space  is  given  by  tlie  equations 
of  two  of  its  projections^ 

w  =  0(sf),  y  =  >//(s?>, 

the  equations  to  a  tangent  at  the  point  w,  y,  %  are 

dx  ,  ,       .  ,  ^y     t       ^ 

X  —a!  =  --{%  -  z),  y  -  y  =  -—{%-  z}. 

dz  dz 

The  direction   cosines  of  the  tangent  are 
da  dy  dz 

ds^  ds^  ds 

The  equation  to  the  normal  plane  is 

(a?'  —  0?)  dx  +  (y  —  y)  dy  +  (z'  —  z)  dz  =  0. 

The  equation  to  the  osculating  plane  is 
{x'  —  x)  {dyd'z  —  dzd^y)  +  (y'  -  y)  (dzd^x  —  dxd^z) 
+  {z'  —  z)  (dxd-y  —  dyd^x)  =  0. 

(7)  Let    the  given    curve    be    the   helix,   the  equations 
to   which   are 

z  z 

X  =  a  cos  — ,  y  =  asm  —  . 

h'  ^  h 

The  equations  to   the  tangent   are 

h  ix'  -  0?)  +  2/  («'  -  ^)  =  Oj        h  (y  ~  y)  -  x  (z  -  z)  =  0. 
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If  6  be  the  angle  which  the  tangent  makes  with  the 
plane  of  xy, 

tan  0  =  - ,    and  is  therefore  constant. 
a 

The  equation   to  the  normal  plane  is 

a;y'  —  ycc  -v  h(%'  —  %)  =  0. 

In  finding  the  equation  to  the  osculating  plane  we  may 
for  simplicity  assume  ^"z  =  0,  that  is,  make  z  the  indepen- 
dent variable.  This  assumption  readily  gives  us  as  the 
equation  to  the  osculating  plane, 

h  {xy'  —  yw)  +  a^  {%'  —  %)  =  0. 

In    both    of  these    equations  if  we  make  w'  =  0,  y  =  0,  we 

find  %  =  % ;    that  is,  both  planes  cut    the  axis  of   %  at  the 

same   point,   which    is   the   corresponding    co-ordinate  of  the 
point  in   the    curve. 

(8)  Let  a  curve  of  double  curvature  be  formed  by  the 
intersection  of  two  cylinders,  the  axes  of  which  cut  each 
other  at  right  angles. 

The  equations  to  the  curve  are 

^      .  ^  Q  9  9  7  9 

01-  +  %-  =  a  ,    y^  jf  %''  =  b-, 

the  point  of  intersection  of  the   axes  of  the    cylinders   being 
taken  as  origin,  and  the  axes  as  the  axes  of  x  and  y. 
The  equations  to  the  tangent  are 

XX  +  »%'  —  a^,     yy  +  %%'  =  &". 

The  equation  to  the  normal  plane  is 

x'      y'      % 

X       y       "% 

The  equation  to  the  osculating  plane  is,  making  %  the 
independent  variable,   and   therefore  d'^z  =  0, 

When  a  curved  line  in  space  is  not  given  by  the  equa- 
tions to  its  projections,  but  by  the  equations  to  any  two 
surfaces, 

F{x,  y,  z)^^,    F,{x,  y,  z)  =  0, 
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we  have 

dF  ^        dF  ^        dF  ^ 

——  dx  +  — -  dy  +  — —  d%  =  0, 
dx  dy  d% 

dF,  dF.  dF.  ^ 

— —  dx  H — ; —  dy  +  -  —  d%  =  0, 
dx  dy  dz 

Y.  ,  .  ,  .  ■,  .        dx     dy  . 

irom  which   equations    we    can   determine    — ,  —  in    terms 

d%     d% 

of  x,  y,  %  :  and  these  values  are  then  to  be  substituted  in 
the  equations  to  the  tangent,  and  to  the  normal  and  osculat- 
ing planes. 

(9)  Let  the  curve  be  that  formed  by  the  intersection 
of  a  sphere  and  an  ellipsoid.  It  is  determined  by  the 
equations 

x^      y^      z^ 

?  +  ?  +  ?  =  ''  ^'^f^"'"^- 

From  these  we  find 

dx      c?  }?-(?%        dy      b-  (?  -  a?  % 


d%       (?  d^  -  b^  X        dz       c'^  or  —  b^  y 
therefore  the  equations  to  the  tangent  are 

X  {x  -  x)    ^   y  (y  -  y)  ^  z  (z  -  z) 
a'  (6'  -  c')      b'  {c'  -  d'')      &  {d  -  h') 
The  equation  to  the   normal  plane  is 

X  y  z 

This  curve  is  the  spherical  ellipse ;  that  is,  it  is  a  curve 
described  on  the  surface  of  a  sphere  such  that  the  sum  of 
the  arcs  of  great  circles  drawn  from  any  point  in  the  curve 
to  two  fixed  points   on  the  surface  of  the  sphere  is  constant. 

(10)  Let  the  curve  of  double  curvature  be  the  equable 
spherical  spiral.  This  is  formed  by  the  intersection  of  a 
sphere  with  a  right  cylinder  the  radius  of  whose  base  is 
one  half  of  that  of  the  sphere,  and  which  passes  through 
the  centre  of  the  sphere.  The  equations  to  the  curve  are 
therefore 

3r  +  y-  +  ;<?'  =  4r",    y^  +  *■"  =  Irx, 
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the  axis  of  %  being  taken  parallel  to  the  axis  of  the  cylin- 
der, and  the  axis  of  x  passing  through  the  centre  of  the 
base  of  the  cylinder.      The  equations  to  the  tangent  are 

y  (y'  -  y)  =  (t  —  ^}  (<»'  -  *)»   ^  {%  —  x)  =  r  {x  —  x). 

Sect.  2.     Curvature. 
If  a  curved  surface  be  given  by  an  equation  of  the  form 

dz  dz  , 

and  It     -—  =  p,      — -  =  7,      I  +  p~  +  q'^  =  k; 
ax  dy 

d'z  drz  d^z 

dx-  dx  dy  dy 

the  greatest  and  least  radii  of  curvature  of  the  normal  sections 
passing  through  a  point  x^  y^  z  are  given  by  the  equation 

p^  ^rt  -  /)  -pk\(l+  q^)r  -  2pqs  +  (l  +p-)t\  +  A;*  =  0, 

where  p  is  the  radius  of  curvature. 

If  the  surface  be  given  by  an  equation  of  the  form 

F  {x,  y,  z)  =  0, 
and  if  we  put 

l^=f,  ^=n   "f-w,   m\l'^)\lff.r-, 

dx  dy  dz  \dx )       \dy  I       \dz  I 

d'F  d'F  d^F 

dx~  dy  dz- 

d'F         ,       d'F         ,       d'F 

=  u 


dy  dz  dxdz  dvdy 

the  equation  for  determining  the  radii  of  maximum  and  mini- 
mum curvature  is 

-2uVwlu-  -\  -  ov'  UW  L  -  -]  -2w'Uvlw  --] 
-U~u'~-V~v'~-W'w'~+2VWv'w'  +  2UlVu'w'  +  2UVu'v'=0. 
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This  equation  is  much  longer  than  the  preceding,  but 
from  its  symmetry  it  is  more  useful  in  practice,  and  is  very 
frequently  much  simplified  by  the  vanishing  of  some  of  the 
quantities  which  it  contains.* 

(l)     Let  the  given  surface  be  the  Ellipsoid, 

w^      if      z^ 

-2   +    7-2+    -    =    1- 

w'      ¥      & 

a 

Here 


of 

^-  ¥' 

-~-'i 

2 
or 

2 

2 

m;  =  -^  , 

11  =  0, 

v  =  0, 

W    =  0. 

Also  P=2     -  +  |j  +  -       =-, 

where  p  is  the  perpendicular  from  the  centre  on  the  tangent 
plane.     Hence  the  equation  becomes 

w^  if  %^ 

+  TTT T^   +  ^TT 7Z  =  0, 


ar(pp-d^)       b^(pp-b^)       c^(pp-'C^) 

~2  1,2  _2 

or     p^  -  la^  +  b^  +  c^  -  (a^  + 'ff  +  %^) \  -  +  =  0. 

'  p         p^ 

From  the  last  term  of  this  it  appears  that  the  product 
of  the  greatest  and  least  radii  of  curvature  of  normal  sections 
is  constant  for  all  points  for  which  the  perpendicular  on 
the  tangent  plane  is  constant. 

(2)  Let  the  surface  be  the  paraboloid,  the  equation  to 
which  is 

S.2 


y"      IS" 
a       a 


In  this  case 


U=-l,     v='-l,    w='4, 

a  a 

*  For  a  demonstration  of  tliifa  equation  sec  Cambridge  Mathematical  Journal^ 
Vol.  I.  p.  137. 
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2  ,2 

U  =  0,  V  z=  -  ,  w  =  —  , 

a  a 

w 
w'  =  0,  -u'  =  0,  w'  =  0,         P  =  - 

p 


p  having  the   same  meaning   as  before.     Then   the  equation 

for  deter 

becomes 


for  determinino;  the  radii  of  maximum  and  minimum  curvature 


ti^  -  {a  +  a  +  4a?)  —  p  + ■—-  =  0. 

^        ^  ^  4<p^        4<p* 

(S)     Let   the  equation  to  the  surface  be 


xy%  =  m^. 

Here 

U=yx, 

V  =  wz, 

W  =  wy. 

u  =  0, 

V  =  0, 

w  =  0, 

U    =  X, 

V  =  y. 

w  =  ar, 

'^    Substituting  these  values  in  the  general  equation  for  the 
radii  of  curvature,  it  becomes 

^  V  ^  ^  p         p^ 

(4)     The  equation   to  the  heli^oide  gauche  is 
w  cos  n%  —  y  sin  n%  =  0. 
f7=cosw;^,    F'=-sinw^,   W=  —  n  (ccsinnz  +  ycosnz), 
M  =  0,  tJ  =  0,  w  —  0, 

u'  =  —  n  cos  n%,     v'  =  —  n  sin  nz^     w  =  0. 
The  equation  for  determining  p  is  reduced  to 
»2y-  {l  +wH'^'  +  2/')}'  =  0, 

or  the  two  radii  of    curvature   are   equal,    but    of    opposite 
signs. 

In  a  curve   of   double   curvature  the  radius  of  absolute 
curvature  is  given  by   the  formula 

|0       \\ds^ ]         Kds^J         \ds^J   j 
s  being  the  arc. 
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(5)     Let  the  curve  be  the  helix,  the  equations  to  which  are 

!S  .      Z 

SO  T=  a  cos  - ,     ^  =  a  sin  -  . 
h  h 

From   these  we  find 
dw  y  dy  x  d%  h 


ds  {a'  +  /i^)h '        ds       {(f  +  h^)i  '   ds       (a^  +  ¥)^ ' 

„^,  d'^w  cc  d^y  y  d^ss 

Whence     = ,      -^  = ~ — -  ,       — -  =  0, 

ds^  (V'  +  h^        ds^  or  +  h  ds^ 

,  a^  +  h-  ,   .      ,       <, 

and  p  = ,  and  is  therefore  constant. 

'  a 

(6)  Let  the  curve  be  the  equable  spherical  spiral,  the 
equations  to  which  are 

w^  +  y^  +  z^  =  4<r^,      x~  +  y^  =  ^rx. 
From  these  we  find 

d'se      4r  (r  —  a?)  —  a^       ^y  y     5r  +  a? 

ds^         r(2r  +  a!y       '      ds^  r  (2r  +  <2?)^' 

d^z  % 

ds^  (2r  +  a?)^  * 

Substituting  these  values  in  the  expression  for  the  radius 
of  curvature,  we  find  after  certain  reductions 

1  _  (lOr  +  3x)h 
p         (2r  +  a?)S 

The  lines  of  curvature  at  any  point  of  a  surface  are  found 
by  combining  the  equation  to  the  surface  with  the  equation 

U(dVdz-dWdy)  +  V{dWd.v-dUdz)  +  W{dUdy-dVdx)  =  0, 

U,  F,  W  having  the  same  meanings  as  before. 

Between  this  equation  and  the  equation  to  the  surface  and 
its  differential  we  can  eliminate  each  of  the  variables  and  its 
differential  in  succession,  and  thus  obtain  the  differential  equa- 
tions to  the  projections  of  the  lines  of  curvature  on  the  co- 
ordinate planes.  . 

I 
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(7)      Let  the  surface  be  the  ellipsoid 

o  2  C 

a       0       c 

The  lines  of  curvature  are  determined  by  combining  this 
with  the  equation 

(6^  -  C-)  ccdydz  +  (c^  -  a?)  ydzdcc  +  {a^  -  P)  zdwdy  =  0.    (2) 

To  eliminate  z  and  dz,  multiply  by   — ,  and  substitute 

the  values 

z'  OD^      y^         zdz  adx      ydy 

when  we  obtain 

h^-c^        [dy\'^     (a^-c^         b~-c 


¥        "  \da; 


^'^y    T-    +1— J-"^' 


as   the  differential  equation  of  the  projection  of  the  lines  of 
curvature  on  the  plane  of  wy. 

Mr  Leslie  Ellis*  has  found  a  symmetrical  integral  of  the 
equation  representing  the  lines  of  curvature  in   an   ellipsoid, 
which  I  shall  introduce  in  this  place,  though  it  more  properly 
belongs  to  another  branch  of  ©ur  subject. 
If  in  equation  (2)  we  put 

x^  y"  %^ 

a  b  & 

we  find,   after  changing   the   differentials  and   multiplying  by 

,   that  It  becomes 

ahc 

(ft-  -V)  udv  dw  +  {cr  —  a^)vidw  du  +  {a^  -b^^w  dudv  =  0,      (3) 

with  the  relation 

U  +  V  +  w  =  I.  (4) 

Differentiating  (3),  and  observing  that 

6^  -  c^  +  c-  -  a"  +  a^  -  6^  =  0,   we  get 

(b^'-c^)ud(dvdu)  +  {c"-a^)vd(dwdu)  +  {a^-b^)wd(dudv)=0.  (5) 

*  Camhyidge  Mathematical  Journal,  Vol.  ii.  p.  133. 
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This  is  satisfied  by 

dvdu  =  — ,     dwdu  =  -  ,      dudv  =  —  ,  (6) 

f  g  h 

/,  g,  h  being  constants.     But  from   (4)   we  have 

du  +  du  +  dw  =  0 ;     and  from  (6) 

du  =fdudvdwy     dv  =  gdudvdw,     dw  =  hdudvdw. 

Hence  f  +  §"  +  h  =  0, 

establishing  a  relation  between  f,  g,  h. 

Now  equation  (6)  implies  two  linear  equations  connecting 
u,  V,  w.  Therefore  a  particular  solution  of  (3)  is  two  linear 
equations  connecting  the  three  variables,  but  the  given  equa- 
tion (4)  is  linear,  and  therefore  the  solution  in  question  is  the 
one  congruent  to  the  problem.  The  other  linear  equation  is 
found  by  eliminating  the  differentials  from  (3)  by  means  of 
(6).     The  result  is 

(62  -  c^)  -  +  (c^  -  «2)  _  +  (^2  _  62)       =  0  ; 
f  g  f^ 

or,  putting  for  u^  v,  w  their  values, 

This  is  evidently  the  equation   to  a  cone  of  the  second 

degree,  having  its  vertex  in  the  centre  of  the  ellipsoid;  and 

the  lines  of  curvature  are  determined  by  the  intersection  of 
this  cone  with  the  ellipsoid. 

(8)     Let  the  surface  be  the  paraboloid 

^2  y% 

—  -r  —  -  cT  =  0. 
a       a 

The  general  differential  equation  to  the  lines  of  curvature 
will  be  found  by  combining  this  with 

{a  —  a)  dzdy  +  2yd%dcV  —  9,%dydx  =  0. 

Multiplying  by  z  and  eliminating  that  variable  and  its 
differential,  we  obtain  for  the  differential  equation  of  the 
projections  of  the  lines  of  curvature  on   the  plane  of  xy^ 
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a  —a       (dy\^        I  a  —a\dy 


The  equation   to  the  projection  on  ^^  is 


-2/  =  0. 

a       '    \accj         V  sj     y  ax 


y%  (d%\  ~        (a  -a  _  ^      yl\^  _-lf_  ^Q 
a    \dy)         \     4  a       a  j  dz       a 

(9)  Let  the  equation  to  the   surface  be 

xyx  =  m'. 

Then  U=y.z,      V=  .v-z,      W  =  wy. 

Substituting  these  values  in  the  general  equation  to  lines 
of  curvature,   we  find  after  some  reductions, 

X  {y^  —  z^)  dzdy  +  y  (z^  -  x^)  dxdz  +  z  (x~  —  y^)  dx  dy  =  0, 

which  combined   with  the   equation   to  the   surface  gives  the 
lines  of  curvature. 

(10)  Dupin  in  his  Developpemenis  de  Geometrie,  p.  322, 
has  demonstrated  the  following  very  remarkable  theorem  rela- 
tive to  the  lines  of  curvature  on  surfaces  :  "If  there  be  three 
systems  of  surfaces  which  intersect  each  other  at  right  angles, 
any  two  of  them  will  trace  on  the  third  its  lines  of  cur- 
vature." 

Let  the  three  systems  of  surfaces  be  represented  by  the 
equations 

f{x,  y,  z)  =  c,    (1)     /i  (x,  y,  z)  =  Cj,    (2)     /g (x,  y,  z)  =  Cg,     (3) 

c,  Cj,  Cg  being  the  variable  parameters  by  which  each  individual 
in  each  system  is  distinguished. 

If  we  represent  the  differentials  of  these  equations  taken 
with  respect  to  x,  y,  z  by  U,  F,  W,  the  conditions  for  the 
surfaces  intersecting  at  right  angles  are 

UU,  +  VV,  +  WW,  =  0,  (4) 

^  U,U,+  V,V,+  W,W,  =  0,  (5) 

U,U  +  V,V  +  W.W  =  0.  (6) 

14 
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Eliminating    U^-,    Fg,    W.^   in   turn    between    (5)    and    (6) 
we  get 

V,  =  k{WU,-  IV,U), 

where  k  is  an  unknown  multiplier.      Hence,  as 

C/grfa?  +  V^dy  +  W^dz 
is  a  perfect  differential  function,  it  follows  that 

(^VW^  -  V^W)  dx  +  (WU^  -  W,U)  dy  +  {UV^  -  U^V)  dz, 

may  be  integrated  by  means  of  a  factor ;  and  this  is  all  the 
information  which  the  equations  (5)  and  (6)  give  with  respect 
to  the  intersection  of  the  surfaces  (l)  and  (2). 

By   the  ordinary  condition  of  integrability  by  a  factor, 
we  have 

^  '  (        dz  dz  dz  dz  dy  dy  dy  ay  ) 

The  coefficient  of  in  this  equation  is  —Ui{VWi—  ViW)^ 

doD 

J  TJ 

and  that  of -—i    is       U(VW^-V,W). 

dw 

But    since    Udx  +  Vdy  +  Wdz  is  a  complete  differential 
function  we  have 

dU_dV      dU_dW      dV_dW 
dy       dw        d%        doc  *     dz        dy  ^ 

and  similarly  for  U^^  F,,  FTi ;  therefore  the  equation  may 
be  put  under  the  form 
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Again,  as  (4)  is  identically  true  we  may  differentiate  it 
with  respect  to  x,  y,  ^  separately,  when  we  have 

aw  drOG  aw  aw  aw  aw 

and  similarly  for  the  others.      Hence  equation  (7)  becomes 

■  iJuiMj  XJbiJb  fJUih    j 

The  curve  which  is  the  intersection  of  any  surface  of 
(l)  with  any  surface  of  (2)  satisfies  the  equations 

Udw  +  Vdy  +  Wds;  =  0,  (9) 

Uidw  +  V^dy  +  W^d%  =  0.  (lO) 

By  combining  these  we  have 

VW,-V,W=\dw,      WU,-UW,=  Xdy,      UV,- U,V=\d!s; 

X  being  an  unknown  quantity :   and  by  combining  (lO)  with 
(4)   we  have  also 

L\  =  fji{Vd!i;-Wdy),   V,=iuL(Wdw-Udz),   W,==fx{Udy-Vdw), 

fx  being  an  unknown  quantity.     Hence  equation  (8)  becomes 

U,dU+  V,dV+  W.dW^O,   or 

(Vdz  -  Wdy)dU+  (Wdw  -  Ud%)dF+  {Udy  -  Vdw)  dW^O. 

But  this  is  the  equation  to  the  lines  of  curvature  on  the 
surface  (l),  and  from  the  symmetry  of  the  equations  (4), 
(5),  (6)  it  is  clear  that  a  similar  result  may  be  obtained  for 
the  surfaces  (2)  and  (3).  Hence  the  three  systems  of  surfaces 
intersect  each  other  in  their  lines  of  curvature*. 

In  Liouville''s  Journal  de  Mathematiques,  Vol.  v.  p.  313, 
the  reader  will  find  a  memoir  on  Curvilinear  Co-ordinates  by 

•  This   deiKionstration   of  Dupin's   Theorem  was  communicated  to  me  by  Mr 
licslie  pjllis. 

14—2 
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Lame,  in  which  are  demonstrated  many  very  curious  Theorems 
respecting  the  curvature  of  orthotomic  surfaces. 

Sect.  3.     Singular  points  and  lines  in  Surfaces. 

Let  F  {x,  y,  %)  =  0,  (l) 

be  the  equation  to  a  surface ;   then  the  direction  cosines  of  the 
tangent  plane  at  a  point  x,  y,  %  are 

dF  dF 

dx  dy 

dF 

d% 


\\dx]    ^  \dy]    ^  \dz)  ] 

If  now  we  can  find  values  of  x,  «/,  %  which,    satisfying 
equation  (l),  also  make  at  the  same  time 

dF  dF  dF  ^        ' 

=  0,      -—  =  0,     -—  =  0,  (2) 

dx  dy  d% 

the  position  of  the  tangent  plane  at  the  point  in  question 
will   become  indeterminate,    since  the   direction   cosines  then 

take  the  form  - .      At  such  a  singular  point  we   shall   then 

have  generally  not  a  single  tangent  plane  but  many,  even 
an  infinite  number,  in  which  case  their  ultimate  intersections 
will  form  a  tangent  cone,  the  vertex  of  which  will  be  the 
singular  point  in  question.  If  the  three  equations  (2)  are 
satisfied  by  assigning  certain  relations  between  the  variables, 
then  the  curve  formed  by  the  intersection  of  the  surface  (l) 
with  that  indicated  by  the  relation  between  the  variables 
which  satisfies  equations  (2)  is  a  locus  of  singular  points,  that 
is  to  say,  it  is  a  line  in  which  two  or  more  sheets  of  the  surface 
intersect. 

If  for  possible  values  of  two  of  the  variables  on  one  side  of 
the  singular  point  we  find  impossible  values  of  the  third  vari- 
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able,  that  point  is  a  cusp.  If  the  same  occur  at  every  point  of 
the  singular  line,  it  is  called  an  edge  of  regression  {arete  de 
rebroussement).  Such  for  examples  are  the  curves  which  are 
the  loci  of  the  ultimate  intersections  of  the  generating  lines  of 
developable  surfaces. 

To  determine  the  equation  to  the  tangent  cone  (if  there  be 
one)  at  a  singular  point,  or  the  angle  made  by  the  tangent 
planes  at  the  same  point  of  a  singular  line,  we  proceed  as 
follows.  Giving  the  same  designations  as  before  to  U,  V,  W, 
?/,  V,  w,  u',  V  ,  w\  we  have,  by  diiFerentiating  equation  (l), 

Udx  +  Ydy  +  Wd%  =  0. 

Differentiating  again,   we  have 

U^'w  +  Vd'y  +  Wd^'%  +  udoc^  +  ndy"  +  wd^ 

+  2u' dydz  +  2v  dxdz  +  2w'dxdy  -  0. 

Now  at  a  singular  point,  U  =  0,  F  =  0,  W  =  0,  and  this 
equation  is  reduced   to 

(u)dx^  +  {v)dy~  +  {iv)ds^  +  ^{u')dydz 

+  2{v')dwd%  +  2(w')da;dy  =  0,  (3) 

the  bracketed  letters  indicating  the  values  they  take  when  we 
substitute  for  x,  «/,  ^  their  values  at  the  point  in  question. 

If  all  the  quantities  u,  v,  w^  u\  v.  w'  vanish,  we  must 
proceed  to  another  diiFerentiation,  but  in  the  examples  which 
we  shall  adduce  this  will  not  be  necessary.  Now  the  equation 
(3)  gives  a  relation  subsisting  between  the  increments  dw,  dy^ 
d%  in  the  surface  at  the  singular  point.  These  are  the  same 
for  the  surface  and  for  a  straight  line  touching  it  at  the  point ; 
and  therefore  equation  (3)  gives  a  relation  between  the  incre- 
ments dec,  dy,  d%  on  the  tangent  lines  at  the  singular  points, 
or  since  this  relation  is  the  same  for  all  points  of  these  lines, 
we  may  substitute  oe,  y,  %  for  dw,  dy,  d%  in  (3),  and  we  find 

{u)oB^-Y  {v)y^+  (w)z^+2(u)y!S  +  2{v')x!s  +  2{w')ooy  =  0,    (4) 

as  the  equation  to  the  locus  of  the  tangent  lines  at  the  singular 
point  which  is  taken  as  the  origin  of  co-ordinates. 

This  equation,  unless  for  particular  values  of  the  co- 
efficients, is  that  to  a  cone  of  the  second  degree.     If  wc  had 
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proceeded  to  the  third  differentials  we  should  have  found  the 
equation  to  a  cone  of  the  third  degree,  and  so  on  in  succession. 
It  may  happen  that  the  equation  (4)  may  be  decomposed  into 
two  factors  of  the  first  degree,  and  then  it  will  represent  two 
planes.     The  condition  that  this  may  be  the  case  is 

{u)  (v)  (w)  -  (u)  {v'y  -  (v)  (w'y  -  {w)  {u'f  +  2  {u')  {v)  (w/)  =  0. 

Ex.  (l)  Find  the  nature  of  the  point  at  the  origin  in  the 
surface 

{o^  +  'if  +  %^Y  =  dKv^  +  ft^«/^  -  c^%^. 

Here  f7  =  2^  (2r^  -  a^), 

V  =  2y  (2r^  -  6^), 
W  =  2;jf(2r^  +  c^), 

u  -  2  (2r^  -  d^)  +  8cP^, 

V  =  2(2r^  -  h^)  +  8y^, 
w  =2  (2r^  +  c^)  +  8^^, 

u  =■  Syz,      v'  =  StVZy     w  —  Swy. 

Now  when  a?  =  0,  y  =  0,  %  =  0,  U,  V,  W  all  vanish,  while 
u=-2a^,  «  =  -  26^,  w  =  9.^^  «*' =  0,  'y'  =  0,  w' =  0,  so 
that  the  equation  to  the  tangent  cone  at  the  origin  is 

a^x^  +  b^y^  —  c^%^  =  0. 

(2)  The  equation  to  Fresnel's  wave-surface  in  biaxal 
crystals  is 

~c2(a2  +  &')^'  +  a262c2  =  0; 

find  whether  it  has  any  singular  points,  and  their  nature. 

Here      U  =  2x  {c?{f  -h^-  c^)  +  a'w''  +  h^y^  +  c^z^}  , 

V  =  2y  \b^(r^  -  a^  -  c^)  +  a^a?^  +  l?y^  +  c^ar*}  , 

W  -2z  \c^{f  -  d^  -  b^)  +  a^x^  +  b^y^  +  c^z^]  , 

where  r^  =  n^  +  2/^  +  «^- 
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Now  if  we  assume  y  =  0,  r"  =  b"  which  involve 

these  values  will  satisfy  the  equation  to  the  surface,  and  will 
also  make  U,  F,  and  W  vanish  :  hence,  as  the  double  signs  of 
X  and  z  may  be  combined  in  four  different  ways,  there  are 
four  singular  points  on  the  surface.  To  obtain  the  equation 
to  the  tangent  cone  we  must  find  the  values  of  w,  v,  w, 
u,  v',  w',  at  the  singular  points.  These  are  readily  seen 
to  be 

u  =  Sa^c'— ,  V  =  -2  (a^  -  b^)(b^  -  c"),  w  =  8a^c^  „, 

o,   —  d^  a'  —  C' 

2  2 

w'  =  0,      v' =  4.ac\(a--b')(b^-c'')U^-^.      w' =  0. 

a  —  c 

Substituting  these  values,  and  dividing  the  whole  by 


8a^c^ 


a   —  c 


we  find  as  the  equation  to  the  cone 


„2  .2^„2  ^2  ^3^g2  ^^^ 


The  existence  of  these  singular  points  in  the  wave-surface 
was  first  pointed  out  by   Sir  W.   Hamilton. 

(S)     Let  the  equation   to  the   surface  be 

%  (ci?^  +  y'^+  %•)  +  a<2?^  +  by^  =  0, 

U  =  2tt?  (z  +  a),        V  =  2y  (z  +  b),        W  =  w^  +  y"^  -Y  3z^. 

At  the  origin  where  x  =  0,  y  =  0,  z  =  0,  these  three 
quantities  vanish,  therefore  there  is  a  singular  point  at  the 
origin  :   also 

u  =  2  (z  +  a),      V  =  2  {z  +  b),      w  =  6z, 

u  =  2y,     '  v'  =  2,2?,  w'  =  0, 

(u)  =  2a,     {v)  =  2b,     {zv)  =  0,     (u')  =  0,     (v')  =  0,     (w')  =  0. 

The  equation  to  the  locus  of  the  tangent  lines  becomes 
then 

ax''^  f  by'  -  0, 
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I 

which,  a  and  h  being  supposed  to  be  both  positive,  can  only 
represent  the  axis  of  %.  The  cone  in  this  case  degenerates 
into  a  straight  line ;  and  as  %  can  never  be  positive,  since 
that  renders  co  and  y  impossible,  it  appears  that  the  point 
under  consideration  is  a  cusp.  The  surface  surrounds  the 
negative  axis  of  %,  which  it  touches  at  the  origin,  so  that 
its  form  resembles  the  shape  of  the  flower  of  the  convol- 
vulus. 

If  a  and  h  be  of  contrary  signs  the  equation  to  the 
locus  of  the  tangent  lines  is 

aw^'  —  hy^  —  0, 

which  represents  two  planes  perpendicular  to  the  plane  of 
a?,  y. 

(4)  Let  the  surface  be  the  cono-cuneus  of  Wallis,  the 
equation  to  which  is 

a^y^  —  co^  (c~  -  %^)  =  0. 
Here     U  =  -  2a?  (c^  -  s?^),      V  =  2ary^      W  =  Qw'^%. 

These  all  vanish  when  cc  =  0,  y  =  0  independently  of  the 
value  of  % ;  hence  the  axis  of  ^  is  a  locus  of  singular  points 
or  a  singular  line. 

u  =  —  2  (c^  —  z^),        V  =  2a^,        w  =  2a)^, 

vJ  =0,  «'  =  4a?;s,      w  —  0. 

The  equation  to  the  tangent  lines  becomes  in  this  case 

d^y'^  —  {(?  —  ^'•^)  <r'^  =  0, 

where  co\  y  are  accentuated  to  distinguish  them  from  z,  the 
undetermined  co-ordinate  of  the  point  of  contact.  The  pre- 
ceding equation  is  equivalent  to  those  of  two  planes  per- 
pendicular to  the  plane  of  ay, 

ay  +  (c^  —  %^)^  X  =  0, 

ay'  —  {&  -  z^")^  w  =  0, 

By  assigning  different  values  to  z  we  obtain  different 
equations  corresponding  to  successive  points  taken  along  the 
axis  of  z. 


x  sin 
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(5)     The  equation   to  the  heli^oide  developable  is 

\    h  a  ]      ^        y   h  «J 

,        ^ttz       {x^+if  —  a")l  n    1        ■ 

Putting =  0,  we  find  as  in  a  previous 


example 


.     ^      <37  (ci^  cos  0  -  w  sin  0) 
a  {w'  +  y  —  ap 
y  {.V  cos  6  —  y  sin  9) 


V  =  cos 


a  (iV'^  +  y~  -  or) 


•A* 


27r 
W  =  —  {x  cos  0  —  y  sin  6). 

But  we  found  before   that 

X  cos  9  —  y  sin  6  =  {x"  +  y"  —  a^)^ ; 

therefore  if  we  assume 

.     27r^  Stt^ 

X  =  a  sin ,      y  =  a  cos  — - — , 

h  h 

the  preceding  expressions  will  vanish,  and   therefore  the  line 

determined  by  these  equations,  and  the  equation  to  the  surface 

is  a  locus  of  singular  points. 

This  line  is  the  intersection  of  the  surface  by  the  cylinder 

1  Q.  o 

X  +  y^  =  a'^ 

and  is  evidently  the  generating  helix.  Since  in  the  equation 
to  the  surface  x'^  +  y^  can  never  be  less  than  a',  it  appears 
that  no  part  of  the  surface  lies  within  the  helix,  which  is 
therefore  truly  an   edge  of  regression. 

On  proceeding  to  the  second  differential  coefficients,  and 
substituting  in  them  the  critical  values  of  x  and  y  we  find, 
retaining  only  the  terms  which  become  infinite  from  involving 
{x^  +  y^  -  a^)5  in   the  denominator, 

,   .  .    ^irz        Stt^      ^  ^  .    Stt^         Qttz 

(u)  =  -  2  sin  — —  cos ,   (v)=2  sm cos ,   (w)  =  0, 

h  h  h  h 

.    ,^     27r  Stts;  27r      ,    ^irx   ,    ,        .   „27r«  „27r« 

(u  )=— -  acos         ,  {v  )=— -«sin — — ,  {w  )  =  sin'-— cos- — — ; 

fi  h  h  h  li  h 
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SO  that  the  equation   to  the  locus  of  the  tangent  lines  is 

{y^  —  w'^)  wy  +  x'y  (js^  —  y^)  +  ^  ""  T  ^'  {^'  ^  +  y'v)  —  0' 

where  the  accentuated  letters  are  the  current  co-ordinates  of 
the  tangents,  and  the  unaccentuated  the  undetermined  co- 
ordinates of  the  point  of  contact.  This  equation  may  be 
decomposed  into  two  factors, 

y  CO  —  w'y  +  2  TT  —  ^'  =  0, 
^  ^  h 

oo'a;  +  y'y  =  0, 

which  are  the  equations  to  two  planes. 

Umbilici.  These  are  points  at  which  the  two  principal 
radii  of  curvature  are  equal.  The  conditions  for  deter- 
mining them  are 

1  +  p^      pq      1  +  q^ 
r  s  t 

(6)     In  the  ellipsoid 

c^w  c^y 

c^b^-y^)  _        c'wy  cHa'-^') 

*""  a'6V      '     *"  ~  a'b^!^'     ^"  a'b'%^       ' 

Substituting  these  values  in  the  conditions  for  an  umbilicus, 
we  have 

b^     a^%^  +  c^a?"  a'     b'z^  +  c'y^ 

a       &  (o   - 
these  are  satisfied  by 


«^'^c*(6'-2/')  6^     c'{a^-w^y 


which  are  therefore  the  co-ordinates  of  four  umbilici. 
(7)     Let  the  surface  be  the  paraboloid 


2a? 
a 


0!^         2/2 

a       a 

2w                2 

-4^  »•  =  -» 

5  =  0, 

2 

a              a 

a 
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Hence  we  have 

a^  +  4.r^  ^aa        a'"^  +  4>y^ 
2a  0  2a 

In   order    that   these  equations  may   hold  we  must    have 
either  cV  =  0,  or  y  =  0.     Taking  the  former  we  find 

2y^      a      a  it'/  'm  ^  j  « - «' 

V"=2"2'     o^'  2/  =  41«  («-«)}^'     and^  =  ^-. 

Now  if  a>a  the  value  of  y  is  possible,  and  there  are  two 
umbilici,  the  co-ordinates  of  which  are 

el?  =  0,     ^  =  ±  1  Ja'  (a  -  «')  }i,     %  =  ——  . 

If  a<a    we  must  take  y  =  0,  and  then  we  find 

a'  -  a 


w 


=   ±  !{«(«'  -«)}5,        Z  = 


4> 

(8)      In  the  surface,  the  equation  to  which  is 
wyz  =  m^ 
there  is  an  umbilicus  at  the  point 

w  =  m,     y  =■  m^     %  =  m. 


CHAPTER   XIV. 


ENVELOPS    TO    LINES    AND    SURFACES. 


The  earliest  questions  the  solutions  of  which  involved  the 
Theory  of  Envelops  or  Ultimate  Intersections  were  those  which 
related  to  evolutes  of  curves,  investigated  by  Huyghens,*  and 
those  relating  to  Caustics,  a  subject  introduced  by  Tschirnhau- 
sen;-|-  but  these  authors  did  not  follow  any  general  analytical 
method  for  the  solution  of  such  problems.  Leibnitz  was  the 
first  who  considered  the  general  theory  of  questions  of  this 
kind,  so  well  adapted  for  exemplifying  the  utility  of  his  Cal- 
culus; and  in  two  memoirs  in  the  Acta  Eruditorum^X  he  gave  a 
general  process  for  the  solution  of  all  problems  which  depended 
on  the  successive  intersections  of  lines  whether  straight  or 
curved,  the  position  or  magnitude  of  which  were  changed  ac- 
cording to  some  law.  This  method  is  the  same  as  that  usually 
employed,  no  important  modification  having  been  subsequently 
introduced,  and  may  be   stated  in   the  following  manner. 

If  u  =  f  {Xi  y,  %,  a,  b,  c  . . .)  =  0  be  the  equation  to  a 
surface,  a,  6,  c  ...  being  parameters  determining  its  position 
and  magnitude,  the  envelop  of  all  the  surfaces  formed  by 
the  variation  of  o,  6,  c  ...  is  found  by  eliminating  these 
quantities  between  the  equations 

du  du  du 

da  do  dc 

When,  as  is  often  the  case,  there  are  one  or  more  equa- 
tions of  condition  between  the  parameters,  the  method  of 
indeterminate  multipliers  may  frequently  be  conveniently 
employed.  The  same  method  of  course  applies  to  lines  in 
two  dimensions. 

*  Opera,  Vol.  I.  p.  89. 

t  Acta  Eruditofum,  1682. 

i  1692,  p.  168,  and  1694,  p.  311. 
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Ex.  (l)     Find  the  equation   to   the  curve  which  touches 
all  the  straight  lines  determined  by  the  equation 


m 

y  =  aOD  +  -  , 
a 


where  a  is  supposed  to  vary. 


m 


Here  u  =  y  —  aoo =0, 

a 

du  m 

—  =  —  ,r  +  —  =  D, 
da  a^ 

whence  a"  =  —  ,   and  substituting  this  value  we  have 

?/  =  2  (mct7)2,      or    y~  =  4ma?, 
the  equation  to  a  parabola. 

(2)  Find  the  equation   to  the  curve   which   touches   all 
the  lines  determined  by   the  equation 

y  =  ax  +  r  (l  H-  a"'^)^, 

when  a  is  supposed   to  vary. 

Here  u  =  y  —  aoo  —  r  (l  ■\-  a~)^, 

du  i  ra       \ 

Multiply  by  a  and  add  to  the  original  equation. 
Then     y  =  rU\+a')^ ^^1  =  y— ^  ' 

therefore    y^  = ;      also    x^  = ^ . 

^        \  +  a"  1  +  a"^ 

Adding,  we  have  x^  +  y~  -  r^  •,   the  equation  to  a  circle. 

(3)  Find  the  envelop  of  the   series  of  parabolas   whose 
equation  is 

y^  =  a  {x  —  a), 
a  being  the  variable  parameter. 

.^  du  .  w 

Here        —  =  0  gives  2r/  -  x  =  0,     or   a  =  -  ; 
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whence      ?/'-=_,      or  «  =  ±  - , 
4  2 

the  equations  to  two  straight  lines. 

(4)     To  find  the  envelop  of  the  series  of  ellipses  defined 
by  the  equation 

00^  if 

—  +  — =  1. 

a^       {k  -  af 

du  .        aP'  y^ 

Here         _  =  0  gives  -5  -  ^^^—^  =  0 ; 

kcD^  ky^ 

whence     a  =  -^_ -^  ^     k  —  a  = 


a?3  +  ys  got  —  yt 

and  on  substituting  these  values  in  the  original  equation   we 
find  as  the  equation  to  the  envelop 

(5)  The  straight  line  PQ  (fig.  41)  slides  between  the 
rectangular  axes  Aog^  -^y '•>  find  the  locus  of  its  ultimate  in- 
tersections. 

Let  AP  =  a,  AQ  =  b,  PQ  =  c;  then  the  equation  to  PQ  is 

x      y 
-+f  =  l, 
a      0 

«,  h  being  subject  to  the  condition 

(f  -\.  W  =  c\ 

Differentiating  with  respect  to  a  and  6, 

xda      ydh  ^  ^  ,        ,  „ 

— -  +  - =  0      (1),  ada  +  bdh  =  0      (2\ 

X  (l)  —  (2)  =  0  gives  on   equating  to   zero   the   coefficients  of 
each  diff^erential. 

CO  V       , 

Multiply  by  a,  6,  respectively,  and  add ;  then  by  the 
first  two  equations, 

\a       b 
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therefore        a^  ^  c^x^     b^  =  c^y, 
and,    substituting    these  values  of  a  and   h  in  the   equation 
of  condition,  we  obtain 

%     .         2  2. 

as  the  locus  of  the  ultimate  intersections  of  PQ. 

(6)  If  the  equation  to  a  straight  line  be 

a       0 
a  and  b  being  subject  to  the  condition 

a        h 

-+  -  =  1, 
m      n 

the  locus  of  its  ultimate  intersections  is 

ce\l       (y 

-J  ^[i 

which    is  the    equation  to  a    parabola    referred    to    two  tan- 
gents as  axes. 

(7)  Find  the  envelop  to  the  series  of  parabolas  de- 
termined by  the  equation 

y  =  ax-(l  +  a)  —, 
4>c 

where  a  is  the  variable  parameter. 

The  result  is  a  parabola,  the  equation  to  which  is 

o?^  =  4c  (c  —  y). 

This  is  the  equation  to  the  curve  touched  by  the  parabolas 
described  by  projectiles  discharged  from  a  given  point  with  a 
constant  velocity,  but  at  different  inclinations  to  the  horizon. 
The  problem  was  proposed  by  Fatio  to  John  Bernoulli,  who 
solved  it,  but  not  by  any  general  method :  it  was  the  first  case 
which  was  brought  forward  of  the  locus  of  the  ultimate  inter- 
sections of  curved  lines. — Commercium  Epistolicum  of  Leib- 
nitz and  Bernoulli,  Vol.  i.  p.  17. 

(8)  Find  the  curve  which  is  constantly  touched  by  the 
circles  determined  by  the  equation 

(.^?  -  ay  +  y^  =  b^. 
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a  and  b  being  the  co-ordinates  of  a  parabola,  so  that 

6"  =  4w2a. 
The  resulting  equation  is 

y~  =  4.,m  (x  +  m), 
which  is  the  equation  to  an  equal  parabola,  the  vertex  of  which 
is  shifted  through  a  distance  —  m. 

(9)  Find  the  envelop  of  the  series  of  ellipses  defined  by 
the  equations 

9  O  O  7  9 

-i  +  -^  =  1,      -  +  -=!• 
a"^       b  mr       n 

The  resulting  equation  is 

CD        y 

m      n 
The  equations  to  four  straight  lines  in  the  space  contained 
by  which  all  the  ellipses  lie. 

(10)  Find  the  locus  of  the  ultimate  intersections  of  chords 
joining  the  extremities  of  conjugate  diameters  of  an  ellipse 
the  axes  of  which  are  a  and  b. 

If  ,x\  y  be  the  co-ordinates  of  the  extremity  of  a  di- 
ameter, -  ?/', oc'  are  the  co-ordinates  of  the  extremity  of 

b  a 

its  conjugate.     Hence  the  equation   to  the  line  joining  their 
extremities  is 

&    X        ,  f        «A 
X  (y w)  —y     .r  +  -  M/  +  ao  =  0, 

a  "     V         b) 

x  and  y  being  connected  by  the  equation  to  the  ellipse 

'2         '■? 

The  resulting  equation  of  the  locus  of  the  ultimate  inter- 
sections is 

-^+  "^=^' 
a,  ¥ 

the  equation  to  an  ellipse,  the  axes  of  which  are  -j,     — r. 
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(ll)  If  from  every  point  in  a  curve  of  the  second  order 
pairs  of  tangents  be  drawn  to  another  curve  of  the  second 
order,  find  the*  curve  which  is  constantly  touched  by  the  chord 
of  contact. 

Let  US  suppose  for  simplicity  that  the  second  curve  is 
an   ellipse  referred  to  its  centre,  its  equation  being 

-  +  I  =  1'  I- 

Let  the  co-ordinates  of  a  point  from  which  a  pair  of 
tangents  to  (I)  is  drawn  be  a,  /3,  then  the  equation  to  the 
chord  of  contact  is 

^+^  =  1:  IL 

a,  /3  are  supposed  to  be  the  co-ordinates  of  a  point  which 
is  always  in  a  curve  of  the  second  order :  they  are  therefore 
connected  by  the  equation 

Aa'  +  25a/3  +  C/32  +  2Z>a  +  2^/3  +  1  =  0,      III. 

Now  to  find  the  curve  which  is  constantly  touched  by  (II) 
differentiate  (II)  and  (III)  with  respect  to  a  and  /3. 

seda       yd3 

-^  +  ^  =  1'  (1) 

(Aa  +B(i  +  D)da  +  (Ba  +C(i  +  E)=0:       (2) 
X  (l)  +  (2)  =  0  gives  us 

X^+  Aa  +  B3+  D  =  0, 

\l  +  Ba+Cfi  +  E=:0. 
Multiply  by  a,  (i  and  add,  then  by  (II)  and  (III) 

Substituting  in  the  preceding  equations  we  have 

(2>a  +  ^/3  +  1)  ^  +  Ja  +  5/3  +  D  =  0,  (3) 


{Da  +  Eft+1)^,  +  Ba  +  C^  +  E  =  0.  (4) 


15 
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Between  (II),  (3),  and  (4)  we  can  eliminate  a,  j8,  and  we 
obtain  the  final  equation 

2  2 

(C  -  £"-)  -,  -2{B-DE)^^  +  {A-  D')  I , 
a  a~b  0* 

+  2  (CD-  BE)  -,  +  2  (AE  -  BD)  ^^  +  AC-B'  =  0.     IV. 

This  being  of  the  second  order,  it  appears  that  the  locus 
of  the  ultimate  intersections  of  (I)  is  a  conic  section.  This 
is  a  case  of  the  general  problem  of  reciprocal  polars.  The 
curve  (I)  is  called  the  directrix,  the  point  a,  j8  its  pole  ; 
and  the  line  (II)  the  polar  with  reference  to  (a,  j8.)  The 
curves  (III),  (IV)  are  the  reciprocal  polars,  and  possess  a 
great  number  of  corresponding  properties  of  considerable  in- 
terest, but  the  nature  of  this  work  precludes  us  from  entering 
on  that  subject.  The  reader  who  is  curious  in  such  matters 
will  find  memoirs  on  these  related  curves  by  Poncelet,  in 
the  Annales  de  Gergonne,  Vol.  viii.  p.  201,  and  Bobillier, 
Tb.  Vol.  XIX.  p.  106,  and  p.  302.  He  will  also  find  these 
questions  along  with  others  of  a  similar  kind  very  ingeni- 
ously treated,  in  a  short  tract  on  ''  Tangential  Co-ordinates," 
by  J.  Booth  of  Trinity  College^  Dublin.  The  method  em- 
ployed by  that  author  does  not  come  within  the  scope  of 
the  present  work,  but  it  merits  attention,  as  affording  a 
ready  solution  of  many  curious  problems  which  yield  with 
difficulty  to  the  power  of  ordinary  analysis. 

(12)  A  plane  whose  equation  is 

w      y      z 

a      b       c 
a,  &,  c  being  subject  to  the  condition 

abc  =  m^, 
will  always  touch  the  surface  whose  equation  is 

^         27 

(13)  To   find   the    envelop   of    the    system    of    spheres 
determined  by  the  equations 

{x  —  a)'^  +  {y  -  by  +  %^  =  r\        a^  +  b^  =  c". 


ENVELOPS   TO    LINES    AND    SURFACES.  227 

Differentiating  with  respect  to  a  and  6, 

{oe  -  d)da  ^- {y -h)dh  =  Q     (l),  ada  +  6d6  =  0  (2)  ; 

X  (2)  +  (1)  =  0  gives   on   equating  to  zero  the  coefficients  of 
each  diiferential. 


\a  +  (a?  -  a)  =  0      (3),  X6  +  (?/  -  6)  =  0      (4). 

whe 
dip)  -^h  (4)  gives 


whence     ay  =  hcc^     or  -  =  - , 
a      h 


Xc^  +  ax  +  by  -  c^  =  o. 

-r.  "^^         ?/ 

liut   as  -  =  -, 

a      b 

ax  +  by      aw  +  by  {x^  +  y^)^ 

_____  =        _        =  ±  ____         , 

C  ±  (,»^  +  ?/^)5 

whence     X  = — —  . 

c 

Substituting  this  value  of  X  in  (3)  and  (4),  squaring  and 
adding, 

|c  =t  (x~  +  y'^)^^  =  {x  -  ay  +  (y  -  by  =  r~  -  z\ 
by    the   original   equation ;    and   this  is  the  equation  to   the 
envelop. 

(14)  To  find  the  surface  always  touched  by  a  plane 
which  cuts  off  from  a  right  cone  an  oblique  cone  of  constant 
volume. 

Taking  the  vertex  of  the  cone  as  origin,  and  its  axis  as  the 
axis  of  %,  the  equation  to  the  cone  is 

at^  -\.  y^  =  (^%^  ^1) 

where  c  is  the  tangent  of  the  half  angle  of  the  cone. 
The  equation  to  the  cutting  plane  is 

Ix  +  my  +  nx  =  vi^  (2) 

/,  m,  n  being  the  cosines  of  the  angles  which  it  makes  with 
the  co-ordinate  planes,  so  that 

V'  +  m-  +  »^'-  =  1,  (3) 

and  V)  being  the  perpendicular  from  the  origin  on  the  plane. 

15—2 


228  ENVELOPS    TO    LINES    AND    SURFACES. 

Extracting  the  square  root  of  (l)  and   substituting  in   it 
the  value  of  z  from  (2),  we  have 

(w^  +  yy^  = 1 ^, 

n  n 

which  is  the  equation  to  the  projection  on  {ocy)  of  the  section 
of  (l)  by  (2)  ;  and  as  the  radius  vector  is  a  rational  function 
of  X  and  «/,  the  origin,  that  is,  the  vertex  of  the  cone,  must  be 
the  focus  of  the  projection.  Comparing  it  with  the  general 
equation  to  a  conic  section  referred  to,  its  focus 

a  (I-  en 

1  +  e  cos  (0  -  a)  ' 

or   {iV^  +  y-)2  Ts  a  (i  _  e^)  —  e  cos  ax  —  e  sin  a  y, 

we  find 

,         „.      cv  &  (P  +  m?) 

«  (1  -  e')  =  —  ,     e-  = ^ ; 

n  n 

whence  the  area  of  the  projection  is 


and  the  area  of  the  section  is  therefore 


TTC'V 


The  volume  of  the  oblique  cone  cut  off  is 

which  is  to  be  constant.      Neglecting  the  constant  multiplier 
and  extracting  the  cube  root,  we  may  put 

{n^-c^{l^+m^)]h  =  ^'    ^'    v  =  a{rr-  c^  {l^  +  m^)]^        (4) 

We  therefore  have  the  equation 

Ix  +  my  +  n%  =  a  {n^  -  c^  (I"  +  m^)\i, 
Z,  m,  n  being  connected  by  the  equation 

l^  +  m'^  +  nr  =  1. 
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The  result  of  the  elimination  of  /,  m,  n  is 

or     \i?%^  -  (.t?2  +  2/2)  j  i  [ac  +  {c-%''  -  (.t?'  +  y")}^  =  0^ 

The  factor  ac  +  [c^is''^  —  (x^  +  y^)\h  =  o, 

is  the  equation   to  the  required  envelop. 

Transposing  and   squaring,  this  becomes 

c^^^  —  (<27^  +  y^)  =  a^c^, 

the   equation    to  a  hyperboloid  of  revolution   of  two  sheets, 
the  possible  axis  of  which  coincides  with  the  axis  of  z. 

If  the  theory  of  reciprocal  polars  given  in  Ex.  11,  be  ap- 
plied to  the  surfaces  of  the  second  order,  it  will  be  found  that 
the  reciprocal  polar  of  a  surface  of  the  second  order  is  also  a 
surface  of  the  second  order ;  and  that  when  the  one  surface 
can  be  generated  by  the  motion  of  a  straight  line,  the  other 
can  be  so  generated  also.  For  the  properties  of  reciprocal 
polars  in  surfaces  the  reader  may  consult  the  memoirs  indi- 
cated in  Ex.  11,  and  also  one  by  Brianchon,  Journal  de 
VEcole  Polytechnique,  Vol.  vi.  p.  308. 

(15)  Find  the  surface  traced  out  by  the  ultimate  inter- 
sections of  the  planes  which  touch  the  ellipsoid 

0?^      y"^      %^ 

a^      \f       c^ 

along  the  curve  made  by  its  intersection  with  the  plane 

Ix  +  my  +  nz  =  S. 

If  tV,  y\  %'  be  the  current  co-ordinates  of  the  tangent 
plane,  its  equation  is 


XX 

yy 

zz 

a' 

+ 

h' 

+ 

c^ 

— 

1, 

where   x^  y,  z  are  supposed  to  vary  subject  to  the  previous 


conditions.      Differentiating  we  have 


xdx      ydy      zd 


Idx  +  mdy  +  rtdz  -  0,  (2) 
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xdx      ii'  dii  %  d% 

a^           If  c-" 

X  (l)  +  M  (3)  +  (2)  =  0  gives,  on  equating  to   zero  the  coeffi- 
cients of  each  differential, 

w         'XI       ^  ^  y         y 

X—    +/U-2    +   /=0,  X-2   +  iUl--   +   m   =    0, 


-^    +   /ti-2  +W  =  0. 


Multiply  by  >«?,  ?/,  %,  and  add,  then  by  the  equations  of 
condition,  X  +  /ix  +  ^  =  0. 

Substituting  for  X  in  the  preceding  equations  they  become 
lj.{x-a!')  =  a?l-hw,  iuL{y-y)=:b^m-Sy,  iJi{%-z)=^c'^n-l%, 
whence 

CO  —  OB         y  ~  y  %  —  % 

Now    multiplying  numerator    and  denominator  of  these 

/        /  / 

cc        li  z 

fractions    by  -,, ,    — ,  —   respectively,    and   adding    together 

the  numerators  and  the  denominators, 

,      /2  /2  '" 

Ix  +  my  +  n%  —  d 
But  on   multiplying   the   numerator   and   denominator  of 
these    fractions    by    /,    m,    n    respectively,    and    adding    the 
numerators  and  the  denominators,   we  also  have 
0  —  (/<2?  +  my  +  n%  ) 

Therefore  equating  the  two  values  of  p  we  have 
oo''^      y'"^      %'~  {^  ~  C^"^'  +  *^2/'  +  *»^')}^ 

a^       W        c^  dV'  +  6~m~  +  c~n'  -  V'    ' 

as  the  required  equation  to  the  surface. 

(16)  Find  the  equation  to  the  surface  which  is  constantly 
touched  by  the  plane 

/*'  +  my  +  n%  =  v, 
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Z,  m,  w,  V  being  connected  by  the  equations 

p  j^  m^  +  -n?  =  1, 


v^  —  a^      v~  —  b^      v'^  —  c~ 
Differentiating   with  respect  to  /,  m,  n,  v   we  have, 

(1)  oedl  +  ydm  +  %dn  =  dv. 

(2)  Idl  +  mdm  +  ndn  =  0. 
Idl         mdm       ndn 

{      l^  m^        '        n^      \ 

X(l)  =  ix{2)  +  (3)  gives,  on  equating  the  coefficients  of  each 
differential, 

/ 
(4)     Xa;=  ijlI  +— -, 

m 


(5) 

\y-fxm^  ^^_^,. 

(6) 

n 

v~  -  c" 

(7) 

\                 11    '                                    A 

j  + 

^         -  ^  ^  /..2           ..N2    +     / 

n        I 

[y    -  c  )  J 


Z  (4)  +  m  (5)  +  n  (6)   gives  by   the  conditions, 

(8)     \v  =  ^, 
X  (4)  +  y  (5)  +  ^  (6)  gives 

\r   =  ^u  +  ^ +  ^ — -,  + 


Iw             my            n% 
whence     (9)     X  (r*^  -  v')  = :,  +  -^ — —  +  —^ ^ 

(4)-  +  (5)'  +  (6f  gives 

,  „        ,             Z'  w*'  w^ 

^"''  =  ^"  +  ^^ ¥:z  + 


(v'  -  f/f      (v'  -  by      {v^  -  c'f  ' 
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whence    (lO)    X^  (r^  -«')  =  -  by  (7)  and  (8) ; 

and  therefore    \  =  — 7-^ ,     and   /u  =  — ~ 

V  (r  —  V'')  r'^  —  V 

Substituting  these  values  in  (4)  we  have 

w  {      1  1 


V  (r^  —  v^) 


OS  vl 

whence 


2_    ^2- 

y  vm 


7-2  _  52  1)2  _   ^2  ' 

%  vn 


^2  _    „2  „,2  -8 


Similarly 

and 

Multiply  by  <»,  y,  %  and  add,  then  by  (9)  and  (10) 

p                2                2 
X                V                % 
+  — -^ 1 =  1 . 

r^  —  (f      r^  —  b^      T^  —  (? 

This  is  the  equation  to  the  surface  of  a  wave  of  light 
propagated  through  a  crystalline  medium.  See  Fresnel, 
Memoires  de  V  Institute  Vol.  vii.  p.  136;  Ampere  Annates 
de  Chimie  et  de  Physique,  Vol.  xxxix.  p.  113;  and  Smith, 
Cambridge  Transactions,  Vol.  vi.  p.  85. 

If  from  the  above  equation  we  subtract 


9        22 
x'^  +  y  +  % 

2  —  ^> 


and  reduce,  we  find 


a^x^  b^V^  (?%^ 


r^  —  c^      r"  —  b^  '   r'^  —  & 
which  is  the  form  of  the  equation  given  by  Fresnel. 


CHAPTER  XV. 


GENERAL    THEOREMS    IN    THE    DIFFERENTIAL    CALCULUS. 


In  this  chapter  I  shall  collect  those  Theorems  in  the 
Differential  Calculus  which,  depending  only  op  the  laws  of 
combination  of  the  symbols  of  differentiation,  anj  notion 
the  functions  which  are  operated  on  by  these  symbols,  may 
be  proved  by  the  method  of  the  separation  of  the  symbols : 
but  as  the  principles  of  this  method  have  not  as  yet  found 
a  place  in  the  elementary  works  on  the  Calculus,  I  shall  first 
stater"  briefly  the  theory  on  which  it  is  founded. 

There  are  a  number  of  theorems  in  ordinary  algebra, 
which,  though  apparently  proved  to  be  true  only  for  sym- 
bols representing  numbers,  admit  of  a  much  more  extended 
application.  Such  theorems  depend  only  on  the  laws  of 
combination  to  which  the  symbols  are  subject,  and  are  there- 
fore true  for  all  symbols,  whatever  their  nature  may  be, 
which  are  subject  to  the  same  laws  of  combination.  The 
laws  with  which  we  have  here  concern  are  few  in  number, 
and  may  be  stated  in  the  following  manner.  Let  a,  b 
represent  two  operations,  u^  v  two  subjects  on  which  they 
operate,  then   the  laws  are 

(1)  ab  (u)  =  ba  (m), 

(2)  a(u  +  v)  =  a  (u)  +  a  (v), 

(3)  a'\aJ'.u  =  a"'^'\u. 

The  first  of  these  laws  is  called  the  commutative  law, 
and  symbols  which  are  subject  to  it  are  called  commutative 
symbols.  The  second  law  is  called  distributive,  and  the 
symbols  subject  to  it  distributive  symbols.  The  third  law 
is  not  so  much  a  law  of  combination  of  the  operation  denoted 
by  n,  but  rather  of  the  operation  performed   on  a,   which  is 
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indicated  by  the  index  affixed  to  a.  It  may  be  conveniently 
called  the  law  of  repetition,  since  the  most  obvious  and  im- 
portant case  of  it  is  that  in  which  m  and  n  are  integers, 
and  a"^  therefore  indicates  the  repetition  m  times  of  the 
operation  a.  That  these  are  the  laws  employed  in  the 
demonstration  of  the  principal  theorems  in  Algebra,  a  slight 
examination  of  the  processes  will  easily  shew ;  but  they  are 
not  confined  to  symbols  of  numbers ;  they  apply  also  to  the 
I  symbol  used  to  denote  differentiation.  For  if  w  be  a  func- 
tion of  two  variables  w  and  «/,  we  have  by  known  theorems 
in  the  Differential  Calculus, 

d      d  d      d 

— .  — -  (u)  =  — .  -rr—  (u) ; 
dx   dy  dy   dw 

Also  considering  u  and  v  as  functions  of  x  only. 


and  besides 


dy     (  dy       Id  y«  +  » 


The  principal  theorems  in  Algebra  which  depend  on  these 
laws,  and  which  have  therefore  analogues  in  the  Differential 
Calculus,  are  the  Binomial  Theorem  with  the  great  number 
of  theorems — Exponential,  Logarithmic,  and  others,  which 
are  derived  from  it ;  and  the  theorem  of  the  decomposition 
of  a  multinomial  of  any  order  into  simple  factors  with  the 
various  consequences   which   are  deduced  from  it. 

It  is  to  be  observed  that  in  all  the  applications  of  this 
method  to  the  Differential  Calculus,  a  ^constant  has  the  same 
laws  of  combination  with  the  diffei^entials  that  they  have  with 
each  other,  and  therefore  the  theorems  are  true  for  complex 
i  symbols  involving  constants  and  symbols  of  differentiation. 
Also,  there  are  two  ways  in  which  symbols  of  differentiation 
may  differ  from  each  other,  either  by  having  reference  to 
different  variables  in  the  same  function,  or  by  having  re- 
ference to  different  functions  of  the  same  variable,  and  this 
difference  gives  rise  to  two  totally  distinct  series  of  theorems 
as  will  be  seen  in   the  following  examples.. 
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It  is  worthy  of  remark,  that  the  indices  in  the  greater 
number  of  these  theorems  may  be  any  whatever :  I  shall 
not  however  make  any  use  of  the  interpretation  of  the  for- 
mulas when  the  indices  of  differentiation  are  fractional.  It  is 
easy  to  see  that  when  they  are  negative  they  are  equivalent 
to  integrals  of  a  corresponding  positive  degree  :  for  by  the 
law  of  indices, 

\dx)  \dx)  \dwj 

.    ,      .  d\'^  (  d 

Also 


and  therefore 


["die"  {  —      u=  { — 
\dxj  \dx 

\dwj 


this  interpretation  I  shall  frequently  have  occasion  to  use. 
The  principle  of  the  method  of  the  separation  of  sym- 
bols of  operation  from  their  subjects  was  first  correctly  given 
by  Servois,  in  the  Annates  des  Mathematiques,  Vol.  v.  p.  gs. 
Some  very  valuable  researches  on  this  subject  by  Mr  Murphy 
will  be  found  in  the  Philosophical   Transactions  for   1837. 

(1)  Taylor's  Theorem.  This  theorem  may  be  reduced 
into  a  very  convenient  shape  by  the  separation  of  the  sym- 
bols:   for  as 

k  d  h^    (   d\^ 

''  ^  y./vy       Ida?  ^       1.2   \dxj  •'  ^  ^ 

h^       (  d  Y  „,  ^ 
1.2.3  \dail  ''  ^  ' 

we  have,  by  placing  the  function  outside, 

f        A  </         W    I  d\^         Iv"      I  d\^  .      ,  . 

Now  it  is  easily  seen  that  the  series  of  operations  on 
the  second  side  of  the  equation  follows  the  law  of  the  ex- 
pansion  of  the    exponential  e^'*  in  terms  of  hce^   and  as  the 

symbol    —    is   subject  to   the    same  laws   of  combination  as 

(juOG 
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the  symbol  oc  is  supposed  to  be  subject  to  in  the  demonstra- 
tion of  the  exponential  Theorem,  we  may  consistently  write 
the  preceding  equation  under  the  form 

h  — 

As  we  shall  have  frequent  occasion  to  speak  of  this  opera- 
tion of  converting  f{ai)  into  f{.v  +  h)  it  will  be  convenient 
to  denote  it  by  a  single  symbol,  and  that  which,  following 
M.  Servois,  we  shall  employ  is  J^,  but  as  it  is  necessary  to 
distinguish  the  value  of  the  increment  we  must  attach  to 
the   symbol  E  the  letter  h.      We   might  write  therefore 

h  — 

Farther  consideration,  however,  shews  us  that  the  symbol 
h  is  subject  to  the  index  law  and  may  therefore  be  written 
as  indices  usually  are.     For  as 

if  k  be  another  increment 

EnEJi^o!)  =  EJ{x  +  h)  =fiw  +  h  +  k)  =  E,^J{a>), 

which  is  the  index  law.     We  may,  therefore,  put 

f{w  +  h)  =  EKf(.v), 

and  throughout  our  operations  consider  h  as  an  index. 

(2)  Binomial  Theorem  for  differentials  with  respect  to 
different  variables. 

If  M  be  a  function  of  two  variables  x  and  y,  we  have 

du  du 

d  (u)  =  -—  dx  +  —-  dy; 
dx  dy 

or,  separating  the  symbol  of  operation  from  the  subject, 

d  d 


Id  d,       \ 

d  (u)  =  [-r-dx  +  -—dy] 

\dx  dy      J 


Affixing  the  general  symbol  n  as  an  index  to  the  operations 
on  both   sides  of  the  equation,  we  have 


/  d  d    ,  Y 

d"  (u)  ^  \-r-  dw  +  -;-  a V      u. 
^  '      \dx  dy      I 
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Expanding  the  operation  on  the  second  side  by  the  Bino- 
mial Theorem,  since  the  demonstration  of  that  Theorem 
supposes  only  that  the  symbols  are  subject  to  the  laws  of 
combination   before  laid  down,   there  results 

d"u                     d"u       ,        ,  , 
d"  (u)  =  -—  dcT"  +  n- — -  dx""-^  dy 

(n  -  l)       d"u        ,        3  ,  „ 

+  w  ^ T-r-->  daf"-^  dy^  +  &c. 

1.2     dx"-^dy'  ^ 

(3)  In  the  same  way,  by  means  of  the  Multinomial  I 
Theorem,  we  may  shew  that  if  u  be  a  function  of  any  num-  I 
ber  of  variables  x,  y,  z... 

d"u  dx^'dy^disy... 

^    ^  dx^'dyl^dzy...  1.2...a.l.2...(i.l.2...y... 

where  a  +  y3  +  7  +  Sec.  =  n. 

(4)  By  the  Theory  of  equations  it   is   shewn  that  the    \ 
expression 

X"  +  Jj  0?"-^  +  Ja'^p""^  +  &c.  +  A„_iX  +  A„ 
is  equivalent  to 

(x-a^)  (x  -Oa)  ...(x-a„); 
G,,  flgj  •••  ttn    being   the  roots   of  the  expression    equated    to 
zero.     It  follows  therefore  that 

d^u  d^u  .        d^u  ^  d^u 

—, H  Ai T—, — J-  A2- „  ,^„  +  &c.  +  An— — 

da?"  dx^-'dy  dx^-^dy^  dy"" 

is  equal  to 

(  d  d\   I  d  d\         f  d  d\ 

\dx         dy)   \dx         dyj        \dx       "dyj 

«!,  ^2  •••  <^n  having   the   same  meanings  as   before. 

In  this  Theorem  it  is  necessary  that  none  of  the  quantities  ] 

Ai  ...  An  should  contain  u,  x  or  y. 

(5)  If  w  be  a  function  of  one  variable  x  only,  the  pre- 
ceding Theorem  becomes 

d"w  d^-^u        ^  d'^-'^u 

-JZn  +  ^1  ,7...-.  +  ^2  -1-^:^2-+  &c.  +  Au 


d.a?"  da?"-'  "  dx 

d 
dx 


-N(^.-''=){5s-"') (i-"-) 
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,  (6)      By  the  theory  of  the  decomposition  of  rational  frac- 

tions, we  know  that 

Iv"  +  A^x''-'  +  &c.  +  J  l-'= -— 

N,           N,            N,  N„ 

+ + —  + + 


/ 


x  —  a^      X  —  a2      00  —  o^  w  —  a„ 

when  «!,  ttg,   cfg  .,,  a„  are  the  roots  (supposed  all  unequal)   of 

x"  +  Jj  cj?"-^  +  &c.  +  4„  =  0, 

and  '        N-,  =  — ;; ,       —         ^777*^ 

(a,  -  ag)  (a,  -  a^)  ...  {a^  -  a„)  y  (^ij 

with  similar  expressions  for  iVg,  iVg,  &c.  ...  N„. 

It  follows  therefore  that 

lu)  +^-y  ^^'U  ^""■^"'i " 

Or  if  M  be  a  function  of  two  variables,  x  and  ?/, 


f/dy  d"  d"  MVl" 


z* 


\dy)  \dx       ^dyl  \dy)  \dx      ^dyl 

I  dy^'^-'^f  d  d\-' 

^^-y      [drv-'^Ty)    ''' 

If  we  suppose  r  of  the  quantities  a  to  be  equal  to  each 

other,   they  will  give  rise  to  a  series  of  p  terms  of  the  form 

f  d  d\-P         ,  .  „  .  I         ^ 

M„ a —        u  where  p  receives  all  integer  values  from 

^  \dx        dyl 

1   to  r.      The  value  of   the  coefficient   M p   is  easily  found. 
For  if  we  put 

)  1  (  d  y-'i'  ,^  / L 

^  ^^'l.2...(.-p)Uj     -^H-)- when  .  =  «,.  (^^1 
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The  results  contained  in  the  preceding  four  Examples  are 
of  great  use  in  the  Integration  of  Linear  Differential  Equa- 
tions, and  in  the  sequel  I  shall  have  frequent  occasion  to 
employ  them.  The  theorem  in  Ex.  6  was  first  given  by 
Mr  George  Boole  of  Lincoln,  in  the  Cambridge  Mathematical 
Journal,   Vol.  ii.  p.  114. 

(7)  Binomial  Theorem  for  differentials  with  respect  to 
diflFerent  functions. 

If  w  and  V  be  two  functions    of  cV,  then 

d  du         dv 

— -  (uv)  =  V  —-  +  U-j-  . 
dw  dcV         dx 

Now  if  we  accentuate  the  symbol  of  differentiation  which 
applies  to  v  to  distinguish  it  from  that  which  applies  to  w,  we 
may  write 

dw  \dw      dw) 

Affixing  the  index  n  to  the  symbols  of  operation  on  both 
sides, 

dy      .  _  M       d'v" 

\dwj  \dx       dw) 

or  expanding  the  binomial  on  the  second  side  by  the  theorem 
of  Newton,  we  have 

fdy^      ^  d^u        dvd"^^u         (n-l)d"v  d'-^u 

-—     (uv)  =  V  ~ —  +  n—-  —-—r  +  n -—  -— T,  +  &c. 

\dwj    ^      ^  dw"        dw  dw"-^  1.2    dw'dw''-^ 

This  is  the  theorem  of  Leibnitz  who  arrived  at  it  by  in- 
duction for  integer  indices  ;  but  it  is  true  whether  n  be  integer 
or  fractional,  positive  or  negative. 

(8)  This  theorem  may  be  extended  to  the  product  of  any 
number  of  functions  by  means  of  the  multinomial  theorem,  so 
that  we  have 

1/  rf  \"      /  d\l^       I  d\y 
—  — — 
1  .2. ..a.  1.2...  Q.l  .'k 


/3.1.2...7   ] 
/here    a  +  ^  +  y  +  ...  =  n. 
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(9)  If   n    be    negative    in    the    theorem    of    Leibnitz, 

I  d\-" 

1  —  1       (uv)  =  f  do)"  (uv),  and   therefore 

f"dcv''{uv)=vf"dw''u-n  —  ["-^^dw^'^u 
dcV 

n(n+l)  d^v  .    „  ,     ^., 

+  ^ f''^^dx"^'u  -  &c. 

which  is  the  general  formula  for  integration  b^^ 

(10)  In  the  last  expression  let  m  =  1 ;  then 

["dafu  = ; 

and 

rdx^{vi)  = -« —  + &c.    ; 

l.2...n-l\n         n+\  doo      1.2  w+2  e^.^^  / 

or  if  w  =  1, 

^ ,    ,  .  or    dv  oc^       d^v 

I  dx  iv)  =  xv + — -  -  &c. 

which  is  the  series  of  Bernoulli. 

(11)  In   the  theorem   of  Leibnitz  let   v  =  e°%   then  as 

dv  ^^  d' 

— -  =  «e     =  av,  we  have   ——  =  a,  and  therefore 

dx  da) 

whence     («+-—)    ?^=e-"''(-— )    e'^^'w. 
V        a<2?/  \da}) 

This  result  is  of  great  use  in  the  Integration  of  Linear 
Differential  Equations. 

(12)  If  we  assume  as  before 

A. 

we  have  E^'^fiw)  =f(x  +  nh). 

Now  £''/'- l=--^_-(£^-l)=-^^_-(e*^--l); 


i 
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or  expanding  the  exponential 
^^j^  E'^'^-l  ,d         h'  f  d\'  h^     f  dy 

E^  -  1    '^    dcv      1.2  \dwj        1.2.3  \d.vj  * 

Apply  these   equivalent  operations  to  f(w),  and  indicate 
the  successive  differentials  by  accents  affixed   to  the  f;   then 

f{^v  +  nh)-f{.v)=^^{hf%v)+~f'Xa^)+  j|/'"(^)+  &c.} 

But       j-^   =^-(«-l)A  +  £(«-2)/.^^(«-3)A^  &c.  +  1. 

E''  —  l 
Therefore,  writing  these  in  an  inverse  order  and  effecting 
the  operations  indicated,  we  find 

f{w  +  nh)-f(a>)  =  h[f(w)+f\.v  +  h)  +  kc.+f{a^+(n-l)h]] 

+  &c.  +  &c. 

(13)     Since  we  have 

jpnh -t  d 

l+i:^+^2V&c.  +  £<'^-^>*=— ^ =(jE''*-  l)(e*^-l)-S 

E   —  1 

d 

we  may  expand  the  factor  (e'^^-  1)"^  by  means  of  Ber- 
noulli's Numbers;  (See  Chap.  V.  Sec.  iv.  Ex.  9)  when  it 
becomes 

h\dx)  2      1.2      dw      1.2.3.4       \dx) 

d 

Applying  these  equivalent  operations  to  -^f(^)  or  f  (jv), 

multiplying  by  h  and  transposing,  we  have 
(^"''  -  l)/(a?)  =  A  5J  +  jE^  +  &c.  +  E('^-i)^'  +  l£«^'|/  {x) 

-  —  A^  (£«*  -  1)  f"  (x)  +  — ¥  (E""^  -  1)/'"  U)  -  &c. 

1.2  JJ     \  J       1.2.3.4 

That  is 
/  (^  +  nil)  -f{x)  =  h  [1/'  (a?)  +/  (^  +  /O  +  &c.  + 

f{oG^{n-  \)h\  +i/'(.r+wA)]  + 
16  • 
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-  &c.     &c. 

The  results  in  the  two  preceding  examples  are  of  great  use 
in   the   approximate  evaluation   of  definite  integrals. 

Poisson,  Memoires  de  V  Institute  1823. 

(14)      Having  given  the  transcendental  equation 


we  can  expand  oo  in  terms  of  c  by  means  of  the  logarith- 
mic method  of  solving  equations :  for  the  root  of  the  pre- 
ceding equation  is  the    coefficient  of  -  in  the  expansion   of 

1 1  .      This  is  easily  found  to  be 

c  +  —  c^  +  -^ — ^—&  +  — ^^ — - — e  +  &c. 

1.2  1.2.3  1  .2.3.4 

Instead  of  co  substitute  -r- ;   then  e  dx  =  E^  and  c  =  ^-  -E~*. 

doe  doa 

Hence  we  have 

_d_        d    ^_,_    2^   /^^^^_2A.     W    (d 

doB 


doa  1.2  \dx)  1.2.3  \dwj 

Applying  these  equivalent  operations   to  jdwf{ai)  we  find 

f{w)  =/(^  -h)+  ^^f  {^  -  2h)  +  ^^f"  {.V  -3h)  +  &c. 

This  very  remarkable  theorem  is  given  by  Mr  Murphy  in 
the  Philosophical  Transactions. 

(15)     In  a  similar  manner  we  may  prove  the  more  general 

theorem, 

f(os)  =f(jv  -  nh)  +  nhf  {w  -  {n  +  l)  h^ 

h^                                                    h^ 
+  n{n  +  2)—f"  {a)-(n  +  2)h\  +n(n  +  3y f"{.v-{n  +  3)h}  +  kc. 
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(16)     We  know  by  the  Calculus  of  angular  functions  that 

TT  11 

-G  =  sin  6  -  —  sin  3  G  +  —  sia  5  $  -  &CC. 

4  S-  5- 

Putting  for  the  sines  their  exponential  values  and  replacing 
(-)^d  by    (h-—]    we  have 

—  n  —  =  e   a*  —  e      dx ( e     doe  —  e        dx)  +  &c. 

2     da?  3^  ^ 

Applying   these  equivalent  operations  to  (p  (w)^   we   find 

TT  ,     d 
2     dx 


—  h  —  (p  {os)  =  (p(a)  +  h)  —  (p{w  -  h) 


--_{<p(^  +  3h)  -  (p{x  -3h)]  +  &c. 
3' 

rran9ais,  Annales  des  Mathematiques,  Vol.  iii.  p.  252. 

(17)  In  the  same  manner  from  the  equation 

■^  =  cos  9  —  cos  2  0  +  cos  3Q  —  &c., 
we  obtain  the  theorem, 

(p(x)  =  <p(x  +  h)  -  <p  (x  +  2h)  +<p(x  +  3h)  -  Sec. 
+  (p(x  -  h)  -<p{x  -  9,h)  +  (f)(x  -  3h)  -  &c. 

(18)  Likewise  by  means  of  the  equation 

6  1  1   . 

-  =  sin  0  —  sin  2  0  +  -  sin  30  -  &c. 

2  2  3 


we  find  that 

A 

dx 


h—  (p  (x)  =  (p  (x  +  h) (p  (x  +  2h)  +  -  (f)  (x  +  3h)  -  &c. 


1  1 

-  {(p(x-h)  --<p{x-%h)  +-(p{x  -  3h)  -  &c.} 


16—2 


INTEGRAL   CALCULUS. 


CHAPTER  I. 


INTEGRATION    OP    FUNCTIONS    OP    ONE    VARIABLE. 


The   fundamental   formulae   to  which    all    integrals    are 
reduced  are  the  following. 

(a)     fdx  x"  = 


n  +  1 

except  when  n  =  -  1,  in  which  case 
dx 


/aw 
—  =  log  X, 
X 

,  .        r     dx  .     ,  <^  ^     c    —  dx  X 

J  {a^-  x^Y  a  J  {a^  -  x^y  a 

X  ax 

or  € 

(i)      /do?  a-^  = ,     or    fdx  c"*  =  —  , 

log  a  a 

(k)      fdxsmmx=: cosm<J?,  and  fdxcosmx=  —  sinm<r, 

"-  ^     •>  m  ■'  in 

(I)     fdx  (sec  xY  -  tan  x. 
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By  simple  algebraic  transformations  we  may  frequently 
put  an  integral  into  a  shape  in  which  one  or  other  of  the 
preceding  formulae  is  at  once  applicable. 

(1)     /   =_   / =  --log  (a  +  6a?"). 

^^   J   a  +  hw''      nbJ     a  +  bo)"         nb     ^^ 

r       da)  r  doc  ^       r      d{a-x) 

^^'     J{2aw-x')^^  J  {o'-ia-wfY^^'  J  {ar-{a-wyY^ 

a  —  CO  x 

=  cos  ~  ^ =  vers  ~  ^  - . 

a  a 

dcV  ,       i(x^  +  2ax)^  +  cV  +  a] 

(^>   i(^^T^i  =  ^^q— ^^ }• 

^  ^   J   (a*  -  x')'^  "  2  j  {«*  -  (a^yyi      2  sin      ^. 

^^     Ja'  +  x'~  ^J   a^  +  {wy  ~  2a^  W)  ' 

/'  dx  X  r         d  {x^  —  a^)\ 

y"^     J  {(x^  -  a')  {W  -x')Y^  J  {¥  -a^-  {x"  -  a^)\l 


J  a  +  ox  +  ex       c  J 


=  sm 

dx 


\    "^2c/ 


b\^      4<ac  —  6^' 

+ 


4c~ 


which  is  integrated  by  (c)  or  by  (d)  according  as  4ac  —  &^>0, 
or  <  0.     Hence  we  have 

r      dx              2               /2c^?  +  1\ 
(7)      / 5  =  -tan-M ^-    . 

r       dx         _   1  /2x  -  1  +  5h 

^     J  1  +x  -x^  ~  5I  °^  Uo?  -  1  -  5y ' 

r  ^      r        dx  ,  ^ 

(9)      / -=  tan- 1(207  -  1). 

(     \     f  ^^  -  1      /2^^  +  l    \ 

^     '  Jl  +3a?  + 20?^  ~    °^|2(a7  +  1)J  ' 
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The  integral   /- — —,   is  reduced  to 

dcV  I     r  dx 


1     r  dx  I    p 

c^  Jn        by      4ac-6~'  °''  ^°  ?JUac+b'     /        b  yW 

according  as  the  upper  or  lower  sign  of  c  is  taken ;   and  these 
are  of  the  forms  (/)  or  (e)  respectively.      Hence 

-y  =  log  {2.2?  +  1  +  2  (1  +  ct?  +  ^-)H. 

(1  +  07  +  w^y^  ■" 

r  dx  ,      ,  /a?  —  l\ 

(12)       \-r ^.  =  sin"      -\. 

^    ^      J  (1  +  2cJ?  -  0(f-)\  V    25    ; 

^^^^      i{x^-l-\)l  =  ^°^  ^^''^  -  1  +  2  G^.^  -  /r  -  l)i}. 
^^*^      J  (1  -  07  -  ^^)^  =  ""^ 


=  sin 


The  integral      /  — may  be  split  into 

J  x"^  +  nx  +  Q 


+  px  +  q 
dx  a    r(2x  +  p)  dx 


f        ap\     r         dx  a    r{9. 

\  2  }  J  a^  +  px  +  q       2  J  x' 


x^  +  px  +  q       2  J  x'^  -j-  px  +  q 

the  first  of  which  is  integrable  by  (c)  and  the  second  by  (b). 
Hence 

(15)       \^„ =  log  (a-  +  2bx  +  x'Y 

J  a"  +  2bx  +  x^         ^^  ^ 


^         tan-^l-^±^l 


^  ^v        r(^^v-l)dx      -       ,,  ,        3  ,07+1 

(1^)      /    2      ^         o  =  log  (07V  207  +  3)  -  -^  tan-^  ~-  . 

^     -^      J  x^  +  2x  +  3  °  2^  22 

/,«\        r(l-xcose)dx        .  ,/o7-cos0\ 

(17) -^ -  =  sin0tan-M — r— r- 

^^  1  -  2o7cos6' +  0?"^  V    sinO    / 

—  cos  6  log  (1  -  2  ti?  cos  9  +  x^)k 

In  this  example  the  numerator  may  be  readily  split  by  ob- 
serving that      1  =  cos^  0  +  sin-  0. 
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^=T^tan-'--^- log  (1-^  +  ^0^. 


■27  +  ,3?"  2.3a 


3S 


(.s)  /^ 


By  multiplying  the  numerator  and  denominator  of  a  frac- 
tion by  the  same  quantity  it  may  frequently  be  split  into  in- 
tegrable  parts  or  reduced  to  an  integrable  shape. 


(20)      fdo) —  =  (ai-  -  a?)^  -  a  sec"*  -  . 

J  so  a 


(21)       fda^  (f!_+^  ^  (.^e  ^  ^,^^      ^  1       L^-^^ri 1- 

,    ^        r  d,»  (a?  +  a)^  ,  w      ,       Tci?  +  ice^  -  a^)^) 


a)§ 
dw 


(23)       /"t rr-7 rrj  =  -7 {(^  +  «)t  -  (^  +  6)^. 

^     '      J(a?  +  a)2+(a?+6)i      3(a-6)  *^  * 

/•      d,a7  /-   x'^  dw  X 

^^^^      i  (1  -  <r^)t  "  i  (^-~  -  1)S  ^  (1  -  cc"--)l ' 


dec 


dx 


(27)  r ^  = 


(a  +  6a?")  »        a  {a  +  boo^)' 
dw 


dx  x^ 


o 1         n    r      uw  r    axx 

(28)     /rf.  («^  -  .').^  =  «'  /^^^-^.  -  /^^.-^ 

=  1  a^  sin"' -  +101?  (a^  -  *^)2 . 
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(29)      f ^ ,  =    r__dcow^ ^ 

r  d{cc-^) 

'  J  {aw~''^  +  hx~^  +  c)a ' 

which  is  of  the  same  form  as    / ; ~ — r .     Therefore 

J  {a  -^  hw  +  caryi 

,    .        r  dx ^  f        .  00 \ 

^     '      J  x(l  +  x+  x'y^~     "^  js  +  .2?  +  2  (1  +  c??  +  x')^j  ' 

dx  .    ^  fx  —  1 


("^  fj(. 


=  sin 


^  +  2x  -  1)2  V  22^ 

dx  2  (2  ex  +  h) 


/ax  z  iz  vx  +  o) 

(a  +  hx  +  cx^)^      (4ac  -  b"^)  {a  +  bx  +  cx^)^ ' 

r  xdx  2  (2a  +  bx) 

(S3)       / = ■ ^^ - - . 

J(a  +  bx  +  cx^)^  {4^ac  -  b^)  (a  +  bx +  cx^)^' 

(34)      The  integral  fdx —  can  be  split  into 

(1  +  X)  ^ 

and  as  the  second  term  within  the  brackets  is  the  differential 

of  the  first,  it  is  equivalent  to  fdx  ——  e". ;  and  therefore 

0/  00       1  -|-  ti? 

r,         e^x  e" 

fdx 


(1  +  xy    1  +  X 

(35)  In   the  same  way  we  shall  find 

r.  €'■  (2  -  X')  ^/l  +  *"\^ 

•^'^'''  (1  +  xY^  (1  -  x)i "  ^  [r^vi 

(36)  fdxe^^^^  =  e^^''~^ 


(x  +  1)'^          \x  +  1 
(37)      / =  / =  W    
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Sin  tXJ 
(38)      [dootsmx  =  fdw =  -  log  (cos  a?)  =  log  (sec  a?). 

COStl? 
COS  T* 

{SQ)      [dw  cot  X  =  fdx =  log  (sin  <*"). 

smx 

,     ^      „.         dtanx      ^         xo 

(40)  Since    — , =  (sec  xy , 

dx 

r       dx  -,     (sec^)^       ,      ^ 

\~ =  jdx =  log  (tan  ci?). 

J  sin<a?  cos  a?  tana? 

(41)  Hence  also  as  sina?  =  2  sin^o?  cos^  <r,   we  have 

/  -: —  =  log  I  tan  -  1  ,    and  as 
cosc^  =  sin  (^TT  -  x)  =  sin  (Itt  +  x), 

(42)  As  1  +  (tan  xy  =   (sec  xf,  ' 
fdx  (tan  xy  =  fdx  |(sec^)^  -  i|  =  tan  x  —  x. 

(43)  As  (sin  xy  +  (cos  xy  =   1 , 

r  dx  .      (sin  xy  +  (cos  xy 

J   (sin  xy  (cos  x)'^  (sin  xy  (cos  xy 

=  fdx  \- +  — ; ->  =  tan  X  —  cot  x  =  —  2  cot  211?. 

[(cos  xy      (sin  a?)  J 

(44)  /      =  -    /  — l^-L  =  _  tan  hv. 

J  a{l  +  cosci?)       a  J  (cos-^xy      a         -^ 

^     ^        r    dxsinx  1  1       , 

(45)  /  - — = log  ia+b  coso?). 

J  tt  +  6  cos  cT  6 

The  integral    / ; may  be  reduced  to  the  form 

J  a  +  b  cos  X 

(c)  ;   for  as 
cos  X  =  (cos  ^x)'  -  (sin  ^<J?)',   and  1  =  (cos  ^ti?)"  +  (sin  \xy. 
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it  is  equivalent  to 

r  da;  .  (sec  1.2?)^ 

J  (a+h){cos^xY+{a-b){si\\^xy~  ■^    '   a+6+(a-6)(tanic'p)-'' 

which  if  tan  ^oo  =  %  takes  the  form 

r  d% 

2   / -„, 

J  a  -irh  +  {a  —  h)  %" 

and   may  therefore  be  integrated  by   (c).      The  result  is 

r       dw  2  A(<^  -^V        1    1 

/ =  — s s— itan"W    tan^c»> 

^a  +  6cosa?       (a' -  &')i  \\a  +  bj  ^    J 

1  ^  /b  +  a  cos  ,v\ 

{a^  —  b^)^  \a  +  b  cos  x)  ' 


or 


r       dx  1  f (&  +  a)^  +  tan|-  {b  -  d)^  a)\ 

J  a  +  bcos  X  "  (6''  -  a')5  °^  [(&  +  a)2  -  tan^  (6  -  a)^^ ' 
according  as  a  >  or  <b. 

,   ..        r    da?  2^  /tanlcTX       1  /l+2coSc^\ 

(46)  / =  —J  tan"^    ~~    =  —  cos"^   . 

J  2+coSti7     32  \     32     /      35  \  2+COS.3?  / 

(47)  f       ^"^        =  1  loo-  /g^  +  t^"M 
^l+2cos<j;      32     ^V32-tanla?/ 

In  the  same  way  we  find 

C        dee                   2  ,  f  a  tan  1  ci7  +  &1      ,  , 

/   7-^ — =7-^ — ,tan~W    .  „      ,0. 1    >  when  a > 6, 


1  ,       [a  tan  let?  +  6  -  (6'  -  a^)2]      ,  . 

gr-i  log  {— f 7 7U ^f  ^^*^^"  ^<^- 

-  a'^)2     °  ^atan-Jci?  +  6  +  (6^  -  a'^)2j 


and     = 

(h''   _    «2\*         °     l/y  fan  _, 

,     ^      r         d<»              _            ,  /Stanlci?  +  4\ 
(48)     /   : =  |tan-M ^ . 


,    .        r       doe  1  ,       /S  tan  \x  +  1\ 

(49)       / , —  =  i  log     f . 

^4+5sin.?7       ^     ^V2  tan  1^7 +  4/ 

.^qx       /- da;  ^    r  dx  (secwf 

J  a  (cos  xy  +  b  (sin  xY      J  a  +  b  (tan  o?)^ 
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,    -       r         dw  1  ,  /tan  ai\ 

(51)     / -„=— tan-M — ^    . 

^         ^    1  +  (cos  wf      22  V   2 W 

rdx  ^mw  {co?,wY       1     rdxsmw\l-\-a^{co?,xy —  l^ 
^    ^     J   -[  +  d^  (cos  wf    ~  a^  J  1  +  a^  (cos  xf 

I    .        .  I     r     dw  sin  X 

=  —  Jdx  sm  a? :,  /  — — ^ 

a^  aJl+a^  (cos xy 


H — -  tan  ~  ^  (a  cos  .5?). 


(S3)       /--^^—^    f 
J  a  +  o  tan  <??      J  ( 


dx  r       dx  cos  <r 


a  cos  ^  +  6  sin  .a? 
a 


Adding  and  subtracting  — — —   this  becomes 

b        rdx  (hcosx  —  asinx)  a        ., 

/ ^ 7-^ +  ~y — 77,  jdx ; 

a^  ^  b^  J       a  cos  x  +  b  sm  x  a^  +  b^ 

and  therefore 

/ '- = r  \ax  +  61off(acosc'P  +  b  sin  .a?)}. 

J  a +6  tana?      a^  +  ft'  *  ^^  ^^ 

/<        da?  tana?  r  dx  &mx 

^^*^     J  5«  +  &(tana?)'}i  "  j  {a  (cos  a?)' +  6  (sin  a?)'}  ^ 

/•  <Za?sin<2?  1  A (^  ~  ^\^  1 

=    /   r — ;r;;TT  =  tt TT  cos   X    — ; —      cos  a?  >  . 

j  |6-(6_a)(cosa?)^5^      {b-af  \\     b    )  J 

By  means  of  the  formulae  for  expressing  the  products  of 
sines  and  cosines  of  angles,  in  terms  of  sums  and  differences 
of  sines  and  cosines  of  angles,  we  easily  find 

f  cos  (rn  +  n)x     cos  (jn  —  7i)x\ 

(55\      (dxsmmxcosnx=—^{ 1 >. 

^    ^     J  I      m  +  »^  m  —  n      J 

fsin(/»  +  w)<2?     ^\xv{m  —  7i)x\ 

(b^'^      \dx^\wmx^\mnx  ^ -k\ K 

^     '     J  ^  [      m-vn  m  —  n      J 

\%va.{m-^n)x     sin(m-w).2?l 

(57)      /rf.i?cosm<»?coswa?=     k\ ■  + >. 

^  ' ^     J  '^\      m+n  m  —  n      J 

(cos4(J7     cos6t'^l 
cos2a?  +  — ^^— J. 
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,    .       -_  ,  fsin6<j?     sin4a?     sinSo?      ] 

(59)  Jdiocosxcos2xcos3tV  =  ±{ — - —  -\ + \-.'v). 

[0  4>  2  J 

,-  -       ^,  .  .  -  f       sinScT     sin 4.37    sin6<3?l 

(60)  Jdx  cosa?  sin2xsin3tV  =  -^ix  ■{ >. 

Integration  by  Parts. 

Integration  by  parts  often  decomposes  a  function  into  an 
integrated  part  and  one  easily  integrated.  The  general  for- 
mula is 

-,        dv  .        du 

•'  dx  ^         d.v 

(1)  fdx  cT?e«*  =  6«*  (-  -  -^)  . 

\a      (Tj 

(2)  ^dCG  logcV  =   CO  (logcT'  —  1). 

(3)  ^dcB  ocXo^x  =  —  Qogx  —  1). 

,   .        r.  ,  a7"  +  W,  1      \ 

(4)  Jdx  x^nogx  —  ( log  a? 1  . 

(5)  fd,v  sin~\v  =  crsin~'cr  +  (l  -  x^)^. 
dw        .      ,         a?sin~^a? 


.        r     aw        .  a,-sin     w  , 

rdwwsm-^x  .         oM   .     , 

(8)     /da?sin-M^ — I    =(a7  +  a)sin--    ]    -  (ax)i, 

\a  +  xj  \a  +  xj 

.  ^    ri        '     ,1  l^a-x\i     x^  .      ,,  f2a-x\^    ,    /-   a?^rf<^' 
(9)  fd...n-'i{—.)    =-s.„-i(— )  Hj^-i^^r^s 

=  —  sin~^  I +  —  sin  - ' (4ff/  -  x^y. 

2  \      a      J  2  2a       8^ 
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(11)       / ^  tan~\77  =  (c??  — 1  tan   Kv)tsin~^<v—log(^ +0^^)^ 


(10)     fd.v  tan  \v  =  .v  tan"'^?  -  log  (l  +  x^)K 

By  two  integrations  by  parts  we  find 

^^^^     7    (1  +  w')^      ~    (1+a^)  (l+^=^)i 
^d  X  X  e""  ^^""'^ "  e''  *^""'  '{ax-l) 


rax  X  € 6  {ax  —I) 

^^^^     J     (l+x')i       "    (1+a'O  (l+x^y^' 
Also  by  a  double  integral 

(14)     fdx  e"""  cos  nx  =  e" 


Also  by  a  double  integration  by  parts  we  obtain 
gj,  (a  cos  nx  -\-  nsin  nx) 


a"  +  n 


^      -      -,      „„   .  „„  (asin^,a?  -  »^cos»^c'»?) 

(15)      [dx  e"'  sin  w^  =  e""^  -^^ z ^ . 

^     -'      ->  a^  +  n^ 

On  comparing  these  expressions  with  the  formulae  in 
Ex.  (lO)  of  Chap.  II.  Sec.  1,  of  the  Diff.  Cal.  it  will  be  seen 
that  they  may  be  deduced  from  the  latter  by  making  r=  —  1. 

Rational  Fractions. 

If  —  be  a   rational  fraction,  in    which   the  numerator  is 

of  lower  dimensions  than  the  denominator,  it  may  always  be 
decomposed  into  a  sum  of  simpler  fractions  differing  according 
to  the  form  of   F. 

V  may  consist  of  factors  of  the  forms 

I..        X  —  a,  II.       (x  —  ay, 

III.     x^  +  ax  +  b^  IV.      (.1?-  +  ax  +  by. 

I.     To   every    factor    of   the  form  x  —  a   corresponds   a 

M 

partial  fraction  of  the  form   ,   where 

*  X  —  a 

M  =  --—  when  x  =  a. 
dV 

dx 
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II.      To  every  factor  of  the  form    (x  —  a)"  corresponds 
a  series  of  partial  fractions  of  the  form 

7 ~T„  +  -? ^ r  +  &c.  H , 

(x-ay      (x-ay-'  x-a 

Any  one  of  the  coefficients  as  Mp  is  given  by  the  equation 
Mp  =  (-- ]      —)    when  x=  a, 

where    Q 


(x  -  ay 

III.  To   every  factor  of   the  form   x'^  +  ox  +  h    corre- 

]\£x  -\-  N 
spends  a  fraction .      To  determine  the  constants 

x'^  +  ax  +  h 

M  and  N,   the  expression 

dV 
(2x  +  a)  -  (Mx  +  N)  —  =  0 
dx 

is   reduced  by    successive   substitutions  of   —  (ax  +  b)  for  x- 
to  the  form 

Ax  +  B  =  0, 

and  from  the  conditions  A=0,  B  =  0,  M  and  N  are  found. 

IV.  To    every    factor    of    the   form    {.x^  +  am  +  6)"  cor- 
responds a  series  of  fractions  of  the  form 

Mx  +  N  MiX  +  N,  „       M„_,x  +  N„_i 


{x^  +  ax  +  by      (x^  +  ax  +  6)"~  ^  c^'^  +  ax  +  b 

To  determine  M  and  A""  let  V=  Q(x~  +  ax  +  b)'^;  then 
if  by  the  successive  substitutions  of  —  {ax  +  b)  for  x^  the 
equation 

U  -  (Mx  +  N)Q  =  0 

be  reduced  to  the  form 

Ax  +  B  =  0, 

the  equations  A  =  0,  5  =  0  are  conditions  for  finding  M  and 
A^,     If  now  we  put 

U-  (Mx  +  N)Q 

X'^  -f  ax  +  b 


256  INTEGRATION    OF    FUNCTIONS    OF    ONE    VAEIABLE. 

where   U^  is  necessarily   an   integral  function,  we  can,   from 
the  equation 

U,  -  (M,a,'  ^N,)Q  =  0, 
determine   M^    and    iVj   as   before,    and    so   in   succession   for 
all   the  other  partial  fractions. 

The  fraction  having  been  thus,  by  one  or  other  of  these 
methods,  decomposed  into  a  sum  of  simpler  fractions,  each 
of  them  may  be  integrated  separately  by  known  processes, 
and  so  the  whole  integral  is  found. 

M 

If  the  partial  fraction  be  of  the  form  ,  we  have 

lV  —  a 

M  f — ~  =  M  log  (a?  -  a)  =  log  {co  -  a)^. 

M 
If  the  partial  fraction  be  of  the  form  ,  we  have 

^^  r     dx  M  1 

M  I = • . 

J  {co  -  ay  {r  -  1)   {w  -  ay-^ 

MiV  +  N 
If  the  partial  fraction  be  of  the  form  ,   we 

have 
rda;{Mw  +  N)      ^^,       ,^          ^„      _.^, ,     Ma  +  N         .(a!-a.\ 

■   Mw  +  N 
If  the  partial  fraction   be  of  the  form 


{{a^-ay  +  ^^Y 
r  dx  (Mx  +  N)    _       M  1 

J  l(^a;-ay  +  (^'\'-  "  2(r-l)    \{x  -  af  +  (3'^-' 

dx 


U "^:i T^^r 


The  expression  for  the  last  integral  will  be  found  in  the 
following  chapter  on  formulae  of  reduction. 

(1)     Let        -  = 


V      x^  +  <j?^  -  2  a? 
In  this  case  the  factors  of  V  are  .r,  a?  ■-  1,  cV  +  2,  and  as 

dV 

—  =  .S,a?^H-  2  a?  -  2, 
dx 
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the   coefficient    corresponding    to    cV  is      —   - 


<r  —  1   IS 


1 

a?  +  2   IS       -    - 
6 


U      5       1  11  3    1 

Hence 


V      3  X  -  I  6  x  +  2       2    a?' 

r(^x  +  3)  doo       ,         (a?  -  T" 

/  ~i s =  log  -n- 

J  X  -{■  w  —  2  OD  <rt  (a?  + 


2)^ 


(2)  Let       —  =  — ,     then 

r  (a?  -  l)  da?  (a?  +  4)2 

^  a?*^  +  6a?  +  8  ~  *^^  {x  +  2)t  ■ 

^^^       X  ^  '^'"'^  -  c1?  +  2 

(3)  Let        —  =  — ,     then 


r(x^  -X  +  2)  dx  ((x  +  iy(x  -  2)n 

J     X*  -  5x^  +  4     ~   °^  |(a?-l)(a?  +  2)'J 
(4)     Let  the  fraction  be  of  the  form 

X' 


(x-a,) {x-a^) .. .(x-a„)  ' 
where     r  <n;     then 

r  x'^dx  a/ log  (.T?  -  «i) 

^  (a?  -  tti)  (ct?  -  as) . . .  G'«?  -  a„)       (a,  -  ffg)  («!  -  %) . . .  («!  -  a„) 

a/  log  (a?  -  Og)  «/  log  (^  -  a„) 

+  .-.  + 


(a2-ai)(«2-«3)...(«2-an)     '**     (««-«]) K-«2).--(a«-ff„-i)  ' 
(5)     Let       — 


F      a?^  —  a?^  -  a?  +  1 


Here  the  denominator  contains  two  equal  factors  (a?  —  l)^, 
and  the  partial  fractions  arising  from  these  equal  roots  are 


i_J 1      ' 

^  {x  -  ly-       ^  a?  -  1 

17 
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and  the  fraction  corresponding  to  the  other  factor  (x  +  l)  is 

1 


Hence       f— =  log  ( )     -  -| 

J  a^"  —  cV'  —  aj  +  1  \a;  —  1/         '^  oe  —  l 

(6)     If      —  = 


V  a?*  +  Sx^  +  2co^ 

The  roots  of  the  denominator  are  —  2,    —  1  and  two  equal 
to  0. 

rru      f         r^    2a7«  +  7^'  +  6a7  +  2     ,       f    ,          .(    x    \i\     l 
ihereiore       da? — —-=zlos:{a;(oe+l)\ > — . 

W    If    ~  = 


V       x^  +  5<r^  +  8.J?  +  4  ' 
/— — =  +  log  (x  +  1). 

(8)     Let  -  =  -r^^^—-y^     n  being  even; 


=  -"  +  ^-^^"{^+03^1 


T  "  a?"  "*"  (1  -  wf 


n 

+  — 


(?i  +  1)  f    1  1  1      „ 

1 . 2      V«-2      (1  -  «iT  \ 

{n  +  1)  ...  2(w  -  1)  fl  1     1 

1  .  2...{n  -  1)         \x  \  -  x]' 


Therefore, 


)   rf^     =-!-/_J Ll+^_i LU&c. 


w  (*^  +  1)  ...  2  (w  -  1)         /    X 
log 


1  .2  ...  (»i  -  1)  Vl  -  <»? 

Murphy,   Camh.   Transactions^  Vol.  vi 


(9)     Let 
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U  a^ 


V      a?^  +  cV'^  -  2 
The  factors  of  Fare  cr  +  1,  a?  -  1,  and  x^  +  2.     Hence 

r     oB^dx           1  ,       /^-  l\       2^         .X 
/-T :; =  t;  loff    +  —  tan"'  —  . 

J -P*4.a?2  -2        6      '^  Vc'P  +  1/         3  22 

(10)      Let   -  =  -5 • 


r      a?'  +  3^'  +  2 


Ja?''  +  3a?2  +  2  "    ^^\{a'+  l)^' 


U  ^' 

(11)  Let   Yr  =  - i ;' 

V       x^  -\-  or  +  w  +  \ 

f.      'i^^         =ilogj(^+l)(^^+l)n-itan-^ 

J  .j?'^  +  <3r  +  <a?  +  1 

f7  3a?^  +  .J?-2 

(12)  Let    -  = .3  .  3        .  ; 

'  V      {x  -\y  {!tf  +  1) 

-(3a?^  +  A'  - 2)  del?       3  a?^  +  1 


/  2^ i =  -  loar ,  -  tan  ~ '  x 

J  (x-  If  (.'X^  +1)       4     ^  (^  -  1)=^ 


5      1 


2  (a?  -  1)2       2  a?  -  1 

then 

^1-)      ^''     V-  x'-3x'-4>x^' 

[•            dx                      1  ^        (<2?^ 

-X  +  S){x+  If^        1 
a;'^o                        3  a? 

13              ,2<r  -  1 

45  11^                112 

(14)     Let  -  =  -V— 7— — ^ 

«    9  .           -  ' 

Here   there  are  in  the  denominator  two  equal  quadratic  fac- 
tors (cT^  +  1)  ;    the  fractions  arising  from  them  are 


1  X  -\  \  X  -  \ 

2  {.V^  +   1)2    ~   4  ^3+   1 


17-^2 
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Hence 

/d(V                                  1  <J7  +  1         1  _ 

-r = +  -  tan    '  X 
a?^ +  07* +  2a?^  +  2a?"^  +  a?+ 1       4  ci?^  +  1       2 

1,         cc+\ 
+  -log 


(15)     Let        = 


/?^^  = 


r      (.a72-.a7+  1)^(<2?-1) 
-  (5^  -  7) 


4     °  (a?2  +  1)^ 
;   then 


2            25              2a?  -  1 
r  tan"^ 5 — 


(16; 

(17 

(18 

(19 
(20 

(21 

(22 
(23 
(24 


-log 


32 

(<2?^  —  a?  +   l)^ 


.r-  1 


3  (W^  -  O!  +  1)        x  -  1 

r  doe         1,           (a?  +  l)  1  /2a?- 1\ 

/ ^  =  -log^-T ^-1  +  -rtan-'     — i- 

f        ^"         =-log( 
J  a?  (a  +6<2?3)      3a     ^  V 


H 

da? 

I  + 
dx 


a  +  hw^j 

6   ,       /a  +  6a?^> 


r        dx  1  b  (a  -{■  bx^\ 

J x"  {a  +  bx^)  ~      Sax^      Sd''  ^^  \     x^     ) 


1 


r        ux  1  1  /a  +  bx^ 


a  +  bx^y      3a  (a  +  bx^)       3d 
1 


/•-ii_=-.iog(^ 

J  1  +  x"      25     ^  Vl 


1    +   22c'J?  +  a?'^\  1  , 

+  -g  tan~^ 


22a?+<2?' 


9hx 
1  -  a?' 


r  dx         ,      /I  +  -^^A*      1  ^     _i 


dx 

-  a 

^x"  dx 


rx~  ax       ,       /I  +  a?N4 
il^'=^°nr^'   -*ta„-',r. 


r  dx 

J  x(a  + 


(a  +  6  a?*) 
dx 


1    ,       /a  +  6a?* 


/-da?          1  l+,r/l  +  a7  +  x''\  2 

J  1  -  .17^  ~  6     ^  1  -  a?  Vl  -  ^  +  -a^V 


■\ 1  tan" 

2.35 


35,2? 
1  -  x^ 
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..        r  00' dx         1  ,  (ccy 


Rationalization. 

p 
Integrals  of  the  form  [dx  x^{a  +  hx'^y  can  be  rationalized, 

when    IS  an   integer,  by  assuming  a  +  ox  =  %^,  and, 

,  m  +  1         p  .  n  n         ' 

when h  -  is  an  integer,  by  assuming  a  +  bx  =  x  ss'^. 


(1 
(2 
(3 
(4 

(6: 

(7 
(8 
(9 


xd,v  2 


r    x^dx  .  .1  ((a;'-  if       S  .  .,        \ 

J  (x-l)i         ^  1       7  5  ^  i 

r        dx  1  r(a  +  6^)5  -  a^] 

J  X  (a  +  bx)2      as     °  [(«  +  6^7)2  +  aaj 

/-— ^=_tan-M =-cos-M—     . 

J  xibx  —  ayi       a^  \     a      )         a^  \oxJ 

/  -T-7 T  =  (^  -  1)^     5-      +  -  COS-^      -       . 

J  x^{x-\^l      ^  M     4<rW        4  \x] 

Jdxx^{a^+x^)i  =  s^a^+tT^js^ ^^^ ^^^ 1-  — >. 

r      dx  X  2  f  2a  +  &<J?1 

.,        .       ■     ^,      2(a  +  bxY/a  +  bx      a\ 
fdxx(a  +  bx)^  =  ^,      '^  (-y-  -  -)  . 

r    dx  x^  2    3  (a  +  6^)2  +  6a  (a  +  6a?)  -  «^ 

J  {a  -It  bx^i      SW  {a  +  bxf 
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(10 

(iJ 

(12 
(IS 

(14 
(15 
(16 

(17 

(18 

09 

(20 

(21 
If 

of     <3?, 

equal 
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r     o)  dx  3  (a  +  bx      a\ 

rOB^dx             ^           M  f(l  +  <3?)^        1  -  <rl 
/  7 71  =  3  (1  +  x)^  {- +  >  . 


jdx  x{a  +  x)^  = 


3  (a  +  ,a?)s  /4<2?  —  3 


/eZcT  A^^  {a  +  a?)^  =  3  (a  +  <»)M 


4         V     7 

5  \{a  +  c»)^      da{a  +  xf 


14  11 

3a^  {a  +  x)      a 


-il 


d^  x^ 


r     ax  x"         bx^  —  2a  .        ,    „  , 


/ 


dx 


3  b' 


2x^  -  1 


-  (1  +  a,^)^. 


a?^  (1  +  x^)^  3x^ 

r    dx  x^  .^  1  fa?^      Sa?"*       5.3.  <rl 

7  (TT^i  =  ^^  ^  "^  ^1"6 "  6i  ■"  6:Tr2r 

da?  <2?^ 


z'      da?  <2?''  2a  +  bx^ 

J  (a+  bx^)^  "  6^  (a  +  6a?^)^  * 

r    dx  x^              X  (x^  -  3)        3   . 
I __ J 1— _  gjjj 

J  {\-  a?2)i  2  (1  -  a?2)2       2 

r         dx  («  +  26a?^) 

^  a?^  (a  +  6a?^)t  a~x  {a  +  bx^)^ 

r      dx  a?(2a?2+3) 

i  (1  +  a?2)i  "  3  (1  +  a?^)t  * 


da?  a? 


r      ua;  a;  a?" 

J  (a  +  bx^)^  ~  3a{a  +  bx^)^ 


an  integral  be  a  function  of  several  fractional  powers 
it  may  be  rationalized  by  assuming  x  =  %'',  r  being 
to  the  product  of  the  denominators  of  the  indices. 
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1  —  a?2  .        ,  1  —  ^ 


(22)      jdoo- T  =  6/d 


1  -  a?4         ^  1-5^ 

by  assuming  x  =  ^-\      This  is  equivalent  to 

6  fd%  ( ^^  +  ^*  -  ^  +  »®  -  ^  +  1 I 

{75211  -v 

X^  a?6  a?3  il?2  a?S  1  ,  /  K  I 

7         5         4         3         2  *^  j 

1  11  9  7.  1  1 

,    ,      - ,     1  +  0?*      <a?i2      a?3      a?^2      ^s      a?* 

(23)  /  d,r = 1- +  — 

■        ^     •'        1  +  a?5       11        8         7        4        3 

1   f,       /<a?5- 2^07^  +  1\  ,    2^0712  1 

22  I  \<a7S  +  22  a?i2  +  1  /  1  -  a?Bj 

When  the  integral  involves  also  fractional  powers  of 
binomials,  such  as  a  +  hx,  it  can  be  rationalized  by  assuming 
a  +  hx  =  ^',  r  being  the  product  of  the  denominators  of  the 
indices.  If  the  binomials  be  of  the  form  a  +  6a?",  they 
may  be  reduced  to  the  preceding  form  by  assuming  a?"  =  y. 

(24)  Let  the  integral  be  / — — .  . 

^     ^  ^  J  {I  -  x){\  ^x)^ 

Assume  (1  +  a?)~2  =  ^,  then 
r  dx  r    dz  I  /2-^z  +  l\ 

J  (1  -  x)  (1  +  x)i  ~  ~     J  2z^  -  1~  2*  °^  \2^z  -  1/ 

22     ^  [22  -  (1  +  a?)ij 

(25)  fz r^ 7-1  =  2  tan-i  (1  +  x)k 

^  J  (2  +  x)(l  +  x)i  ^ 

r  dx  1  -      fl  -  <j?  -  25(1  +  n^)l\ 

<'">    /(!  +  .)(!  ^^¥°^in TT^ /• 

f    .       r  dx  _  S      /(^  +  '^')'  +  2iT| 

^^^^  J  (1  -  x')  (1  +  .t7^)i "  ii  ^^  1    (1  -  x-y^    ] ' 


264  INTEGRATION    OF    FUNCTIONS    OF    ONE    VARIABLE, 

r  dx  1  ((x^  -  l)i  +  2^a}\ 

,    ,        r  d<J?  .     ,     f  ae  -be  \^  . 

(30)      /t— —- -— -  =sin-'^j7    ^    ,ae>bc 

J  (c  +  ew^)  {a  +  hw^p  \ac  +  aex^l 

1  .      c{a  +  bw^)i  +  w  (be"  —  ace)i 

log J ^-^ ,  ae<bc 


(be"  -  ace)l     ^  (c  +  eai')l 

—7  if  ae  =  be. 


c  {a  +  bx'^)^ 

(31)       /— 1  = T^o&- — H • 

^     ^     Jx{a^bx''Y      nas     ^  (6a?")2 

^^^^  /(«-6.f^")i"^'^''' lu)  ^r 

If  the  function  to  be  integrated  involve  (a  +  bx  ±  ex^)^ 
it  may  be  reduced  to  the  preceding  forms,  as 

{a  +  bx+cxy^  =  ei}^[x  +  -J    +  ____|  , 

^     ^     J  (1  +  a?)  (1  +  a?  +  .'j?0^  I  1+x  J 

(g4,)       / tan~   { > 

"^     ^  (1  +  c-j?)  (1  +  a?  -  x^)i  [2(1  +  X  -  x^)h]  ' 

,     ^        r  d^  ,       [S+ X -9,(l-x-x^)^ 

<^^>   /o^.)(i-.-^)r'°sl hlo -]■ 

Various  functions  can  be  rationalized  by  assumptions  for 
which  no  general  rule  can  be  given :  familiarity  with  the 
transformations  to  which  different  substitutions  lead  is  the 
best  way  of  acquiring  a  knowledge  of  the  most  convenient 
assumption  in  particular  cases. 

\w  +  (1  +  <a;-)2J» 
(36)      Let   the    integral    be    jdx -H ,  /  ^    .      By 

(1    +    cCJS 

assuming  <J7  +  (l  +  x^y^  =  %",   the  transformed  integral  becomes 

n  [da  ^'»-'  =  -  z'"  =  -  ix  -h  (1  +  ci?-)^". 
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.    V      xi.   7  (l  +  07^)  d<r  ,         . 

(37)     If  du  =  - — ^^ J ,  we  have  by  assuming 

(1  -  a?-)  (1  +  cD^p 


2^x 

z  =  - 


(1  +  a?^)  dx  1      r     d% 


(38) 


r       (1   +  W'')  dx  1        r       dZ 

J  (1  -a)^)(l  +  x')i^  2I  J  (1  +  %')i 

(1    -  ^2)  dx  n     A    U 

If  du  =  — ^^ — rr — 1,  we  find  by  assuming 

(1  +  a?-)  (1  +  <2?*)y 


i^w 


1  +  a?^ ' 
r      d.v{l  -  x^)        _    1    ,•    -1  /  ^^^  \ 

(39)     If  aw  =  T — ,  assume  z  = 


1  -  a?*       '  (1  +  x')h ' 

therefore    (I  +  ^=)J  =  ^^-^-j^,  and  (1  -  ^')i  =  ^-^— ^; 
da?  1         dz 


and . 


(1  +  a?*)i      2i  (1  -  5f*)i  ■ 
Dividing  both  sides  of  this  equation  by 

^  =  (■  -  -">K 

1  +  a?* 
we  «have 

r  dx{l  +  a?')^        1     r  dz  I    f  r  dz  r  dz    \ 

J       1  -w^      "  2lJr^^  "  il"  U 1  +z^  '^  J  r^zv 

(40)     By   the  same  assumption   we  find  that 
r        dx  x^ J_         ((l+x*)i  +  2ix]       ]_    .         /2^x\ 
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(41)     If  du  = — - — -,  ,  assume 


,2?  =  ;&  (2<a?^  -  l)i,  when  it  becomes 

d% 
du  =  — ;    and  therefore 

2f*  -  1 


-  ,       f(2ct?2  -  1)^  -  ^]  at 


(42)      If    du  = —YT TTi rji  ,    we    find    by 

assuming  3D  =  %  \{\  +  ai)^  —  x^\^, 

u  =  tan" 


1(1  +  a?*)i_a?°}i* 

(43)      In  like  manner  by  assuming  a?  =  «|(l +a?*)3— ^^j^, 
we  find 

r  dx  ,  X 

J  {\+  x')  {(1  +  x')^-  x'}l  {(1  +  x'f^  -  x^}^  ' 

These  transformations  are  taken  from  Euler,  Calc.  Diff. 
Vol.  IV.  Sup.  I. 


CHAPTER  II. 


INTEGRATION    BY    SUCCESSIVE    REDUCTION. 


The  method  of  integration  by  successive  reduction  is 
applicable  to  a  great  number  of  functions,  and  is  the  process 
which  in  practice  is  generally  the  most  convenient.  I  shall 
here  give  only  the  principal  formulae  of  reduction  with  a  few 
examples  of  each,  taken  chiefly  from  those  integrals  which 
more  commonly  occur  in  analysis.  The  reader  who  wishes 
for  more  numerous  examples  of  the  formulae  is  referred  to 
the  Integral  Tables  compiled  by  Meyer  Hirsch,  from  which 
work  a  great  number  of  the  examples  in  this  and  the  pre- 
ceding chapter  have  been  taken. 

Ex.  (l)     Let  the  function  to  be  integrated  be 

a?" 
(a^  —  a?^)5 ' 
The  formula  of  reduction  is 

r   dot}  of  af~'^  (a^  —  x^)^      n  ~  1    ^    rda;  af~^ 

J  (a^  -  a/^)i  n  n  J  {a~  -  x^)^ ' 

By  this  the  integral  is  reduced  to 

r        doo 

J  (a^  -  a'')l 

and  to      /-— ;; —J  =  -  ia'^  —  x^Y  when  n  is  odd. 

J  {a^  -  arp 


doo  .      ,  a)      . 

=  sm  ~    -   when  n  is  even, 
a 


Let  w  =  3  ; 

w^dx  {pi?  —  a?^)2 


J  {or  -  w-y  3 


Let  n  =  6 

fdw 


rx'^dx  .xi/-^'       5d-a)'^       5.3a*x\         5.3     ,  .      .x 

J(d'-a;'y^        ^  M,6          6.4  6.4.2  /       6.4.2  a 
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(2)      Let  the  function  be 

a?" 


The  formula  of  reduction  is 
r      oJ"  dx  ai^~^  (2ax  —  x^)^      2n  —  1      r    x^~^  dx 

J  (2  ax  —  x^)^  n  n         J  {2ax  —  x^)^ 

By  means  of  this  the  integral  is  made  to  depend  on 


r  dx 

z jTi  =  vers"^ 


X 


(2  ax  —  x'^)^ 
Let  w  =  2  ; 

x^dx  „^^  fx      3a\       3a^  ,  a? 

""  ■  ■  —  vers"    - 

2  a 

Let  n  =  5  ; 

x^dx  '-"* 


2      2 

3 


r       ^  dx  ^  0^1  f^      3a\ 

/ :;ri  =  -  (2ax  -  xn^     -  +  —     + 

J{2ax-x'y^  ^  M2         2  / 

Let  n  =  5  ; 

J(2ax-x^'P  ^    \5        5.4>  5 .  4< . 

9.7.5  9.7.5.3        A        9.7.5.3  ,x 

+  ■ a'^x  +   a      H vers "   -  , 

5.4.3.2  5.4.3.2.1       /        5.4.3.2  a 

]  (3)      Let  the  function  be  -—z r—  . 

The  formula  of  reduction  is 
r      dx  1  X  2n  —  3    1    r        dx 

J  (a'  +  x^y  "  2W-2  a2(a-  +  a?')"-^  "*"  2w-2  a:'  J  (a^  +  x^y- 

By  this  the  integral  is  reduced  to 
J  ^ 


dx  1  ,  <» 

-=  -  tan"^  - 


+  x'      a  a 

Let  w  =  4 ; 

=  — 


/dl<!r  la?  5  <J7 

(a^  +  xy  "  6  a^  (a-^  +  x'f  "^  6T4  «*  (a^  +  cr''')^ 
5.3  a?  5.3      1  ,  a? 

6  .  4  .  2  a®  (a^  +  a?^)       6  . 4 . 2  a^  a  * 

a?** 
(4)      Let  the  function  be 


{a^  +  a?^)" 
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The  formula  of  reduction  is 

r  af^dsD  -    1  a?""^  n-l      r  x'"~^d<v 

J {a"  +  a^)"'  2m-2  (a"  +  x^)"" " ^  "^  2m- 2  J (a^  +  w^)"'-^ 

Let  n  =  2,  m  =  3  ; 

/-    a)'~dx  a?  X  I      \  w 

I :s  _- j_ j_ tan "" '  ■" 

J  (a^  +  x^y         4  (a^  +  x^y      4^.2a^(a^  +  x"")       4  .  2  «^  a' 

Let  w  =  4,  m  =  2  ; 

r   x^dx  x^  3  f  x\ 

n 

(5)  Let  the  function  be   (a~  -  o?*^)^ ,   n  being  odd  ; 

n 

/(a^  _  oB'ydx  =  -^^ ^  +  /(«2  -  x"\  2   ^,^ 

Let     w  =  1  ; 

lid?  -  i)^)^dx  =  — ^ +  —  sm-^  - . 

•'^  ^  2  2a 

Let     w  =  5  ; 

r/    2  2N^  J  *'  («^  -  *'^)'  ^2/2  2^^ 

/(a^  -  x^ydx  =  -^ — +  7 —  a^x  {of  -  x^y 

+  7 a*<J?  (a^  -  x^y  + «6  sm"'  -  , 

6.4.2         "^  ^        6.4.2  a 

(6)  Let  the  function  be     ^      • 


/-        da?  1      (a?^  -  1)2      ?*  -  2    r  rfo? 

Ja?''(cr?2-  l)i  ~  n  -  1       a?"-^       """  wT^  J  ci?"-^  (.i-^  -  1)1 

By  this  means  the  integral  is  reduced  to 
dx 


\ — 7-s TT  =  sec    ^  X  when  n  is  odd, 

J  x{x^  -  1)2 


and  to    /- 

J  X 


dx        {x"  -  \y 


'(^'-I)i  X 


when  w  is  even. 
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Let     n  =  3  ; 

f       da?  (aP  — 1)2 

Let     w  =  4 ; 

r       aw 


dw  (a?2  -  i)i       2  (.,?2  _  j^l 

+  ~ 


3^^  3        a? 


(7)      If  the   function  be   — -— — r  the  formula  of  re- 

^  '  <»  (1  +  sF)^ 

duction  is  the  same,  excepting  that  both  terms  are  negative. 

The  final  integrals  to  which  it  is  reduced  are 

/ — ; — T  =  loff  < >  when  n  is  odd, 

^  cr  (1  +  m^f^         ^\  X  ] 

.     r       dx  (1  +  a?^)§      , 

and    /  — — — i  =  —  when  n  is  even. 

J  or  {\  +  CB^p  w 

Let     w  =  6  ; 
dx  1  (1  +  00^)^         4    (1  +x^)i      4.2  (1  +  x')h 


Jx'(l 


+  x^)i  5         x^  5.8        x'^  5.3         X 


(8)      Let  the  function  be ; — -7  ; 

^  (a  +  bxp 

r   x^dx  2x^{a  +  hx)^          9>m      a    r  x^~^ dx 

J  (a  +  hx)^  (2w+l)6         2m  +  Ih  J  {a  +  hx)^ 

Let     7W  =  3  ; 

r    x^dx          /ct?'^  6    ax^       6.4    a^x     6.4.2  a^\ 


Let     w  =  4,      6  =  ] 


8.6      „            8.6.4 
+  — ' — -  a-x^ a^x 


r  x^dx  ^  .  J<r*         8 

/ -r  =  2(«  +xY{ au^ 

J  {a  +  x)h        "-         ^   [9       9.7 

•■1 


9.7.5  9.7.5.3 

8.6.4 

2a' 

9.7.5.3 
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Co)      Let  the  function  be  — — 7-^1 5 

^  ^  w  {a  +  hoGp 

r       dw  1        (a  +  6a?)2       b  2n-3   r        da; 

J  of  {a  +  ha))l  ~~  {n-l)a     a?"-i  2a  n -I  Jx"-'(a +bx)h' 

By  means  of  this  the  integral  is  reduced  to 
r        dx  1         (a  +  6ci?)2  -  ai 

J  x(a  +  bw)i      a^         (a  +  bx)^  +  a^ 
Let        n  =  S-^ 

C        ^^         -(        ^  ^^  \  f       h   \l    f-^  f       ^'^ 

Ja^{a  +  bx)^     V    2ffa?^     4>a^xl  Sa'-^J  x{a  +  bxy^ 


(10)     Let  the  function  be 


(a  +  6c'p)3 


i  ' 


r    x"dx        Sx"  (a  +  bw)i  3n     a   r  x'"'^  dx 

J  (a  +  bx)i~     {3n  +  2)b  3n  +  2I)  J  (a  +  bx)^' 

If  n=l; 

r    wdx  3  (a  +  bx)^  f  a\ 

J  (a  +  bx)3  "  5^~~~  V  *  ~  2/  ■ 

If         w  =  2  ; 

/-   x^dx  3(a  +  bx)i   {(a+bxf      2      ,        .    .      «''| 

/ i  =  — ^^ z — ~  { a  (a  +  bx)  +  — > 

Ji,a  +  bxf  b^  \        8  5     ^  2/ 

(11)      Let  the  function  be 


{or  +  a^y 
dx  1  X  71  -  3       r        dx 


/ax  L  W  //.  —  ^  r  uaj 

T~^     ~Ji  ~  (n  -  2)  a^  71        2a|-i  ^  (n-2)a^  J  ,  .        „ J 
(a'^  +  af)2      ^  '      (a^  +  a?^)2  v         /  (a^  +  x~y 

n  =  5;  , 

r       dx  /I  2\  0? 

*^  (a^  +  ci?')i       U'  +  ^'       «V  3a^(a2  +  .^^^^  • 
w  =  7; 

/.       rf.r        _  I         1  4  1  1  ^p 

i  (a^  +  a?^)a  ~  \(a^^+~xy  ■'■  3^^^^^  "^  i^j  5a'(a'  +  x-)l^ 


If  w  =  7  ; 
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a?" 

(12)     Let  the  function  be  -. ; s;t; 

^    ^  (a  +  6a?  +  cxY 

r        x^dai  a?"-^(a  +  6a?+ca?2)5      n  -  1  a   r        J?""^ 

2n  -1  b     r        af'^dx 
In      c  J  {a  +  ba}  +  c<j?^)2 

By  this  the  integral  is  made  to  depend  on 

r  dx  ,     r         oBdx 

7 1 K^'    ^^^      7 1 — ; i^i- 

J  {a  +  b.v  +  cw^)^  J  {a  +  ha^  +  ccv^p 

If       n  =  2,   a  =  b  =  c=l; 

/ — .  = (l+off+w^n  --loff  J2a?+1  +2(l+a!+ar)H  . 

If       n  =  3,     tt=l,       b  =  c  =  —  1 ; 
r     w^dco  (i-a?-^2xi  ^     17  .      ,2^7+1 

J  (i_-p_a?2)^  24  ^  ^      16  5^ 

(13)      Let   the  function  be    e°^2?"; 


/e""a?»  rfa'  = /e"''  w^''  dec 


If     w  =  4  ; 


r  „.    .  ,  ^rf-^*       4a?=*        4.3.a?2        4.3.2d7       4.3.2.  l| 

If        7i  =  5,     «  =  -  1  ; 

f.e'"  o!^  d.v  =  -  e~''{x^  +  5a)^+  20 w^  +  60x^  +  120a;  +  120). 


(14)     Let  the  function  be  —^ 

w 

The  formula  of  reduction  is 

-"'dw 


/€     dx                   €                      a        r  e       ^ 
=  —   r  H / dw  , 
ai^              {n  -  1)  a?"-'       n-\J  af-^ 

by  means  of  which   the  integral  is  reduced  to 

re"-^  dw      ,  oj^w^         a^x^ 

/ =  logd?  +  aa?+  — -  +  ^  H-  &c. 

Jo?  1.2^       1.2. 3^ 
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If     «  =  3,      a  =  1  ; 

(15)  Let   the  function   be      a?'"  (log  a?)" ; 

/Iv'"  (log  c??)"  dd?  =  ^ 5^^-li /:i7'''  (log^)«- '  dw. 

If     m  =  3,      n  =  2  ; 

jx^  (log  ^if  do?  =  -  S  (log  cof  -  ^  log  ^'  +  i  (  . 

If  m  =  1,  w  =  3  ; 
/a?  (log a?)"  dx  =  -|(log^)^^  -  -  (log*')'  +  -  {\ogw)  -  -J  . 

(16)  Let  the  function  be  (sin  ct)"  (cos  .2?)". 

We  may  use  any  of  the  following  formulfe  of  reduction : 
jdx  (sin  c'r)"*(cosd?)" 

(sincr)'"  +  ^(cosa?)"-'       ^-1/-,    ,-      .m  +  zr        \n-2      r.\ 

=  - ^^ — -+  Jdx  (sinwy^^icosxY    ...(1) 

m  +  1  m  +  \ 

fdx  (sin  x)"'  (cos  x)" 

(sina?y"-^(cosa?)"''''     m-1   .       _      ,^  „.         ^^.^      .  . 

=_:^ — i — 1 — L — +  — /da7(slncry"-^(cos^)"+^..(2) 

n  +  I  n  +  l 

fdx  (sin  x)'"  (cos  a?)" 

(sin^)'"~^(coScr')'''^'     m-1    .,    ,  .      .      ,^ 

=  _^ 1 ^ i + fdx  (sin  x)""Uco» xY  ...  (3) 

m  +n  m+n  •>       ^        '       ^         ^ 

fdx  (sin  x)"'  (cos  a?)" 

(sin  a?)'"^' (cos  a?)""'       w-1.,,.      .  ,„ 

=  't i !^ i —  +  fdx  (sin  xy"(,cosxY-^  ...  (4) 

m  +  n  m  +  n 

fdx  (sin  a?)"  (cos  x)" 

(sin  .!p)"''^'(cosa?)""'''       m  +  n +  2 


m+1  m+1 

fdx  (sin  a?)™  (cos  x)" 

(sina7)"'+'(cosa')"  +  '     m  +  n  +  2 
n+l  n+l 

18 


/da7(sinc'}?)™  +  ~(cosa?)"...(5) 
/da?(sin  *')™(cosa?)"  + " . . .  ((>) 
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COS  00 

fdx  (sin  cvy  = {(sin  <j?)^  +  2}   by   (3) 


,    /cos  3<J? 
=  i  ' 3  cos  Off 


r,    ^  •      X.          cosa,'f,  .      ,,     3    .       1      3ci? 
j  ao?  (sm  d?)*  = <  (sin  a?)^  -f-  -  sin  <j?  >  H by   (3) 

/sin  4a?        .         \        3(27 

=  4- -  sm  2a;-    +  — . 

^   V    8  /         8 

fdoff  (cos  xy  =  ^  (sin  x  cos  tV  +  j?)   by   (4) 
sin  2 ,2? 


tl'H- 


2 


n     /        .^      sina?r^         ..     4  ^         x9     ^1     1       ^  X 
j  a/i?  (cos it')''  = <  (cos  a?)*  +  -  (cos  a?)  +  -  >     by  (4) 

-.   f  sin  5  a?      5  sin  3  a?  .      1 

=  +  { + ;; +  5  sm  a?>. 

^  [    10  6  j 

Jdx  (sin  a;)^  (cos a?) ^  =  ^ |(cos  oof  +  -\  by   (4), 


1    /I    .  1    . 

—    -  sin  5a?  +  -  sin  3a7  -  2  sin  oa 

16  \5  3 


r  1    y  •        i  ,          v5      (sin  a?)^  f  ■>       2] 

^doc  (sin  a?)*  (cos  a?)"'  =  <  (cos  a?)'^  +  -> . 

{dw  (sin  xf  (cos  a?)^  = 1  —  cos  1 0,2? cos  6x  -v  5  cos  2 a?  1 

J       ^        '  ^         '  2^10  6  / 


^doB  (sin  a?)^  (cos  a?)^ 


1   /I  5 


=  -5    -  cos  9<a? cos  7<a?  +  -  cos  bx  —  14  cos  a? 

2M9  7  5 

/^     c?a?  cos  a?ri  4         1  ^^lu/' 

J  (sina?)^  5      |(sina?)^      3  (sin  a;)^      3   sina?J     - 

r    dx  cos  a?  1         /       a7^ 

/  7-^ :t  = :^ z:.  +  -  loA"    tan  - 

J  (sin  a;)'^  2  (sin  a,-)^       2     ^^  V       2  / 
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r     dot      _  sincy  f      1  2    ] 

J    (cOSxy  3       |(C0Sc17)'^         COSd?J 

=  tan  X  +  ^  (tan  xy. 

r     dcV  sinci?  f      1  3       1       3,  fir      a!\ 

/ ^  =  <• 7  +  —. ;f  +  -log;  tan    —  +  -     • 

J  (cosxy         4     ((cos-z-)*       2(cosa?)^j       8     *'         V4       2/ 

rdx  (sin  xY  ,  f (sin  d?)*       ,  •       ^J       ,       ^         .    ,       ^ 

/  ^   =  -  i  T-^  +  (sin  m  +  log  (sec  ^)   by  (3). 

J        cos  <J?  '*  [       2  j  , 

rdci?  (cos<s7)*       (cosct?)^  ,       /       <??\    , 

/•d<!i?  (sin  cvy 


=  cos  <a7  +  sec  x. 


(cos  <27)^ 
rf<J7  (cos  xy  1  {  /-  \3  >  ^ 


J?. 

2- 


/  ; —  =  — : ]  (cos  xy^  -  3  cos  X  J  - 

J      (sin  a/y         2  sin  x 

rdx  (cos  xY  1        f(cos  ci?)*        1         ,      ..      X 

/ ^^ i-  =  \  ^ ~  -  1  >  -  2  loff  (sin  x). 

J      (sinxy         (sincT?)~\      2  j  &  v         y 

/•da?  (sin  ^)^       (  2l 1 

/  —  =  { (sin  a?)'^ > . 

J     (cos  a?)'  \^  3j(cosa?)' 

rdx  (sin  xY  1  (  .  2) 

/ ^^ =  — ;:^Sincl?  — > . 

J      (cos  ■3?)*'         5(cosa7)'  [  7j 

r  dx  1  ,      /  X 

/  -; :  = h  log  (tan  x). 

J  sin  X  (cos  xy      2  (cos  a')"^ 

r  dx  1  8 

/  7-r- — 7  =   — ; -, r cot  2x. 

J  (sin  xy^  (cos  xy      3  sin  d?  (cos  o?)^      3 

r  dx  8  cos  2  a?  r       ]  2     1 

^  (sin<27)' (cosa?)*  3        \  (sin  2  a?)'      sin  2  a? j 

r         dx  1  1  ,      ,         X 

/  ^^ r — = X J-. 1-  loff  (tan  X). 

J  (sin  xy  cos  X  4  (sm  xy      2  (sin  cv)^ 


(17)      If  the  function   be   (tan  .r)"   the  formula  of  reduc- 
tion is 


/■ ,     ,          .        (tan  wY    '        r  ,     .  .      o 

/rfcr  (tan  xy  =  ^ ~ fdx  (tan  c-r)'' "  \ 


18—2 
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If  the  function  be  the  formula  of  reduction  is 

(tan  wY 

r      dec  1  1  ^  ,  ' 

/  -: = -^ ;  -  \di 


(tan  ccf  (m  -  1)  (tan  a?)" "  ^      ^       (tan  a?)"-^  * 

^dx  (tan  ouf  =  -  (tan  a?)^  -  tan  cc  -^^  x. 

fdx  (tan  wy  =  -  (tana?)® (tan  xy  +  -  (tana?)^  +  log(cosa?). 

/d  00 
=  -  1  (cot  xy  +  1  (cot  xy  +  log  (sin  x). 
(tan  xy  "^ 

(18)  If  the  function  be  a?"  cos,2?,  the  formula  of  reduc- 
tion is 

^ dx  .a?"  cos  ,2?  =  a?"  sin  a?  +  w  .a?"  ~  *  cos  .2?  —  w  (w  —  1)  /da?  .j?""^  coso?. 

jdx  x^  cos  0?  =  /J7^  sin  .2?  +  !^ a?  cos  ci?  —  2  sin  x. 

fdx  x^  cos  X  =  a?^  sin  <a?  +  Sa?^  cos  <a?  —  6x  sin  <2?  —  6  cos  x. 

In  the  same  way  we  find 
fdx  a?  sin  a?  =  —  <2?  cos  x  +  sin  a?. 
/da?t'P*sin<2?  =  — <2?*cosa?  +  4<.'i?^sina7  4-12a?^cos<27— 24a7sin(2?— 24cosa?. 

(19)  If  the  function   be  e'^(cosa7)"   the  formula  of  re- 
duction is 

fdx€'^''{cosxy 

6°*  (cos  .2?)""'  {a  COS  X  +  n  sin  x)      n{n  —  l) 

a^  +  n'^  a^  +  n^ 

a  similar  formula  exists  for  e"*^  (sin  a?)". 

(a  cos  a?  +  2  sin  a?)  2  e"" 

ma?6''''(cos.^)•^=  e^'^cosa? -i ; — . 

•'  a-  +  4>  a  {a^  +  4) 

.  .      ,„(^sin<*'-3cosa?)     6e"'^(asina7-cos<2?) 

fdx  e"'  (sm  xy  =  e^'i^mxy -^  +— -^ — ,  .  ,     ,,   . 

-'  ^         ^  a' +  9  (0^  +  1)  (a^  + 9) 

e"^  fa  sin  7.2?  -  7  cos  7  <27 
/d^  e"  (sin  ^)  ■  (cos  at  =  -  | ^.^,3 

3(a  sin5<2?-5cos5a,')     a  sinS.r- 3  cosSa?     5  (a  sin .27  — cos <2?)] 
aN-25         ~  a'  +  9  «'  + 


fdxe'^^icosxy'^; 


-  cos  <2?)  1 
^  J" 
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(20)      If  the  function  be  -; the   formula  of 

(a  +  b  cos  «)" 

reduction  is 

r         doD  -  6  sin  <» 

J  (a  +  b  cosivy      (w  -  1)  (a^  -  b^)  {a  +  b  cos  wy~^ 
(2n  —  3)a       r         dx  (n  -  2)  ■      r        dw 

"*"  (w-l)(a'-6^)  Jia+bcosaiy-'" {n-\){a?-b^)  J{a+b cosxy-'' 

Let  w  =  2,  then 
C        dx 
J  (a  +  b  cos  oay 

1       r   -6sind7  2a  -i\(^~^\^        '''^iT 

^  a^  -h'  Va+b  cos  w  "*"  («^  -  6')^  *^"     \U  +  6/    *^"  ijJ* 
Hence  also  we  find 

/<^<j?  cos  a? 
{a+b  cos  <j?)^ 

1       r    «  sin.a?  26  -if/^~^V        '^1~1 

"  ^~^^  La  +  6  cosa;  ~  {a^  -W)^  *^"     U^Tfij    *^"2|J' 


CHAPTER    III. 


INTEGRATION    OF    DIFFERENTIAL    FUNCTIONS    OF    TWO    OR    MORE 
VARIABLES. 


Sect.  1.     Functions  of  the  Jirst  order. 

In  order  that  a  differential  function  of  two  variables  of 
the  first  order,  such  as 

PdcD  +  Qdy^ 

should   be  the   differential  of   a  function   m,   it   is  necessary 

that  the  condition 

dP_dQ 

dy       dw  — 

should    exist.       When    this    criterion    of    integrability    holds 
good,   we  find 

u  =  fPdx  +  fdy{Q-  J-  jPdx)  ; 

or     u  =  jQdy  +  fd/v  (P  —  j-  fQdy)' 

a  CO 

The  application  of  these  formulae  may  be  generally 
facilitated  by  observing  that  in  the  second  term  of  the 
former  it  is  only  necessary  to  integrate  the  terms  in  Q, 
which  involve  w  only,  and  in  the  latter  those  terms  of  P 
which  involve  y  only. 

dx 
Ex  (l).      Let —I  +  adx  +  'ihydy  =  du\ 

1 

then     P  =  a  + — , ,     Q  =  2by ; 

(1  +  x'p 

,       .         dP  dQ 

thereiore    —  =  0  =  —  . 
dy  dx 


INTEGRATION    OF    FUNCTIONS    OF    TWO    OR    MORE    VARIABLES.     279 

Integrating  with  respect  to  y, 

^       ■'       I         (1  +  coy-] 
therefore  the  integral  is 

u  =  hy^  +  aw  +  log  C  \w  +  (l  +  x^)^^ . 

xy  dy  -  y~dx 
(2)      Let    -\    ^      \^^^du. 

Integrating  with  respect  to  y^   and  observing  that   there 
is  no  term   in   P  involving  y  only  we  find 

{x'  +  y")i 


+  C. 


X 


,  ,      ^  dx  dy  xdy 

(3)  Let i  +  — ^ 1  =  du, 

(a?~  +  yy        y        y(x'  +  y'Y 

dP  _  y         _dQ 

dy  {x^  +  y^)^       dx 

Since  P  does  not  contain   any   term  independent  of  x, 

d     . 
jdx  (P  -  —-  jQdy)  =  const. ; 

therefore,  integrating  with   respect  to  y^ 

X  +  {x^  +  «^)2 

u  =  log  y  +  log V  C  ; 

whence     u  =  log  C  \x  -\-  {x^  +  y^)^\' 

(4)  Let    (a^y  +  x^)  dx  +  {b^  +  a^x)  dy  =  du. 
The  integral  of  this  is 

u  = 1-  ct^xy  +  ¥y  +  C 

4 

(5)  Let    {Sxy^  -  x'^)  dx  -  (1  +  Gy^  -  Sx^y)  dy  =  du ; 

dP  dQ 

then     - —  =  oxy  = . 

dy  dx 
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The  integral  is 

2  3        ^         ^ 

x^K     -r        a(a!da^  +  ydy)      ydx  -  xdy        ^   „, 

(6)  Let    -y^ l^j,^      ^  +  3bfdy  =  du. 

Integrating  with  respect  to  y  we  find  as  the  integral, 

u  =  a  (a?^  +  iF)^  +  tan  "  ^  -  +  —  +  C 

y         2. 

(7)  Let    ^^— ^^_=dr,. 

The  integral  of  this  function  is 

y 

u  =  log  (y  —  a) h  C 

2/--^ 

(8)  Let    (siny  +  y  cos x)  d.v  +  {sin  cv  +  X  cosy)  dy  =  du; 

dP  dQ 

then     —  =  cos  y  +  cos  x  =  — —  . 
dy  dx 

The  integral  is 

u  =  X  sin  y  +  y  cos  ti?  +  C 

The  conditions  of  integrability  of  a  differential  function 
of  the  first  order  between  three  variables  such  as 

Pdx  +  Qdy  +  Rdz 
are  the  three  following, 

dP_dQ        dPdR         dQ  _  dR 
dy       dx         dss       dx         d%       dy 

The  integral  will  then  be  found  by  adding  together  the 
integral  of  P  with  respect  to  <»,  the  integral  with  respect  to 
y  of  the  terms  in  Q  which  do  not  contain  x,  and  the  integral 
with  respect  to  %  of  the  terms  in  R  which  contain  %  only. 
If  we  begin  to  integrate  with  respect  to  y  ov  %  instead  of  x, 
a  corresponding  change  must  be  made  in  the  process. 

ydx        xdy  xydz 

(9)  Let    du  =  ^ + -+  ,  .,,     • 

a  —  za  —  %{a  —  zy 
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dP         1  dQ 

then    — -  =  =  —- , 

dy       a  -  %      dx 

dP_       y  dR 

dz       (a  —  zy  dx 

dQ  _       w  dR 

d%       {a  —  %Y  dy 

ooy 
Also  jPdw  = ,  and  as  x  and  y  enter  into  both  the 

a  —  z 

other  terms,   we  have  simply 

u  = +  C. 

a  —  z 

,     ,      ^  ,         ccdx  +  ydy  +  zdz      zdw-adz 

(10)  Let     du  =       ^  „        / — —,--  + 1 7—  +  %dz. 

^     ^  {x^  +  y^  +  z')l  x'  +  z' 

This  satisfies  the  criteria  of  integrability,  and 

fPdx  =  (^'  +  v'  +  sf')^  +  tan-*  -  ; 

z 

fQdy  =  C, 
taking  only  the  terms  not  involving  x ; 

z^ 
[Rdz  =  — , 

taking  the  terms  involving  z  only.      Hence 

1  .xz'' 

u=  (x^  +  y^  +  z")^  +  tan-^  -  +  —  +  C. 
^  ^  z        2 

(11)  Let     du  =  (y  +  z)  dx  +  {x  +  z)  dy  +  (x  +  y)  dz. 
Then     u  =  xy  +  yz  +  xz  =  C. 

,    ,      ,  ,         adx  —  bdy      by  -  ax  , 

(12)  Let     du  = +  -^-- —  dz. 

z  z'^ 

^,                 ax  —  by 
Then    u  = +  C. 

Theoretically  all  differential  equations  between  two  varia- 
bles may  be  rendered   differential  functions   by  being   multi- 
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plied  by  an  integrating  factor,  but  the  investigation  of  the 
proper  factor  is  a  problem  of  as  high  an  order  of  difficulty 
as  the  solution  of  the  equations,  and  no  general  method  can 
be  given  for  finding  it.  In  some  cases,  however,  the  factor 
is  seen  without  difficulty  on  a  consideration  of  the  form  of 
the  equation,  and  in  these  cases  the  method  may  be  used  with 
advantage.     A  few  examples  of  such  equations  are  subjoined. 

,     ,      ^          adoB      hdy      cx^dco 
(13)      Let     +  _-£^  = ^_. 


w  y  f 

If  this  be  multiplied  by  ■x'^y^^  it  becomes 

ax"'~^  y^  dx  +  hy^~^  x'^dy  =  Cc'K'"  +  '"  dx  ; 

both   sides   of  which    are    differential  functions ;    and   the  in- 
teo-ral  is 


^(1  +  m  +  ] 

sc^  y^  =  — +   C. 

a  +  m  +  1 

(14)  Let     ax'^ y^ dy  =  2xdy  -  ydx. 

y 
The  integrating  factor  is  — ,   and   the  integral  is 

X 

~ =  -  +  C. 

n  ->r  2        X 

(15)  Let     a  (xdy  +  2y  dx)  =  xy  dy. 
Dividing  by  xy  we  have 


[dy      2dx\ 

\y         X  ) 

=  dy\ 

y 

x'y=  Ce''. 

whence 

(16)  Let     dx  +  (a  dx  +  2by  dy)  (1  +  x')k 

The  integrating  factor  is    (l  +  x'^)  ~  §,  and  the  integral  is 

a?  -1-  (1  +a;^)h  =  (7e-(«^+6/). 

(17)  Let      (2x  -  y)dy  +  {2a  -  y)dx  =  0. 

The  factor  is  (2a  -  y)~^ ;  multiplying  by  it  we  have 
(2x—y)dy  +  (2a-y)dx      (2a-y)  (dx  —  dy)  +2(o.  +  ,v-y)dy 
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Integrating  this  we  find 

a  +  tv  -  y  =  C  (2a  -  y)^. 

(18)  Let     y  dx  —  w  dy  =  xd,v  +  y  dy. 

The  factor  is   {w^  +  y")~^i  ^^^  ^^^  integral  is 

tan~^  -  =  log  {od^  -f-  y^)^  +  C. 

.     s      -^  ,  (dti      y  dcV\ 

(19)  Let     ydy-wdx-h\~-- — -     =  0, 

-       The  integrating  factor  is   (^/"^  -  <i?^)^,   and   the  integral  is 

6  b  cJ'        ^    00^         oc 

When  the  equation  is  between  three  variables  and  of  the  form 

Pdw  +  Qdy  +  Rd%  =  0, 

the  condition  that  it  should  be  made  a  diiferential  function 
by  means  of  a  multiplier,  is 

/rfQ_cLff\  idR  _dP\       j.(dP^_<iQ\ 


1  I    .    ^i  J    ■   "  1    ,  =0. 

\d!S       dy  j  \doG       d%  j  \dy       dxj 

The  method  of  integration  is  to  assume  one  of  the 
variables  as  constant,  and  then  to  integrate  the  remaining 
terms  as  an  equation  between  two  variables,  adding,  instead 
of  a  constant,  a  function  of  the  third  variable,  which  is  de- 
termined by  comparing  the  differential  of  the  integral  with 
the  given   equation. 

(20)     Let  9,doG  {y  +  z)  +  dy  {co -vSy ->r^%)  +  dz  {x  +  ?/)  =  0. 
Making  y  constant,   and  therefore  dy  =  0,  we  have 

2  dx         dz 

+  - =  0; 


X  +  y      y  +  ^ 
whence     2  log  {x  +  y)  +  log  [y  +  z)  =  (p  (y). 

T^m         •    •        2(dx  +  dy)       dy  +  dz        ,,.  .    , 
Dmerentiating +  — =  0  («)  ay, 

X  +  y  ^  +  ^ 

or,     2  dx  {y  ^  z)  +  dy  (x  +  3y  +  2z)  +  dz  {x  +  y)  =  <p'  (y)  dy  ; 
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comparing  this  with  the  given  equation  we  find, 
0'  (y)  =  0,  and  therefore  <p  (y)  =  C. 
Hence  the  integral  is 

(w  +  yf  (y  +  %)=.  C. 

(21)  Let  dx  (ay  —  h%)  +  dy  {c%  —  aw)  +d%(bai  —  cy)  =  0. 

.               ,     ay  —  hz 
The  integral  is  =  C. 

cz  ~  aoD 

(22)  Let 

iy^  +  y%  +  ^)doi}  +  {x^  +  aiz  +  %^)  dy  +  (a?^  +  wy  +  y^)  dss  =  0. 
The  integral  is     xy  +  xz  +  yas  =  a  {x  +  y  +  z). 

(23)  Let       dx  +  dy  +  dz  +  (x  +  y  +  z)  dz  =  0. 
The  integral  is        (x  +  y  +  z)  e"  =  C. 

(24)  Let     z  {xdx  -\-y  dy)  +  { {x^  +  y^)  z  -  l}  dz  =  0. 

(x^  4-  ll^\^ 

The  integral  is     e'-^^ ^-^  =  C. 

Sect.  2.     Functions  of  an  order  higher  than  the  Jirst. 

Let    v  =  d^u  be  a   differential  function  involving   Wy   y, 

and  their  differentials,  and  let  x^,  x^,  x^,  he.  y^,  y^,  y^,  &c. 

be  put  for  dx,   d^x,  d^x,   &c.  dy,  d^y^  d^y,  &c.     Then  the 

conditions  that  v  should  be  the  differential  of  a  function  d^'^u, 

are 

dv  dv         ^     dv        ^     dv 

d.-—+d\- <f  .  -—  +  &c.  =  0  ...  (1), 

dx  dxi  a<2?2  a<a?3 

,      dv       ^     dv        ^.    dv        ^,     dv       ^  ^  ^ 

and d.-—+  d\- d^  .  — -  +  &c.  =  0  ...  (2). 

dy  dyi  dy^  dy^ 

The  conditions  that  v  should  be  the  second  differential  of 
a  function   ^~'^  u^  are 

dv  ,    dv  ^,    dv       ^ 

2d  .-—  -\'Sd^.- &c.  =  0    (3), 

dxi  aa?2  a<2?3 

dv  ^    dv  ^  dv       ^ 

and 2d.— —  +  3d^- &c.  =  0     (4). 

dyi  dy^  dy^ 
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The  conditions  that  v  should  be  the  third  differential  of  a 
function  (T'^u  are, 

dv  ,     dv       ^  ,^     dv  „  dv 

3d.  -—  +  6dK-; 10#-—  +  &c.  =  0  ...  (5), 

aa?2  aa?3  dXi  dx^ 

dv  ^    dv       ^  ,„  dv  ,„  dv 

sd.-—  +  Qd^~~-\Qd^~~  +  &c.  =0  ...  (6). 

dy%  dy^  dy^  dy. 

In  a  similar  manner  are  found  the  conditions  that  v  should 
be  a  differential  of  any  order :  the  numerical  coefficients  fol- 
low the  law  of  those  of  the  Binomial  Theorem  in  the  case  of  a 
negative  index. 

These  remarkable  formulae  were  first  discovered  by  Euler 
{Comm.  Petrop.  Vol.  viii.)  in  his  investigations  concerning 
maxima  and  minima.  A  more  direct  demonstration  is  given 
by  Condorcet,  in  his  Calcul.  Integral. 

Ex.   (l)      Let    V  =  d^u  =  xd^y  —  yd^x. 

rni  ^"       j2  dv  dv 

Then    —-  =  d'y  =  y^,      -j- =  0,    —-=- y. 

dx  dxi  dx2 

Therefore  the  first  equation  of  condition  becomes 
2/2  -  d~y  =  0, 

and  is  therefore  satisfied.      In  the  same  way  the  second  con- 
dition is  also  satisfied,  and  we  find 

du  =  xdy  —  ydx  +  C. 

(2)  Let  V  ==  d^u 

=  x^d^y  +  (a  +  2)  xdy  dx  +  {ay  +  Sa?)  d.v^  +  («  xy  +  x'^)  d^x. 

Both  the  conditions  (l)  and  (2)  are  satisfied  in  this  case, 
and  we  find 

du  =  x~  dy  +  axy  dx  +  x'^  dx  +  C. 

(3)  Let 

V  =  d^u  =  {ax  —  2y)  dy  -  2dy^  +  2a  dy  dx  +  ay  d^x. 
In  this  case  the  conditions    (3)   and   (4)   are  both  satis- 
fied, so  that  V  is  the  second  differential  of  a  function,  which 
is  found  to  be 

w  =  axy  —  y^  +  C. 
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(4)      To  find  the  condition  that 

Rdx''  +  Sdxdy+  Tdy' 

should  admit  of  a  first  integral.      If  we  assume  S  =  S^  +S2 
this  may  be  put   under  the  form 

(R  dx  +  *S',  dy)  dw  +  {S2  dw  +  T dy)  dy  ; 

and  in  order  that  it  may  admit  of  a  first  integral,  we  must 
have 

—  {R  dw  +  S,  dy)  =  —  {S-,  dw  +Tdy), 
dy  dw 

dR    ,  dS,    ,  dS2  ^        dT  ^ 

or  —   dw  +  — —  dy  =  dw  +  - —  dy. 

dy  dy  dw  dw 

But  from  the  indeterminateness   of    dw^  and   dy    this  in- 
volves the  conditions 


dR      dS^ 

dT      dS, 

dy        dw ' 

dw         dy 

^^^,                  d?R       d'S, 

Whence          — -^  = , 

dy^       dw  dy 

-     d'T       d'S,  _ 
dw'^       dwdy^ 

and  therefore 

d'R      d'T       d'S,         d'S^         d:'S 

1                             1 

dy'^    '    dw^       dw 

dy      dwdy      dw dy 

which  is  the  required  condition. 

The  complication  of  the  formulae  when  the  order  of  the 
differentials  rises  above  the  second  renders  their  application 
almost  impracticable,  and  as  the  subject  is  not  one  of  any 
practical  importance,  it  is  unnecessary  to  adduce  other  ex- 
amples. 


CHAPTER  IV. 


INTEGRATION    OF    DIFFERENTIAL     EQUATIONS, 


Sect.  1.     Linear  Equations  with  constant  coefficients. 

These  form  the  largest  class  of  Differential  Equations 
which  are  integrable  by  one  method,  and  they  are  of  great 
importance,  as  many  of  the  equations  which  are  met  with 
in  the  application  of  the  Calculus  to  physics  are  either  in 
this  shape  or  may  be  reduced  to  it. 

be  the  general  form  of  a  linear  differential  equation  with 
constant  coefficients;  A^,  Ao.-.A^  being  constants,  and  X 
being  any  function  of  cc.  On  separating  the  symbols  of 
operation  from   those  of  quantity  this  becomes 

as  we  may  write  it  for  shortness.  Now  by  the  theorem 
given  in   Ex.  5.  of  Chap.    xv.   of   the  Differential  Calculus, 

the  complex  operation  /  I  —  j    is  equivalent   to 

\CIiXj  J 

d  \   /  d  \       (  d 

dx         J   \da;        "^j"-  y^^^, 

a,,  a2...a„  being  the  roots  of  the  equation /(^)  =  0 (3) 

Hence  performing  on  both  sides  of  (2)  the  inverse  pro- 
cess of 

/    T~)    "'"    [-, «i)   (t «2l---(^ ^n\  ■>    we  have 

''  \dxl  \dx         I   \dx        7       Kdx  j 
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The  result  of  this  transformation  is  different  according 
to  the  nature  of  the  roots  of  (3). 

1st.  Let  all  the  roots  be  unequal;  then  by  the  theo- 
rem given  in  Ex.  6.  Chap.  xv.  of  the  Differential  Calculus, 
the  equation  (4)  becomes 

+  N,(^^-a.y'x (5) 

where  iVj  = , 

(«i  -  as)  («!  -as)  ...  {ui  -  a„) 

and  similarly  for  the  other  coefficients. 

But  by  the  theorem  in  Ex.  11.  of  the  same  chapter, 

A  similar  transformation  being  made  of  the  other  terms, 
we  find 

y  =  N^e"^''  Jdjee-^^^X  +  N^e"^""  fdx€-''^''X  +  'hc. 

+  N^e'"'^^ /dxe-'^'^'-X (6). 

It  is  to  be  observed  that  each  of  the  signs  of  integration 
would  give  rise  to  an  arbitrary  constant ;  and  that  this  must 
be  added  in  each  of  the  terms  when  the  integrations  are 
effected.     The  value  of  y  would  then  appear  under  the  form 

y  =  Ni e"^^  (fdxe- '^^^X  +  C,)  +  N^  e'^^^  (fd.ve- "^'^ X  +  Cg)  +  &c. 

-^  N,,  e""'  {jdcce-^^X  +  C„) (7). 

Cj,   C^...Cn  being  the  arbitrary  constants. 

The  functions  Ce"'  which  arise  in  the  integration  are 
called  complementary  functions. 

2nd.  Let  r  of  the  roots  of  the  equation  (4)  be  equal 
to  a.      Then  by  the  Theory  of  the  decomposition  of  partial 
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fractions  we  know  that   the  factor   ( a\     will  give  rise 

\dx 

to  a  series  of  r  terms  in   (5)   of  the  form 


the  coeificient  Mp  being  equal  to 


1  Id 

1.2...  (i^^\\  \d% 


d  y^^'^  {z  —  ay 


4j  i.2...(^--i)  W;      f(z) 

d        \-P 


when  %  =  a. 


Now  {-r--a\     ^=  e"^  Pda??  (e'"^^) 
\dai        j 


or,  introducing  the  arbitrary  constants  which  arise  from  the 
integration, 

d 


( a]   ^ X=  €"'  fP dxP  (6-«-^X) 

\dx        J 


+  6«^  (C'o  +  C\.v  +  &c.  +  C'p_,xP-'). 

Therefore  the  complete  value  of  y  is 

y  =  6"^  {Mrf'  dx'  {e-^^X)  +  il/,._i  /'-  *  dx'-^  (e'^^X)  +  &c. 

+  Mjdx{e-''^X)\ 

+  A^jg"'^  Idx^E-^^^X)  +  N.^e''^''  fdx  (e~«2*X)  +  &c. 

+  iV„_,6°»-'*  fdx  {€-"'•■-'' X) 

+  6«^(C'o  +  C\x  +  C\x^  +  &c.  +  C',_i.t?'-') 

+  Ci6«i^  +  Cse"^^  +  &c.  +  C„_,e"-^.  (8) 

There  are  in   all  exactly  n  arbitrary  constants  as  there 
ought  to  be. 

3rd.     Let    there  be   a    pair    of   impossible    roots,    which 
must  be  of  the  form 

a+(-)^/3  and  a-(-)^/3; 

then   the   coefficients   of  the  corresponding  terms    in  (6)  are 
of  the  forms 

19 
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And  as  6i"  +  (-)*^^^' =  e"^'  {cos/3<r  +  (-)Umfia;}, 
and  6^"-(-)*^J^  =  e"^  [cos  fioe  -  {-)^sm(iw\. 
The  sum  of  the  two  corresponding  terms  in  (6)  is 
26"''  (J  cos /3a?  +  J5  sin  /3ct?)  /da?  (e~"^  cos^a?.  X) 
A^  +  B' 
+  26""^  (J sin /3a?  -  5cos/3a?)/da?(6-"*sin/3ci?.X) 
J^  +  B' 
This  may  be  put  under  a  simpler   form,   for  if 

~   cos  t^,  -^—z :frr-i  =  Sm  B, 


(9)- 


the   sum  of  the   terms    becomes 

The   sum  of  the  complementary  functions 

may  evidently  be  put   under   the  form 

e"^(Ccos/3a?  +  C  sin /3a?)  =  Ce^^cos  (/3a?  +  a).      (11) 

If  there  be  a  number  of  equal  pairs  of  impossible  roots 
in  the  equation  (3),  the  general  expression  for  the  value  of 
y  becomes  so  complicated  as  to  be  of  little  use,  and  it  is 
therefore  unnecessary   to  insert   it  here. 

The   preceding   process   may  frequently    be  simplified   in 

its  application  to  particular  cases,  by  means  of  the  following 

considerations.      The   inverse  operations  are    always   reduced 

(  d         \  "'■ 
to  the  sum  of  several  of  the  form    I  — — i-  a       X  where  r  may 

be   1    or  any  positive  integer.      Now  this  operation   will  have 
a   different   effect    according  as    it  is   expanded    in    ascending 

or  descending  powers   of  — ,  that   is,  according  as  it  is  con- 

-flfa? 

sidered  to  be 

-—  +  a  I      X  or    I  «  +  —  )      X, 
inasmuch  as  in   the  one   case   it    will  involve  integrals,   while 
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in  the  other  it  will  involve  differentials  onlj.  But  a  simple 
relation   connects   the   two,    for 

-— +  a)      X=la  +  --]      X -r  {—- +  a 
ax        I  \        dx)  \dx 

Now  the  latter  term    (  —  +  a]-''0  =  €~"^  f"" dx'' 0 

\dx        J  •' 

=  6-«^(Co+  CicV+Cs^?-  +  &c.  +  C,_id?'-%and  the  former  term 

I  a  +  —  I      JC,  being   expanded  in  ascending  powers  of  —  , 

\        dxj  d,v 

will  give  rise  to  a  series  of  differentials  which  are  always 
easily  found,  and  which,  when  JIT  is  a  rational  and  integral 
function    of   a?   of    w    dimensions,    always    breaks   off  at    the 

(n  +  ly^  term.     But  since  each  factor  of  the  form  ( \-  a 

\dx        J 

gives  rise  to  a  separate  complementary  function,  while  X 
is  operated  on  by  all  in  succession,  it  is  sufficient  to  ex- 
pand |/(;7-)f  in  descending  powers  of  JT,  without  split- 
ting it  into  its  binomial  factors,  and  then  to  add  the  com- 
plementary functions  corresponding  to  each  of  these  factors. 
If  the    function    X  be    of  the    forhi    e'"^    the    result   of  | 

the  operation  /  I  —  I  e'"*  takes  a  very  simple  shape.      For  if 

we  expand  /"(-;—     in  ascending  powers  of  -—  so  as  to  have 

\dxj  dx 

a  series  of  the   form 


dx  \dxj  \dx 

and  then  operate  on  e""'  with   each  term  separately,  we  find, 

/  d  \^ 
as    ( —  1    6*"*  =  m'  €"%    that   the   series   becomes 

\dx) 

\J  +  Bm  +  Cmj"  +  Dm"  +  he]  e"""  =f(m)  e'"". 

(7  _r  mx  j 
a  I  e"''^= —  .  ' 
dx        J            {in  —  ay 

If   the    function   X   be   of   the    form    cos  mx    or   sin  mx,    j 

19—2 
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and  if  the  operating  function   be  /  ( — ^1,  it  is  easy  to  see 

\CL  00  / 

by  the   same  method  that,    as    ( -—  j    cos  moo  =  -  m^  cos  mx, 

and    \-r-\   sin  moo  =  —  m^  sin  moe^ 
\dx 


d' 


I  d*  \ 
d /  I  -— ^  I  sin  ma?  =  / (-  *^^)  sin  mx. 

The  preceding    theory   may   be   stated   in   the   form  of  the 
following  proposition :    if  the  integral  of  an   equation 

be  given,  that  of   the   equation 

can  be  found  from  it  by  differentiation  only. 

Ex.  (1)     Let  -^  -  aw  =  «* ; 
doc 

therefore  ( a  |  «  =  ,r*, 

\doo        )  ^         ' 


*'\      a\dcvl     a^\dcvj      a^\dcv)      a'^\doc)  J 

the  differentials  after  the  fourth  being  neglected.     Effecting 
the  differentiations 

oc^       40?^       4-.  3. 01!^       4.3.2.CP       4.3.2.1 
y  =  Ce-  -  -  -  — ^ 5 i • 

(2)      Let       ^+a2/  =  6'""; 
ax 
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d 


(ft  \   — i  mx 

dx        J  a  +  m 

(S)     Let       ^-ay  =  e'""  cos  ra?, 
dx 

y=  (^  -  «)     (e^^cosrcT)  =  ^--Jdx  {^^''-''^' co^rx}  ; 

therefore       y  =  ,»»^  K^  -  ^)  cosr^  +  r  sinro.^ 

-  (m-af  +  r^  "^  ^^    ' 

(4)      Let         p.^s^^2y  =  -^^. 
dx^         dx  (1  +  xf 

Hence       (-—  +  2  )   (-—  +  l]  y  =  — - —  ; 
\dx        J   \dx        J  ^      (1  +  ofy ' 

therefore         «/ =  -  e'^' ^dx     ^   ""     +  e-'fdx—^f—. 

(1  +  a?)2  •'        (1  +  ^)2 

But     fdx-^^  =  fdxe^(~ 1 'l=_!l. 

(l+xf  \i+a!      (l+xfl       i+d?' 

and  integrating  by  parts,  we  find 


J^"^  r^ ^  =  ; -/^^ ;  1^ 

{l+xf      ijrx      ■'       1  +  a?  ^ 

therefore      y  =  e'^"  fdx +  C,  e"''  +  Co  e-^". 

1  +  X 

(5)     Let  J^_4^  +  4y  =  *2^ 

aa?^        dx 

This  is  equivalent  to 

d 


(d  \  -2 
2  I     a^ 
dx         ) 

^  ^_ 
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Hence,  performing  the  differentiations, 

,       //.XT       ^^y         dy 

\  [p)     Liet     -——-2m H  w^v  ==  sm  Wc-p. 


{  d  \ 

This  gives      ( ml  ?/  =  sin riiXi ; 

and  therefore     y  =  ( ml 


sin  n  CG 


=  e^'^pdx'  (e""^  sinnx)  +  e^'^CC  +  Cix). 
Let     m  =  (wi^  +  n^)^  cos  0,       t*  =  (m^  +  n^)^  sin  0  ;    then 

sin  (noe  +  2  9) 


pdx^  (e'""' sinno))  =  e" 


m^  +  w* 


sin  (fill!  +  20^ 

and  therefore      «  = — -  +  e'"*(C  +  Cix). 

mr  +  71'^ 

I  d?v 

(7)     Let     ^^  +  ^^2/  =  0. 

This  contains  two  impossible  factors 

therefore  by  the  formula  (11) 

y  =  C  cos  nx  +  C  sin  nets  =  Ci  cos  (»i<r  +  a). 

The  same  result  may  be  obtained  by  a  different  process, 
which  is  subjoined  as  it  points  out  very  distinctly  the  reason 
why  these  circular  functions  appear  in  the  integral. 

It  is  indifferent  in  which  order  we  perform  the  operations ; 
taking  then    I  j")        fij'stj  we  have,  as    1;^)       0  =  C  +  Cj.^, 

\vLOG  /  \U/ilOj 
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Expanding  the  operative   symbol, 

=  C\\ + --V  &c.  } 

[  1.2        1.2.3.4       1.2.3.4.5.6  J 

+  Ci  {x + —  +  &c.  > 

\         1.2.3       1.2.3.4.5        1.2.3.4.5.6.7  J 

C 

=  C  COS  wa?  4 sin  T^a?  =  C  cos  w<2?  +  Cf  sin  w.r, 

w 

as  the   constant  is  arbitrary. 

As  operating  factors  of  the   form      -—      +  n'^   very  fre- 

\CliV  J 

quently  occur  in  differential  equations,  it  is  convenient  to 
keep  in  mind  that  the  complementary  function  due  to  it  is 
of  the  form    C  cosnx  +  C'  sinnx. 

(8)     Let    — -^  +  nry  =  cos  ma?. 

Then     «/ =  <  ( — i    +  w^/      Qo%mx -\-  Cno%nx -v  C 'sva.nx 
^      \\dai]  J 

cos  mx  ,  . 

=  — r  +  C  cos  nx  +  C  sm  tIcJ?. 


w  —  m" 


(9)  Let     +  5 h  6«  =  sm  wa?. 

therefore 

sinwc??  ^        ,  1  .       ^         ^1 

w  =  — +  C  cos  (22  a?  +  a)  +  Ci  cos  (32  a?  +  18). 

nr  -  5mr  +  6  ■ 

d^y 

(10)  Let     _4  +  2/  =  cr".  I 

Then     y  =  li  +  f  —  j  >     a?"  +  C  cos  a?  +  Cj  sin  a? 

r/  =  cr''-w(w-l)a?"-2+^(w-l)(w-2)(w-3).i?"-*-&c. 

+  6^cos.i?+  Ci  sin  a?. 
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(11)  Let     j^-«'2/=*''- 

The  roots  of     is*  —  a*  =  o,     are 
«  =  +  «,     %  =  —  a,     %=  +  {-)^a,     ^=-(-)2a; 

therefore     y=-  —  +  Ce'''  +  C^  e""^  +  C^  cos  {aw  +  /3). 
a 

(12)  Let     -4  +  2a^— 4  +  «"*«  =  cos  a?. 
This  is  equivalent  to 

I©     +^^'  =  003.. 

From  which  we  find 
y  =  — —  +  (C  +  Ci<r)  cos  a«  +  (C'  +  Cix)  sin  ao?. 

1  (13)     Let 

d^y  d^y  (Fy        '    d^y        „dy 

-4-2v4  +  5-^- 10— ^-36-^  +  722/  =  e'"^ 
dx^         dx*  dx"^  dx^  dx 

When  the  differential  expression  is  divided  into  factors, 
this  may  be  put  under  the  form 

Whence  we  find 

,    V     -r        d^V      d^V      dy 

The  integral  of  this  is 

x^         2x  28  ^       , 

^  '  15  "^  cisy  ~  (15)"'  "^  ^'  ^  ^^"  ^"^  "^^'  ^""^  ^""^  ■*■  ^'^""'* 

(15)      Let    ^-a-2,  =  X. 
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The  roots  of  the  equation 

s?^"  -  a^"  =  0, 
are  included  in  the  formula 

a  [cos  (p  :iz  {-)i  sin  (J)\ , 

A  TT 

where  (p  =  —  ,    X   receiving   all   values   from    0  to   w ;    and 

the  roots  corresponding  to  X  =  0  and  \  =  n  being  +  a  and 
—  a. 

If  now  we  take  a  pair  of  the  impossible  roots,  which 
we  may  call  a  and  /3,  the  corresponding  terms  in  the  general 
value  of  y  are 

But  by  the  theory  of  the  decomposition  of  rational  frac- 
tions we  know  that 

js^j   ^         1        ^      g      ^  cos  0  +  (-)^  sin  0  ,^ 

Similarly  N.  =  '?'±zSrl^. 

Now 

I- a  I      ^=  e"'^*^"^'^  |cos(aa?sin0)  +  (-)5  sin  (ao!  sin  (p)^ 

X  jdw X e~"'^'^'^^^  {cos  {aoB  sin  (p)  —  (-)2  sin  (aa?  sin  0)}, 
and 

)8  1      X  =  6"^*=°^"^  {cos  {ax  sin  0)  -  (-)i  sin  (aw  sin  0)  J 

ax        / 

X  fdx  Xe'^^^^^'l'  {cos(a<2?  sin^)  +  (-)2sin  (a,3?sin0)}. 

Therefore  substituting  these  expressions,  the  two  terms 
in  the  value  of  y  become  after  reduction, 

__  e"*'^"^'^  cos(aci?  sin(p  +  (p)  jdw  {Xe-"*'=°''^cos(aa?  sin^)  \ 


na 


+  — ^;^^e°''"'°^'i>sin{axsin<p+cp)!dx\Xe-'''"'°'"i'sin{ax%in(p)\ 


na' 
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Also  the  two  roots  +  a  and  -  a  give  rise  tA  the  terms 


Hence  we  put  the  expression  for  y  under  the  form 

+  —2^1  2  [e«^'^°s'^  cos  {ax  sin  0  +  0)  x 

/d^  JXe-«^cos</,  cos  (aa?  sin  0)}] 


+  — oF-r  2  [e"'^ ^^"^ '^  sin  (ctc??  sin  0  +  0)  x 

/<Za?  JXe-'''^'=o^"^sin(aa7sin0)}]. 

The  symbol  2  implies  the  sura  of  terms  derived  from 
assigning  to  0  in  the  preceding  expression  all   values  from 

-    to    (72  -  1)  _  . 

n  n 

The  complementary  functions  are,  for  the  sake  of  shortness, 
supposed  to  be  included  in  the  signs  of  integration ;  but  if  we 
wish  to  see  their  form,  we  have  only  to  make  X  =  0  in  the  pre- 
ceding expression  when  it  becomes 

acos-irl^  /  .     TT        ttN      -^      .      /  .     TT        t\  1 

+  e       '^    \Cz  cos    aa?  sm  — i +  C4  sm    a  a?  sin  — 1-  —    > 

\  \  n      n)  \  n      nj] 

,     acos^^f^         /  •     27r      2,r\  /  .     Stt      SttNI 

+  e        n  ^l  C5COS   a.3?  sm h —    +  C^  sm   aci?  sin y  —    > 

\  \  n       n  I  \  n       n  ) ) 

+  &c.  +  &c. 

This  is  evidently  the  solution  of  the  equation 


d-y 


,2» 


-  -  a"'v  =  0. 
Euler,  Calc.  Integ.  Vol.  11.  Sect.  2,  Cap.  iv. 
(16)      Let    -—  -  aPy  =  cos  mx. 


+  6 
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.                      COS  mx    ■,  ^    „„ 

then     y=- +  Ce'''''  +  C^e*^* 

«^|c3Cos  («*•  ^  +  I)  +  C.sin  (^aa;  ~  +  |]| 

C5C0S  lax  —  +  —  j  +  Ctsin  lax  — h  —    > . 

(17)  Let  al'y  +  710!"-^  -^  +  — ^^ ~  a""'  -^  +  Sec.  =  X; 

^  da;'  1.2  dcP^ 

/z  being  a  positive  integer. 

Here  the  operating  function  is  I  «  h 1  ,  which  is  com- 
posed of  n  equal  factors ;  consequently 

=  6-'^V"^^''e''"X  +  6-""(Co+ Clc^?  +  C2c'»^  +  &c.  +  C„_la?"-'). 

The  term  e''^"  f"  dx"  e"'"  JC  may  either  be  integrated  by 
successive  steps,  or  by  the  general  formula  for  integration  by 
parts ;  or  what  will  generally  be  more  convenient,  the  function 

I  a  +  — -  ]       may  be  expanded  in  ascending  powers  of  — -  . 

If  n  were  negative  or  fractional,  the  first  term  would  retain 
the  same  form,  but  the  form  of  the  complementary  function 
would  be  different  from  the  difference  between  the  roots  of 

(x  +  ay  =  0, 

when  n  is  integer  and  when  it  is  fractional  or  negative.  I 
cannot  however  here  enter  into  a  discussion  of  the  difficulties  of 
this  subject,  which  is  closely  connected  with  that  of  General 
Differentiation.     Euler,  Calc.   Integ.  lb. 

(18)  Let  -r^^-. ^  +  &c. +  -^+«=X 

-  dx"       dx""-'  dx      -^ 
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This  may  be  put  under  the  form 


—  y  =  X. 


d 

dee 


d  N***^ 

-  1 


Kdw) 


Now    the  factors  of  — ^^-^—  are  the  same  as  those 

d 

doB 

(  d  \"+^                              d 
of  ( — I        -  1,  omittinff 1  ;  therefore  if  w  +  1  be  odd, 

\dx)  dx 

the  integral  of  the  preceding  equation  consists  of  a  number  of 
terms  of  the  form 


4 


sini0e^^°'^cos^(30  +  2a?sin  0)/d^6-*'*^°'^^sin(a7  sin^) 


4 
sinl0e^*='''^sinl(30+2*sin0)/da?e-^^°=®Xcos(<j7sin0); 


w+1 

A 

Stt  47r  67r 

where  Q  receives  all  values  ,  ,  ,  &c.  which 

w+1     n-\-\     n-vV 

are  less  than  tt. 

If  w  +  1  be  even  we  must  add  the  term 

^-"^  ^dxe''  X. 


Euler,  Calc.  Integ.  lb. 
d'y 


(19)     Let     y -4  + ^_&c.  =  X, 

f        ^"^  ^       1.2d<»^       1.2.3.4,  d 


d 
or     cos 


(£)— 


The  roots  of  the  equation 

cos  %  =  0, 

7r  Stt  57r 

are  i  - ,     ±  —        ±  —     &c., 

2  2  2   ' 
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and  the  factors  of  cos  (  — j   are  therefore 
\da)) 


(-^a(-^.4)(--^H>.^4.i... 


Stt  dwj   \        Sir  dx 


Hence  decomposing  -jcos  (;r^)  [     into  partial  fractions, 
find 

^       V2       dw)  \2       dx)  \  2        dx) 


—  +  —         -^  +  &c. 
2         dx 


and  therefore 

y=  -  e^""  fdx  e'^"" X  +  e"^""  fdx  e^""  X 


3 


+  €^    fdxe     '^    X-  e~  ^'fdxe^'  X 

5ir  Sir  Stt  Sir 

-62  'fdxe~  -^  'X  +  e^^'/dxe^'X 
+  &c.  -  &c. 

IT  3ir  Stt 

irx  Sir  Stt 

+  C/e"  2    +  C,'€~^"  +  C,'e~^"+kc. 

Euler,  Calc.  Integ.   lb. 
(20)     liet  the  equation  be 

n{n  -  I)  d'^y      n  (n  -  1)  {n  —  2)  (n  -  3)  d^y 

y  + — ^  +  — — —  — -r  +  &c.  =  X. 

^  1.2        dx^  1.2.3.4  dw^ 

The  factors  of  the  operating  function    in    this   case    are 
the  sam^  as  those  of  the  algebraical  function 

The  quadratic  factors   of   this    expression   are   given   by 
the  formula 

(1  +  ^)--  2  (1  -  %^)  cos  20  +  (1  -  %f, 

,  .      (2r+l)7r 

where      w  = . 

2n 


302  DIFFERENTIAL    EQUATIONS. 

From  this  we  easily  find  the  simple  factors  of  the  ope- 
rating function  to  be 

-—  ±  (-)5  tan0; 

ax 

Therefore  decomposing  it  into  partial  fractions,  as  in  the 
previous  Examples,  we  find  that  y  consists  of  a  number  of 
terms  of  the  form 

2  (cos  0)"~ '  (    sin  {oG  tan  9)  fd.v  X  cos  {po  tan  0) 


n 


isin  {cc  tan  &)  Jd.v  X  cos  {po  tan  y)  1 
-  cos  {po  tan  0)  jdoo  X  sin  {x  tan  0)  j  ' 


Q  receiving  the   values    — ,    — ,    —  ,   &c.,    so    long  as    they 

^  '2n     2n     2n  o  . 

IT 

are  less  than  — .      Euler,   Calc.  Integ.   lb. 

It  sometimes  happens  that  the  inverse  processes,  such  as 

{  d  \-'  , 

I a   \      X^  fail,   from    the  coefficients  becoming  infinite, 

\dx  } 

in  the  same  way  as  the  formula  for  integrating  x"  fails  when 
n  =  —  \.      Thus  for  instance, 

a]      6     =  =  00  when  m  =  a. 

dx  I  m  —  a 

The  method   to   be   adopted   in    such   cases   is    the    same 

in  principle  as  that  used  for  determining  the  value  of  /  — . 

It  is  this :   since  the  function  becomes  infinite  in  these  cases, 

we  so  assume  the   arbitrary    constant   in    the   complementary 

function   as    to    make   the    formula   assume  the  indeterminate 

0 
form   -,    the  true  value   of  which  may  be  easily  determined 

by  the  ordinary  rules.  The  assumption  made  with  respect 
to  the  arbitrary  constant  is  that  it  shall  be  negative  and 
infinite,  so  that  the  difference  of  the  two  infinite  quantities 
may  be  finite. 

(21)     Let  the  equation   be 

ay=e    . 

dx 
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The  solution  of  this  by  the  usual  formula  would  be 


mx 

ay  =  €    , 


ax 

y  = +  Ce    . 

a  —  a 

To    determine   the   real    value   of    this,    let    us    take    the 
equation 

dy^ 

da? 
the  integral  of  which  is 

y  =  Jl —    +  Ce'"'. 
m  —  a 

Now   C  being  an  arbitrary  constant,   we   may   assume  it 
to  be  equal  to 

1 


m  —  a 

mx  ax 

SO  that  y  = +  C,  e"*. 

m  —  a 

When  m  =  a,  the  first  term  of  this  becomes  - ;  and  its 

true  value  is  easily  seen,  by  differentiating  numerator  and 
denominator  with  respect  to  vw,  to  be  ose"^  when  m  =  a. 
Therefore 

„     ax    ,     /^      ax 

y  =  We     +  C\  e 
is  the  solution  of  the  equation 

dy 

ay  =  e"-". 

dec        ^ 


(22)      Let  the  equation   be 
d 


-—-ay  =  e-. 
dw        J 

The  solution  of  this  by  the  usual  method   would  be 

y  =  r^^r  +  e""(Co  +  C,x  +  &c.  +  c,._X"')» 

which  is  a  nugatory  result.  Proceeding  by  the  same  method 
as  in  the  last  example,  we  find  the  function  whose  true  value 
is  to  be  determined  to  be 
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when  m  ^  a. 


{m  —  ay 
By  Ex.  15.  of  Chap.  vi.  of  the  Dif.  Calc.  we  find  the 


true  value  of  this  to  be 


1.2.3  ...  (r  -  l)r' 
therefore 


w'e' 


is  the  solution  of  the  given  equation. 
(23)      Let  the  equation  be 

d-y        2 

— -  +  n^y  =  cosnx. 

dor 

The  solution  of  this  by  the  usual  rule  would  be 


cos  wa? 


y  =  — +  CcoBniK  +  Ci  sin 


n^  —  V? 


nx. 


If  we  assume  C  =  C' ^ we  have  to  find  the  true 


value  of  the  function 

cos  ma?  —  cos>4<:p 


,     when  m  =  n. 


This  is  easily  seen  to  be 

x  sin  no! 


2n 

so  that  the  solution  of  the  given  equation  is 

xsinnx         , 

y  = 1-  C  cosnx  +  C,  sin  nx. 

^  2n 

This  example  is  one  of  great  importance,  for  in  the  ap- 
plication of  analysis  to  physics,  equations  of  this  form  fre- 
quently occur;  and  as  the  value  of  y  is  not  simply  periodic, 
but  admits  of  indefinite  increase,  it  indicates  a  change  in  the 
physical  circumstances  of  the  problem.  Cases  of  this  kind 
occur  in  the  theory  of  the  disturbed  motions  of  pendulums 
and  of  the  Lunar  perturbations. 
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(24)      If  the  equation  be 

—     +  n'^i  V  =  cosn.t?, 
Kdce)  J   ^ 

we  shall  find  by  means  of  Ex.  21,  of  Chap.  vi.  of  the  DifF. 
Calc.   that  the  integral  is 


(— )'' of' cos  {na;  +  r—\ 
(2w)''1.2.3  ...  r 


2/  = 


Sect.  2.  Equations  in  tvhich  the  coefficients  are  func- 
tions of  the  independent  variable. 

Equations  of  this  class  cannot  be  generally  integrated  by 
one  method,  but  a  considerable  number  may  be  reduced  to  the 
class  discussed  in  the  preceding  section. 

I.  In  the  first  place,  all  equations  of  the  first  order  may 
be  reduced  to  equations  with  constant  coefficients  by  a  change 
of  the  independent  variable,  or  by  some  equivalent  process. 
The  general  form  of  a  linear  equation  of  the  first  order  is 

dx 
P  and  Jl   being  functions  of  a?.       Assume 

dt  =  Pdx,    so  that    t  =  fP dx  ; 
then   the  equation  becomes 

dy  X 

dt      ^       P 
the  integral  of  which  is  by  the  preceding  section, 

y  =  e-'{dtye'+  Ce'S 

or  putting  for  t  its  value 

y  =  e-fP'^'fdxXefP'^'  +  Ce-^^^'; 
which  is  the  complete  solution  of  the  equation, 
(l)      Let  the  equation  be 

(1  —  w^) [.  ,xy  =  ax  ; 

dx 

20 


806  DIFFERENTIAL    EQUATIONS. 

w  d  D 
Here  Pdx  = —  and  jPda  =  -  log  (l  -  w'^y^. 

Therefore  y  =  a  +  C  {l  —  ary^. 

(2)  Let  (l  +  w")l  ~  +  ny  =  a  (I  +  cv")K 

dx 

Here  Pdx  = .  ,    (Pdx  =  nlog;  Ix  +  (1  +  x^)H, 

(1  +  x'y       •'  ""   ^  V     -r       y    p 

and  the  solution  is 

2(n  +  1)  ^  ^  ^       2(n  -  1)  ^^  ^  •> 

+  C  \(1  +x')i-x]\ 

(3)  Let  -^  +        ^ 


rfc^       1  —  x^       (l  —  a?)^ 
The  integral  of  this  is 

1      fi  +  a!V      ^  /I  -''» 


a  +  4*  \1  —  xj  \1  +  '3? 

(4)     Let  (l  —  x^)i  — nv  ■=  X  (\  —  x-^. 

The  integral  of  this  is 

\nx  (l  -  x^y  +  1  -  9,x'\        „     ■  _i 
n^  +  4 

\  II.     Equations  of  all  orders  of  the  form 

(a  +  &cr)"  ^  +  Jj  (a  +  6.^)»-i  — ^  +  &c.  +  A,y=:  X, 

where  A^,  Jo, A„  are  constants,  can  always  be  integrated 

by  a  change  of  the  independent  variable. 
In  the  first  place,  if  we  assume 

a  +  bx  =  h%,  '  ■ 

the  equation  evidently  takes  the  form 

6";.»  ^  +  J,6-^  ^»->  ^  +  &c.  +  i„2/  =  Z  ; 
d%  dz    ^ 
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where  Z  is  what  X  becomes,  when  we  substitute  m  it  %  —  - 

for  w.      As  ?/,  6""',   &c,  are  constants,  this  equation  may,  by 
dividing  by  6",  be  put  under  the  form 

^"  -4  +  A   z--'  -—4  +  &c.  +  A:y  =  Z', 
dz"'  dz     '■ 

where    J/  =  ~  ,     A^  =  — %   &c.   and   Z'  =  -  . 
b  b'  If 

dz 
In   this    equation    make     —  =  dt,   or   ^  =  e*.      Then  by 

Ex.  6.  of  Chap.  iii.  of  the  DifF.  Calc.  we  have 


a;'-  ^^  =  —  ( ■  1  1  ( 2  I  ...  ( —  -  r  +  1  )  , 

\dt        J  \dt        j        \dt  ) 


d'y      d   f  d 
dz^      dt 


so  that  the  substitution  of  t  for  %  will  give  rise  to  an  equa- 
tion of  the  form 


+  5i 7  +  Bo f  +  &c.  +B„y  =  T. 


-r^  +  Bi 7  +  Bo-—  ^ 

df"  dt"-^         "  dt" 

where  T  is  what  Z'  becomes  when  we  substitute  in  it  e  for 
%.  The  coefficients  ^i,  B.^^  &c.  are  constant,  so  that  this 
equation  is  integrable  by  the  method  given  in  the  last  sec- 
tion. This  transformation  was  first  given  by  Legendre, 
Memoires  de  VAcademie,   1787,  p.  S36. 

o  d'V         dy 
(5)     Let  ,/-4+ cT—  -?/  =  cT''^ 

dx  dx 

Making  w  =  e*,   the  transformed  equation  is 
d^y 


the  integral  of  which  is 


mt 

m  —  I 

or  y  =  —o h  CcV  +  — . 

m"  —  1  x 


20 — 2 
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(6)     Let  a?^_^^  +  3,^-1  +  2/ = 


d<.2?'  dA^     "      (1  -  xf 

Changing  the  independent  variable  from  x  to  t,  and  making 
oc  =  e*,  this  becomes 

(d  V  1 

the  integral  of  which  is 

(a?    \  i-      1 
)'' +  -  (C  + Cilog*). 

(7)     Let 

Let    =  dt^  and  therefore   1  +  a?  =  e*.       The   trans- 

1  +  ^ 

formed  equation  is 

dhj        d'^y         dy  i       -I 

the  integral  of  which  is 

8  1  8 

2/  =  — — -, (1  +  icVj  +  C{l+  xy 

^       85    (1  +  a?)2       51  ^  ^  ^  ^ 

+  Ci  cos  log  (1  +  cvY  +  C2  sin  log  (l  +  x)^. 

'  (8)     Let      ^^,-3.^^H-7.^-8,  =  X 

dx"  dx  dx 

When  the  independent  variable  is  changed,  the  operating 

function  is  found  to  contain   three  equal  factors,  hence  the 

integral  is 

2   rdx    rdx    rdx  X       ^  ,„        _  ,  ^  ,,        ^„, 

y  =  x^      —      — +0!^  [Co+Cilogw+C^  (log^)n. 

J     X    J     X    J     X      X  °     '   y 

In  other  cases   the   reduction  may  be  made  by  artifices 
suggested  by  the  form  of  the  equation. 

(9)      Let  ^  +  _  ^  _  o2       o_ 

dx'^      X  dx 
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dx^  doc^      ~  dx 


Now  :  f  ^  =  A'  T-^,  +  2 


Therefore  -^  +  -  -^  =  -      ;  ;^ . 

dx^     w  dx      X    dx^ 

The    given    equation    may    therefore    be    put    under    the 

form 

d~  {xy) 
-^^-a»(,.y)=0; 

which  is  a  linear  equation    with   constant  coefficients.      The 
integral  of  this  is  evidently 

and  therefore  y  =^~  {Ce"'  +  C^e''"') 

X 

is  the  integral  of  the  given   equation. 

/XT  d'y      2  dy       (  o      -\ 

This  may  be  put  under  the  form 
d    I  d 


Integrating  with  respect  to  <r,   that  is,  operating  on  both 

sides  of  the  equation  with  (— —  |     ,   we  have 

\dx) 

\dx      x]  \dx) 

C  being  an  arbitrary  constant. 
Multiplying  by  x^ 

Now     {-~^^)y-[~^\[~yy\ 

If  therefore  we  put  %  =  x  (  —  \     y,  the  equation  b 

-—r  +  n~z=Cx; 
dx^ 


■^ 


ecomes 


/JiC^  ^  l-g  frz  [r»ft/l  / 


•C^7 
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the  integral  of  which  is 

!S  =  —-07  +  A  COS  (ucV  +  a), 
A  and  a  being  arbitrary  constants.     Therefore  as 
y  =  —  \~  ]i   we  find 

y  = r  COS  In  00  +  a) sin  {naj  +  a). 

cV^  OS 

The  integrals  of  other  equations  with  variable  coefficients 
will  be  found  in  the  following  chapter  on  Integration  by 
Series. 

After  all  however,  when  these  equations  are  of  the  second 
or  higher  orders,  the  number  of  cases  in  which  they  are  in- 
tegrable  is  very  limited,  and  there  seems  to  be  no  great 
prospect  of  the  number  being  much  increased.  A  little 
consideration  will  point  out  the  reason  of  this.  When  we 
speak  of  an  equation  being  integrable,  we  mean  that  the 
dependent  variable  can  be  expressed  in  terms  of  the  de- 
pendent variable  by  means  of  a  finite  series  of  functions  of 
that  quantity,  the  forms  of  such  functions  being  limited  to 
those  known  as  algebraical  and  transcendental.  Now  it  has 
been  seen  that  the  simplest  forms  of  differential  equations 
involve  the  highest  transcendants  which  we  recognize  as 
known  functions,  such  as  e"'^  or  cos  noc,  and  it  is  to  be  ex- 
pected that  when  the  equations  become  more  complicated 
their  integrals  must  involve  higher  transcendants  to  which 
we  have  not  affixed  particular  names,  and  which  we  do  not 
look  on  as  known  forms.  This  indeed  is  found  to  be  the 
case,  as  for  example  in  the  equation 
d''^y      dy 

which  in  its  integral  involves  the  transcendant 


yh  (,v)  =  1  -  -  + -  — + 

1         1.2         1    .  2   .  3 


1'^  .  2'' 


&C. 


It    would   appear  then   that  before  we  are  able  to  make 
any  farther  progress  in  the  solution  of  differential  equations 
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we  must  create  new  transcendants  in  the  same  way  as  the 
ordinary  transcendants  e%  cos^^^,  logx,  &c.  have  been  created, 
we  must  study  their  properties,  and  endeavour  to  express 
the  integrals  of  differential  equations  by  means  of  them. 
The  first  part  of  this  task  has  for  some  time  past  occupied 
the  attention  of  mathematicians,  and  great  progress  has  been 
made  in  it  though  much  still  remains  to  be  done.  The 
second  part  has  also  been  the  object  of  study,  though  not 
to  the  same  extent  as  the  other,  and  several  mathematicians 
have  applied  themselves  with  success  to  the  expression  of 
the  integrals  of  differential  equations  by  means  of  definite 
integrals  which  are  the  representatives  of  new  transcendants. 
Thus  for  instance  in  the  case  cited  above,  the  transcendant 

„    „    ,  --hc.  =  -  rd9cos(2sin6a!2). 

Examples  of  such  integrals  will  be  found  in  Crelle"'s  Journal, 
Vol.  X,  p.  92  ;    Vol.  XII.  p.  144 ;    Vol.  xvii.  p.  SGS. 

As  it  appears  then  that  the  number  of  linear  differential 
equations,  which  are  integrable  by  means  by  the  ordinary 
transcendants,  is  not  very  great,  it  becomes  a  matter  of  some 
importance  to  enquire  under  what  circumstances  they  are  so 
integrable,  and  to  classify  them  accordingly.  This  enquiry 
has  been  undertaken  by  M.  Liouville,  whose  researches  on 
the  subject  will  be  found  in  the  Jour,  de  PEcole  Polyt. 
XXII®.  Cahier,  p.  ]49,  and  in  the  Memoires  des  Sav,  Etran. 
Vol.  V.  p.  108. 

There  are  however  some  general  properties  of  these  equa- 
tions which  may  be  studied  without  a  knowledge  of  their 
complete  solution,  and  which  are  of  importance  in  the  absence 
of  more  direct  ways  of  attacking  them.  Such  is  the  theorem 
of  Lagrange,  that  if  we  have  a  linear  equation  of  the 
form 

and  if  we  know  r  values  of  y  which  satisfy  it,  when  the 
second   side  vanishes,  the  equation  can  always  be  reduced  to 
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the  integration  of  a  linear  equation  of  the  order  n  —  r.  The 
following  demonstration  is   due  to  Libri.* 

Let  2/1  be  the  value  of  y  which  satisfies  the  given  equation, 
when  the  second  side  becomes  zero. 

Assume  y  =  yi  fssdo!,  %  being  a  new  variable.  Then, 
observing  that  by  the  theorem  of  Leibnitz, 

dP  (uv)  =  vdPu  +  pdvdP-'u  +  ^^^  "^^  dHdP'^u  +  &c. 
the  given  equation  takes  the  form 

Now  since  2/1   satisfies  the  equation 

S  +  ^" ^  +  ^''- "^"^  =  "'■•■•••  (^> 

the  term  involving  fzdo!  disappears,  and  on  dividing  by  yi 
we  have  an  equation  of  the  form 

and   the  equation  is  thus  reduced   to   one  of  an  order  lower 
by  unity.      Again,  if  2/2  be  another  value  of  y  which  satisfies 

1    .  '^  (y\  ^  d   {y2\ 

equation   (2),  and  since  %=-—[  —  ],    we  have   z.=——\  —  \ 

doB  \yj  dw  \yj 

as  a  particular  integral  of 

d"~^z  d^~'z 

If  therefore  we  assume  z  =  %,  fz'  dx  =  ——  [  —  ]  fz'dx.  we 

•'  dco  \yj  '' 

shall  be  able  as  before  to  reduce  the  equation  (3)  to 

dx  \yi; 
,  *  Crelle's  Journal,  Vol.  x.  p.  186. 
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which  is  of  an  order  inferior  to  (l)  by  two  unities.  Proceed- 
ing in  this  manner  we  can  reduce  the  equation  to  one  of  the 
order  n  —  r. 

In  the  same  memoir  M.  Libri  has  shewn  that  linear 
differential  equations  possess  various  properties  analogous  to 
those  of  ordinary  equations.  Thus,  for  instance,  we  can 
always  cause  to  disappear  the  (7*  —  1)*'^  term  of  such  an  equa- 
tion, by  the  aid  of  the  solution  of  an  equation  of  the  r* 
order.      Let  the  equation  be 

and  let   us  assume  y=%u;   it  then  becomes 

n(n-\) (n-r  +  l)\d'ic      r       d''~^u 


jd'ic 


+  -^i 


1.2 r  \d,x^      n       dcc^~^ 

cc.  >- — 


r(r-l)  „  d'-'u      „     1  d'^-^^z 
n(n-l)     ^  dx'-"  '   '  "-* 

The  (?•  +  l)***  term  of  this  transformed  equation  will  dis- 
appear if 

d^u      r       d^'^u      r{r  —  l)  d^~^u 
dx^      n       dx^~^      n{n  —  l)  dx^~^  '        ' 

which  is  a  linear  equation  of  the  Z*^  order.      Since 

du      ^ 
dx 

can  always  be  solved,  it  appears  that  we  can  always  make  the 
second  term  of  a  linear  equation  disappear. 

Some  equations  which  are  not  linear  may  be  reduced   to 
that  form  by  a  change  of  the  variable. 

Let     dy  +  Pydx  =  Xy^  +  ^dx; 

assume  «"  =  —  ,  when  the  equation  becomes 

u 

du  —  nPudx  =  —  nXdxy 
which  is  linear  with  respect   to  u. 

See  Jac.  Bernoulli,  Opera,  pp.  663  and  731. 
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(11)  Let     dy  +  ydai  =  wif  div. 
The  equation  in  u  is 

die  —  2u  dcV  =  —  2x  dx\ 

from  which  u  -  —=x  +  ^  +  Ce^''. 

y" 

soy  doe  i 

(12)  Let     dy  + ^  =  coy^  dw. 

'■  1  —  w 

The  integral  is 

(13)  Let      ay  dy -hy"  dx  =  cocdoG. 
Assuming     y^  =  u     this  becomes 

adu  —  2bud,v  =  2coedoe, 
Avhich  is  linear  in  u.      The  integral  is 

u  =  y   =  -  -  00 -T  +  6  6  "  . 

(14)  Let     oiiy^dy  +  y^doo  = . 

By  assuming     y^  =  u,     we  find 

3a^       C 


u  =  y'  =  +  — 


,2  ^ 


ay 

(15)  Let     2/^2/ T  "''*^  ~  ~3 

The  integral  found  by  assuming  y~  =  u  is 

y^=e      ^ 1 5". 

•^  act?      2a^ 

(16)  Let  dx  -  oeydy  =  oo^y^dy. 

1       ,  •     ■■ 
Puttuig     ci?  =  -  ,  this  becomes 

dv 

+  yv  =  -  y% 
dy 
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which  is  linear  with  respect  to  v.     The  integral  is 
1 


X 


2  -y^  +  Ce~"'2  . 


Sect.  3.      Equations  integrahle  by  separating  the 
variables. 

T.  Homogeneous  equations  of  the  first  order  and  degree 
can  always  be  integrated  by  means  of  the  separation  of  the 
variables.     If  the  two  variables  be  w  and  y,  assume 


y 

X 

-  =  », 

or  -  = 

-  %, 

CO 

y 

and  by  means  of  one  of  these  equations  and  its  differential 
eliminate  one  of  the  variables  and  its  differential  from  the 
given  equation.  The  resulting  equation  involving  %  and  the 
other  variable  always  admits  of  the  variables  being  separated. 

This  method  of  integrating  homogeneous  differential  equa- 
tions of  the  first  order  was  first  given  by  John  Bernoulli.  See 
the  Comm.  Epis.  of  Leibnitz  and  Bernoulli,  Vol.  i.  p.  7. 

Ex.  (l)      Let  the  equation  be 

xdcV  +  ydy  =  mydoo. 

y 

Assuming     ~  =  z,  the  transformed  equation  is 

dx  zd% 

—  + z  =  0, 

X        1  —  ^nz  +  z~ 

dx       1    2z  —  7ndz         1  mdz 

or     —  +  - -f =  0 ; 

X        2  1  —  mz  -r  ^        2  1  —  mz  +  z 

the  integral  of  which  is 

1  1      /                    ,.       m    '^         dz 
locr  X  ->, —  loo;  (1  —  mz  +  zn  -] / =  C. 

*         2     *  ^  ^       2  J  1  -  mz  +  z' 

If  m  >  2,  the  denominator  of  the  part  under  the  sign  of 
integration  is  of  the  form   (z  -  a)  iz j  ,   and  therefore 


/ 


mdz  a~  +  1  (z  —  a^ 

loff 


\  -  mz  -Y  z"      a-  -  1      °  I  ] 

\         a^ 
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1                                               1    a^  +  1           /%  -  a\ 
and  loa; x  +  -\o2  (l  -  nns  +  ss^)  + ; log / \  =  C 


Substituting;  for  %  its  value  - ,  we  have 

0? 

,  a^  +  I  fay  —  a^cV\ 

loff  (x^  -  mxy  +  r)2  +   —7-0 r  log     =  C. 

^  ^  ^      ^  ^        2  (a^  -  1)     ^  \  ay  -w  ) 

Let  ?w  <  2,  so  that  we  may  assume  w  =  2  cos  a.     Then 

/d%                      1             ,  /     ^  sin  a     \ 
;  = tan-i    ; 
l-2cosa.«+«        sma             Vl-«cosa/ 

and  therefore  the  integral  of  the  equation  is 

oM  1  /    2/  sin  a    \        ^ 

loff  (x^  -  mwy  +  y)'^  +  cot  a  tan   M =  C. 

^  ^  "      "  \x  —yco?,  a) 

Let  W2  =  2,    or  1  —  m%  +  z^  —  (l  -  z)-.      Then    the  inte- 
gral of  the  equation  becomes 

logG^-2/)  =  C-  ^, 

or     X  -  y  =  Ce   •^~J' . 

(2)  Let  *'c?2/  -  y^^  =  C-^"  +  y'^)^dx. 
Making     y  =  12?^,  this  becomes 

dx  d% 

whence     x  =  C  \%  +  {l  +  ^^)^|j 
from  which     or  =  2  Cy  +  C*. 

(3)  Let     {x^y  +  y^)dx  =  Sxy'^dy. 

Assuming     y  =  xz,  we  find 

dcV        Szdz 
X         1  —  2^" 

an  equation  which  is  easily  integrable,  since  the  second  side  is 
a  rational  fraction.  The  final  integral  may  be  put  under  the 
form  {x^  -  2y~f  =  Cx\ 
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(4)     Let  y^doo  +  {xy  +  sc^)  dy  =  0. 

Assume  w  =  yz^  when  the  transformed  equation  becomes 

dy  dz 

—  + 


T    S  J 

y       2%  +  z^ 

icy  ni    J.     rjfjK   \ 

and  the  final  integral  is     y  =  C  [ J    . 

(5)  Let       cedx  +  ydy  =  m  {wdy  —  ydw). 
Assuming  y  =  w%,  we  find  the  integral  to  be 

log  {or  +  2/^)i  =  m  tan"^  -  +  C. 

CG 

(6)  Let  y^dx  ■{■  ardy  =  xydy. 

Assuming  cc  =  y%^  we  find  as  the  integral     y  =  C^" 

(7)  Let      y'^dy  +  Sy'^wdx  +  Qx^da;  =  0. 

The  integral  of  this  is     y"  +  2x^  =  C  (x^  +  y~)l 

(8)  Let  x^ydo!  —  y^dy  =  x^dy. 

The  integral  is  y  =  Ce  ^-^  . 

y 

(9)  Let     xydy  —  y"dx  =  {x  +  yY  e~x  dx. 

The  transformed  equation  is 

dx        ze'^dz 
X        (1  +  z}-^ ' 
and  the  integral  is 

X         y 

{x  +  2/)  log  -  =  xe'' . 

(10)  Let  the  equation  be 

x^dy  —  x'^ydx  +  y'^dx  —  xy'^dy  =  0. 
In  this  case  the  transformed  equation  is  reduced  to 
X  {I  —  z^)  dz  =  0; 
which  may  be  satisfied  by 

a?  =  0,      I  —  z'  =  0,      or  dz  =  0. 


S18 
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This  last  is  the  only  differential  equation,  and  therefore  is 
the  solution  of  the  equation.     It  gives  as  the  integral 

^  =  c,      ox  y  =  ex. 

The  other  two  solutions  correspond  to  particular  values 
of  the  arbitrary  constant.  The  first  or  x  =  0  gives  c  =  co, 
the  second  or  %-  =  1   oives   C  =  ±  1. 

II.  Equations  in  which  the  variables  can  be  separated 
by  particular  assumptions. 

(11)  Let     {mx  +  ny  +  'p)  dx  +  {ax  +  by  +  c)  dy  =  0. 
Assume       ax  +  by  +  c  =  ^,     mx  +  ny  +  p  =  u; 

whence     adx  +  bdy  =  d%,     mdx  +  ndy  =  du, 
and  therefore 

'md% —  adu  bdu  —  nd% 

dy  =  7 '      «^^  = 7 J 

mo  —  na  mo  —  na 

by  means  of  which  the  proposed  equation  becomes 

{m%  —  nu)  d!^  +  {bic  —  a!s)  du  =  0, 

which   is   a   homogeneous    equation   integrable  by   the   usual 
assumption. 

If  —  =  -    this  method  fails,   but   the  given   equation   is 
n       a 

then  easily  integrable :    for  eliminating  m  it  becomes 

b  (cdy  +  pdx)  +  (ax  +  by)  (bdy  +  ndx)  =  0  ; 

and  by   assuming  ax  +  by  =  %  whence   bdy  =  d%  —  adx,  the 
equation  becomes 

{ac  —  bp  +  (a  —  n)  %]  dx  =  (c  +  !^)  d%, 

in  which  the  variables  are  separated. 

Euler,  Calc.  Integ.  Vol.  i.  p.  26l. 

(12)  Let  dy  =  {a  +  bx  +  cy)  dx. 

By  assuming  bx  +  cy  =  z  we  find  the  integral  to  be 

6  +  c  (a  +  6a?  +  c?/)  =  Ce\ 

Euler,  lb,  p.  262. 
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(13)  Let  dy  +  hhfdx  =  a^  x'^  d  x. 
Assume  y  =  ;^',  by  which  the  equation  becomes 

r%'''~^d%  +  h^%-'''dx  =  c^w"^dw. 

In  order  that  this  may  be  homogeneous  we  must  have 

r  —  1  =  2r  =  TO ; 

whence  r—  —  \^  m=  -2,  so  that  the  transformed  equation  is 

d%       ,„  dx      a^dx 
\-lr  —  = , 

z^  z  x'^ 

a  homogeneous  equation  in  which  the  variables  are  separable. 

This  equation  was  first  considered  by  R,iccati  in  the  Acta 
Eriidiforum,  Sup.  viii.  p.  66,  and  it  usually  bears  his  name. 
It  may  be  converted  into  a  linear  equation  by  assuming 

1     dz 
b^z'  dx^ 
when  it  becomes 

-— ,-  a%"x"'z  =  0. 
dx" 

(14)  If  in  the  equation  of  Riccati  m  =  0,  the  variables 
are  immediately  separable.      It  becomes  then 

dy  +  b-y~  dx  =  a^dx     or     dx  = — — r , 

a'-^  -  b~y^ 

the  integral  of  which  is 

a  -by 

The  assumption  y  =  z^'  is  not  the  only  one  which  renders 
the  equation  of  Riccati  integrable.      If  we  assume 

y  =  AxP  +  x'^z, 
the  equation  becomes 

x''dz  +  {qx'i-'  +  2b'AxP+^  +  b\v'9)zdx+  (pAx^-y+bU^ay^Pydx 

=  a^  x'"'  dx. 

This  will  be  reduced  to  an  equation  of  three  terms,  if 
we  have 

p  -1  =  2p,  q  ^i  =,p  +  q^ 

pA  +  b^A^  =  Of  q  +  2b''A=0. 
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The  first  and  second  conditions  agree  in  giving  jo  =  —  1, 
and  from  the  second  and  third  we  find 

,      1 

so  that  the  assumption  is 

1         % 

and  the  equation  is  then  reduced  to 

or 
(15)      If  W2  =  —  4,  the  equation  becomes 

dz  +  }r%^  —-  =  — ;-, 

in  which  the  variables  are  separated.     The  integral  is 


ah  —  00  +  h^x^y 
If  in  the  equation 


=  Ce  ^  . 


dx  1 

d%  +  h^%~ — -  =  a^x'^'^^dx  we  assume  ^  =  — , 
x^  u 

.  7  o   o      _i-o  h^dx 

we  have  du  +  a^u^x'^^^dx  =  — r-  ; 

x^ 

and  in  this  equation  making  (in  ■{■  S^  x'^'^^dx  =  dv,  and  for 
shortness  putting 

o'  o,  ^^  2^  +  4 

=  P'j      =  a  ,      =  -  7Z, 

TO  +  3  m  +  3  m  +  3 

it  is  reduced  to 

du  +  /3^  M^  dv  =  a^  v"  dv, 

which  is  similar  to  the  proposed  equation,   and  is  therefore 

g 

integrable  if  w^  =  -  4,  or  w  =  — .       If   tz   be  not  equal  to 

3 

—  4,  we  may  transform  this  equation  by  the  same  assump- 
tions as  before,  when  we  shall  obtain  an  equation  of  the 
form  du'  +  (i"u"dv'  =  a"v'"'dv', 
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which  is  integrable  if  oi  =  —  4,  furnishing  a  corresponding 
value  for  m.  In  this  way  we  may  proceed,  continually 
transforming  the  equation  and  finding  values  of  m  which 
render  Riccati's  equation  integrable.  It  will  be  found  that 
these  values  are  included  in  the  formula 

4r 
m.  =  — 


2r  -  1 
T  being  an  integer. 

Another  series  of  values  for  m  may  be  found  by  making 

y  =  —    in  the  original  equation,  when  it  becomes 

du  +  a'u^x'"dx  =  Ifdx; 
and  this  being  transformed  by  the  assumptions 

a^  ^o  ^-'^  o  ^'^ 

m  +  1  m  +  1  m  +  1 

we  find  die  +  (3^u'dv  =  orv^dv, 

which  is  similar  to  the  proposed   equation  and  integrable  if 

n  be  of  the  form ,  that  is,  if 

2r  -  1 

m  4r  4r 

,  or  m  =  — 


m  +  1      2r  -  I  2r  +  i 

Hence  all  the  values  of  m  are  included   in   the  formula 

4r 


2r  ±  1 


(16)  Let  dy  +  y-dw  =  —^  . 

Then  !^i4±^f^=Ce'.*. 

y  {xi  —  3c^'3)  +  3 

(17)  Let  dy-y'dw  =  ^. 

Then   ^j-~ =  tan +  C 

3.23a?3(l +  *'?/)  \  wi 

(18)  The  equation 

dy  +  ay'^w'^dx  +  bx'"y'i  dx  -=--  0 
21 
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can  be  made  homogeneous  if 

(p  +  1)  (1  -  g)  =  (m  +  1)  (1  -  n), 
by  the  assumption 

y  =  %^-'''  or   =  ^^~^. 

There  is  an  exception  to  this  \i  n  =  1  and  g  =  1 ;   but  in 
this  case  the  equation  becomes 

dy  +  y  {awP  -{-  hx'^)  dw  =  0, 

in   which  the  variables  are  ah'eady  separated. 

(19)  Let  aydcc  -vhwdy  +  ai'"^y'"  {cydoD  +  ewdy)  =  0-, 

dividing  by  ocy  we  have 

dx         dy  (   dx        dy\ 

a—  +  h  —  ^x'^if  \c~  +  e—    =0. 
X  y  \    X  y  j 

From  this  it  appears  that  the  assumptions 

x"^y^  —  u<,      x'^y^  =  V 

will   simplify   the   equation.      It  becomes  after  these   substi- 
tutions 

du  r,dv 

—  +  u'^vP —  =  0, 

U  V 

me  —  nc      ^      na—mb 

where  a  = —  ,   p  = ; —  . 

ae  —  be  ae  ~  be 

The  integral  of  this  is  evidently 

+  75-=  c. 

a  p 

.        .„  ra       a      e  . 

li     a  =  0     and     p  =  0,     i.  e.   if  —  =  -  =  -  ,     the     inte- 

n       b      e 

gral  takes  the  form 

log  u  +  log  V  =  C  •■, 
or  iiv  =  C  ; 

or  x^^Uf^^  =  C. 

(20)  Let     (x  -f  y)-  dy  =  a^  dx. 
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Assume  x  +y  =  u, 

a^  du 

whence  ay  = ^ , 

a^  +  IT 

in  which  the  variables  are  separated.      The  integral  is 

2/  +  c 

y  -\.  ce  =  a  tan . 

a 

-^(21)     Let     {y  -  a?)  (l  +  a?~)§  dy  =  n  {l  +  y")^  dw. 
To  separate  the  variables  assume 

w  —  u 

y=  , , 

1  +  xu 
when  the" equation  becomes 

dw  u  du 


\  ■\-  OD^         (l   +  U^')   |w  +  ^(l  +  V?^i\  * 

To  integrate  this  put   1  +  «^°  =  ^^,   which  gives 

dx  dt 

TV^^  t  \nt^  {f-\)\Y 

1  +  s^ 
and  again  putting     t  = ,    we  find 

t4i  s 
dx  2ds  2nds 


1  +  .a?'-^  ~  1  +  s^      (n  +  1)  +  {n  -  1)  s' ' 
which  is  easily  integrable. 

Euler,  Calc.  Integ.  Vol.  i.  p.  270. 

Sect.  4.      Equations  which  involve  y  and  its  differen- 
tials in  powers  and  products. 

I.     Equations  of  the  form 

are  to  be  resolved  (when  possible)  into  the  simple  factors 

I'^.Al'l-u),  (^-^0=0; 

\dx        V   \dx        'J  \dx        V 

and  each  of  these  is  to  be  integrated  separately.  Any  one  of 
these  integrals,  or  the  product  of  any  number  of  tliem,  will 
be  an  integral  of  the  proposed  equation. 
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(1)     Let      f^V-«^  =  0- 
\dxl 

TT  dy  dy 

Here a=0,  --+a  =  0; 

ax  aw 

therefore  y  =  aa  +  c,  y  =  —  ax  +  Ci^ 

are  both  integrals :    also 

(y  —  ax  —  c)  (y  +  ax  —  Cj)  =  0. 

If  we  suppose  c  and  Ci  to  be  the  same,  this  may  be  put 

under  the  form 

{y  —  <^)^  =  ^^  ^^• 

/dy\  2 


(2)     Let     y^  i^\    -  4o^  =  0. 


The 

integrals  are 

y^  =  4a<2?  +  c,                y^  =  —  4ati?  +  Cj, 

and 

(^^  -  4>ax  -  c)  (y^  +  4<ax  -  Cj)  =  0 ; 

or 

(y^  —  c)^  =  iGa/^x",        when  c,  =  c. 

Am/ 

(3) 

fdyY           dy 

The  integrals  are 

(w^  +  2/^)^  =  X  +  c,  {x^  +  2/^)2  =  -  ci?  +  C], 

and  {(x^  +  y^)i  -  x  -  c]  {(oa^  +  2/^)2  +  x  -  (i^^  =  0 ; 

or  y^  =  2c<2?  +  c^,     when  Cj  =  c. 

(4)     Let 

f  —  J  -{w^+  coy  +  y^)  i  -p  J    +  (c'j?3  2/  +  «^2/^  +  072/^)  -^  -  cr^2/^  =  0. 
The  factors  in  this  case  are 


and  the  integrals  are 

^3 


1 


^  =  -+c,  2^  =  62  +Ci,  2/  =  --+C25 

x^  ^1  1 

and  (y^       -c)(y-e2-c,)(2/  +  --cg)  =  0. 

o  00 
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(5)      Let 

\dw)                            \dxl 

-  -i  -  6,27  =  0. 

The  integrals  are 

?/  =  c  +  Sin  ~  ^  - ,          ?/  =  Cj  —  sm    ^  - , 

hoc 
and 


(2/ "  ^)  =  ^  r^"    ~ )     "    C2  =  ci  =  c. 

(6)  Let  (.-,=-?;) ay-!^^+?!=o; 

\dwl         X    dw      w^       \         ct?V  \dx) 

Extracting  the  square  root  on  both  sides  and  multiplying 
by  X, 

OB  -^ —  y=^y{oo^  +  y^y  ~- ; 

dx  dx 


whence     ii  =  x  cot  (  C  ±  —  ) . 


II.     If  the   equation    be   of   the    first   order    and   homo- 
geneous in  X  and  ?/,  and  if  we  assume  y  =  ux  or  x  =  uy  we  ^ 
shall  obtain  by  the  elimination  of  the  variables  an  equation  \ 

between  u  and  -— ,  which  combined  with  the  differential  of  ' 
dx 

ux   or  uy  will   give  us    the   means   of  finding   the    relation 

between  x  and  y. 

(7)     Let       ,-.g  =  „.{:+g)y. 

Put    —  =  p,  and  y  =  ux,  then 

w  =  ^  +  w  (1  +  p^)2" ; 
but     dy  =  pdx  -  udx  +  xdu  ; 
dx        du 


therefore 


X       p  —  u 
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But 

npdp 
du=  dp  + — r , 

and     p-u=-n(l+  p^)^ ; 

4.1-.. 

dcV                 dp              pdp 

1 


and     log  ,2?  = log  {p  +  (1  +  p~y^ }  -  1  log  (1  +  p^)  +  C ; 


whence  if     C  =  log  a, 


a  ' 


whence  we  find 

1  —  n?  L  (l  —  n)  w  J 

(8)     Let     j,2+«"'={l+OT(!'=  +  «^")*- 
The  integral  is 


(9)     Let     ^{l+g)y  =  -(-  +  3/^ 

This  equation  is  homogeneous  in  so  and  2/5  and  may  be 
treated  like  the  preceding  examples,  but  it  is  more  convenient 
to    proceed    as   follows.       Square   both    sides,    and   solve   the 

equation  with  respect  to  y  —  ,    which   gives 

Oj  00 

dy        n"w  ^(%~-  1)  y"^ -{■  n^ x"\^ 

dx      n~  —  \  n^  —  I 

Whence,  dividing  by  the  second  side  of  the  equation  and 
integrating, 

\  {qi^  -  l)y"  +  n^x^']  ^  =  ±  X  +  C. 
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III.     Equations  integrable  by  DiiTerentiation. 

If    y  =  ccp  +f(p)      (where  p  =  -—-)  , 
\  ax/ 

we  have,  on  differentiating,     0  =  [x  +  f  (p)\  dp. 

This  is  satisfied  by  dp  =  Q,  or  y  =  Cw  +  C\  where 
C  =f[C).  The  singular  solution  is  found  by  eliminating  p 
between  the  given  equation  and  so  -\-  f  (p)  =  0. 

This  equation  is  known  by  the  name  of  Clairatifs  form, 
having  been  first  integrated  by  him.  See  Memoir eis  de  VAca- 
dhnie  des  Sciences ,   1734,  p.  196. 

(3  0)      Let  y  =  p,v  +  n{l '+  p")k 

The  general  integral  is      y  =  Cx  -\-  n  (l  +  C^)i; 

the  singular   solution  is     x"  +  y~  =  n~. 

(11)  Let  y  =  px  +  p  —  p^. 

The  general  integral  is     y  =  C  (x  -^r  I  —  C); 
the  singular  solution  is      i<y  =  (1  +  xy. 

(12)  Let  y  —  px  =  a{l  —  p^)^-» 

The  general  integral  is      y  =  Cx  +  a  (l  -  C^)^; 
the  singular  solution  is     y^  —  x^  =  «§. 

,     .       _  ap 

(IS)      Let  y  =  px  - 


(1  -vff 
The  general  integral  is     y  ~  C  \x  ■ — j  >  ; 

I      (1  -J-  C'Y) 


the  singular   solution  is     t^s  +  «!  =  «!. 


't) 


Sometimes  an  equation  which  is  not  of    Clairaut's   form 
may  be  reduced  to  it  by  being  multiplied  by  a  factor. 


(14)      Let      ay  (  — )    -h  (2  .j?  -&)  —  -?/  =  0. 

\  Ct  X I  Cl  X 

Multiply  by  4^,   and  let  y^'  =  u,  and  2ydx  = 

Then  a  (-—]    +  (4a?  -  26) 4^^  =  0, 

\dxj  aw 
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du       (b  die      a  (d 


0\'     11  =  00  —  -     .        ,  ,    , 

dx         2  dw       4  \d 


31' 


v/hich  is  of  Clairaut's  form.      The  general  integral  is 
u=y'=  Cx  -  l-C-  ~a\  . 
The  singular  solution  is     ^ay'^  +  (2a/  —  6)  =  0. 

(15)  Let     «'^2/    1~)    +  (hoe"  —  ay^  —  ah) ba;y==0. 

\dxj  dw 

On  multiplying  by  ^wy,  and  taking  or  and  y^  as  the  new 
^   variables,  the  equation   becomes  of  Clairaut's  form,   and   the 
integral  is 

^  b  +  aC 

The  singular  solution  is      ay^  +  b  (cV  —  a^y  =    - 

I  If  y==P.v+  Q, 

where  P  and  Q  are  both  functions  of  p,  we  have  by  dif- 
ferentiation 

/    dP      dQ\ 

dy  =  pdw  —  Pdw  +     cV  — y  —    dp^ 

\     dp       dp) 

(     dP      dQ\    ^ 

whence  {p  -  P)  dw  =  [w ! dp, 

V     dp       dp] 

which  being  a  linear  equation  in  w  may  be  integrated,  so  that 
Ave  have  w  expressed  in  terms  of  p,  and  as  y  =  fpdw,  we  can 
eliminate  p  and  so  obtain  a  relation  between  w  and  y. 

(16)  Let  y  =  wp^  +  p^\ 
The  integral  is     y^  =  (w  +  l)^  +  C. 

(17)  Let     2/  =  (l  +  p)  <3?  +  p'- 
Then  y  =  2  (1  -  p)  +  Ce"^. 

Substituting   in    this    the  value   of  p    derived  from    the 
equation,  we  have  the  required  integral. 

(18)  Let      y —2pw  =  a{l  +  p')k 

We  find  2^0^  =  -~[p(^+  pV  -  log  {p  +  (l  +  /)^}]  +  C. 
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By  eliminating  p  between  this  and  the  given  equation, 
the  integral  is  determined. 

(19)     Let     y  =  w{p-{\+p')^. 

In  this  case   Q  =  0,  and  we  have  to  integrate 

doo  _{i  +  p'y^  -  P  ■, 
and  then  to  eliminate  p.      The  result  is 

IV.     Homogeneous  equations  of  the  second  order. 

.       .  dy     d~y 

If  an  equation  involve  x,  v?  -7- ?  -rr~„-,  and  if  we  assume 

ax     dx^ 

dy 
X  and  y  to  be  both  of  one  dimension,  -—  will  be  of  0  di- 
■^  dx 

d"  1/ 
mensions,  and  — -  will  be  of  —  1  dimensions.     The  equation 
dx'^ 

then  is   said    to  be  homogeneous    when,  adopting  this   scale, 

the    sum    of    the    indices    in    each    term    is    the   same.       To 

integrate    an   equation    or    this   lorm,    let  —-=  p,    — ^  =  q ; 

CtcU  CvtV 

V 

then  by  assuming  y  =  ux,     q  =  -^    the    quantity   x   can    be  ' 

eliminated    so   as    to    give   a   relation    between   u,  v,    and  p. 
But  as  dy  =  pdx  =  udx  +  xdii,  we  have 

dx         du 
X        p  —  u 
and  as  dp  =  qdx,  we  have  also  vdx  =  xdp. 
Whence  v  du  =  (p  —  u)  dp. 

From  this  v  may  be  eliminated  by   means  of   the  given 
equation,    and   we  have   a   differential    equation    of   the    first 
order  between   p  and  u :    by   integrating   this    we   obtain  p 
in  terms  of  u,  and  then  x  in  terms  of  u  from 
dx  du 


X  p  —  II 

in   which  the  variables  are  separated. 
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(20)      Let  ^^''j4=  [y-''^]    ' 

da;        \  dec) 

put  y  =  uw^  q  =  -  i  then 

V  =  (u  —  pY,     and     dp  =  (j)  —  u)  du. 

This  being   a  linear    equation   is  easily   integrated,    and 
we  find 

p  =  zc  +  1  +  Ce". 

da?  du  e~"du 

Then 


.2?         1  +  Ce"       C  + 


C'                                             C  —  Cai 
and  log  —  =  log  {C  +  e~")   or  e~"  = —  : 

whence  y  =  x  log    

which  is  the  required  integral. 

„dy  d^y         dy 
(21)      Let         o!^  -^  --4  -  iJ?  -^  +  2/  =  0. 
£?d7  dw  da; 


The  integral  is 


,  p     (C-l)^i+{2y+(C^-l>?^ 


(C+l)^i-  {2y  +  (C'-l)a;}-^' 

There  is  also  a  singular  solution     y  =  Ca'. 

Sometimes  an  equation  may  be  considered   homogeneous 

by  reckoning  a;  as  of  one  dimension,  y  of  7i  dimensions,  and 

dy  .  .  d^y 

consequently  —  of  (n  —  I)    dimensions,    and  of   (n  —  2) 

^  -^    da;  da;-  ^ 

dimensions.       In    such    cases    assume    y^afu,    p  =  x"-~'^t, 

q  =  co^~'^v  \    then   by  steps   similar  to   those  in   the  last  case 

we  arrive  at  a  differential  equation  of  the  first  order,  between 

t  and  u,   which  being  integrated  will  enable  us  to  determine 

the  relation  between  a;  and  y. 

d'^y  dy 

(22)      Let     w'  -^^  =  (^^  +  2  ivy)  £  -  A>y\ 

Assume     y  =  x~Ui       p  =  wt,        q  =  v.      Then 
-u  =  ^(1  +  2w)  -  4iU'. 
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But  we  have 

du  (v  -  t)  =  dt  (t  —  2ii),     and  therefore 
2icdu(i -2u)  =  dt(t -2u). 
This  is  satisfied  by 

2u  du  =  dt,      or  by  *   t  —  9,u  =  0. 
The  first  gives     u^  +  C  =  t,     and  therefore 
diV  du 

cV       u'^  —  2u  +  C 

When      (7  =  1,     this  gives 

cV^  =  (or  —  y)  log  -  . 


a 
When     C  =  I  —  n^^     this  gives 


lI?^"  =  a 


is"- 

(n  +  l)  x^  —  y 
(71  —  1)  w^  +  y 

When     C  =  I  +  n~,     this  gives 

y  =  a;^  h  +  71  tan  (  n  log  — 

The  other  factor     t  -  2u  =  0,     gives 
y  =  Ccv\ 
as  a  singular  solution. 

If  X  be  reckoned  of  0  dimensions  so  that  ?/,    — ,    — ~ 

dw      dx^ 

are  of  the  same  dimensions,  a  homogeneous  equation  may  be 
integrated  by  assuming 

p  =  uy,  q  =  vy ;      whence  as 

dy  =  uy  doa     and     ic  dy  +  y  du  =  vy  dx, 

—  —  udo3     and     du  +  u^'dx  =  vdx. 

y 

From  this  last  if  we  eliminate  v   by  means  of  the  given 
equation,  we  have  to  find  u  in  terms  of  x,  by  integrating  an 
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equation  of  the  first  order,  and  then  by  means  of  —  =  u  dx, 

we  can  determine  the  relation  between  a?  and  y. 

dy 

From  this  we  find 

u  du  dx 

V  =  u^  +  -— —J     and     —  = 


{a'  +  a?-)^  u       {a'  +  x')i ' 

therefore  u  =  C  \x  +  (a^  +  x-)^  ; 

whence    log(C'y)  =  Canog{w+{a'+w')i]+C.v{x+(a^+a;'y^\. 


r    .     ^  ^^y        ^y        idy\"  \dx) 

(2*)  Let  .,_  =  ,_  +  . y  H-T^rrTp- 


The  integral  is 


(a^-x^y^       ^^      c  \nb  +  (a' -  x")H 

=  61og— i '-, 

n  ny 

b  and  c  being  arbitrary  constants. 

V.     Equations  of  the  second  order  in  which  one  or  other 

of  the  variables  is  wanting. 

If  the  deficient  variable  be  the  dependent  variable  y^  by 

d^y      dp  .  '         n    T       n  ^ 

putting   — -  =  -^   we  have   an    equation  oi   the    nrst   order 

between  p  and  x,  by  the  integration  of  which  we  obtain  p  in 
terms  of  x^  or  x  in  terms  of  p ;  and  then  by  means  of  the 
equation 

y  =  fpdx  =  xp  —  fxdp, 

we  can  find  the  relation  between  iv  and  y. 

^dy^^]^       a^   d-y 
2x  dx" ' 


(^^)  ^^'   {'*©T 


dy  1  d^y      dp 

puttins;   —  =  p     and  — -  =  -—  this  becomes 

^         °   dx  dx^      dx 

^  2x  dx 
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,       „  dp  9.xdx 

therefore ^  = , 

(1  +  p')^         a^    ' 

p  af       ^      a;^  +  ab 

whence r-  =  —  +  C  = , 

(1  +  p')i      a'  a'       ' 

This  is  the  equation  to  the  elastic  curve. 

Jac.  Bernoulli,  Opera,  p.  576. 

(26)     Let     (i+^^)^+i  +  (^y  =  0. 

The  integral  is 

C'y  =  (1  +  O)  log  (1  +  Cx)  -  Cx  +  C. 

The  equation  between  p  and  x  is 

.         _^i  dp  dp  p 

which  is  integrable  when  divided  by  (l  +  p^)K 
The  complete  integral  is 

y  =  (a^  +  h^  —  x^p  -  b  log ^ ; ; — , 

^      ^  ^  '^  c(x  -  a) 

where  6  and  c  are  the  arbitrary  constants. 

(28)     Let     a'^(a'  +  ai'y^  +  a'~  =  x\ 
daf  dx 

The  integral  is 

„  ^  m^      ^a?x      2  {a?  +  x^)i 

^93  9 

^-C.(.^  +  .>^-^a^Clog^:ti^^^ 


c 


(29)     Let      (.r  +  a)— |  +  .r    -^      = 


do?    ^ 
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The  equation 

r          x^P  s 

Lv  +  a) p  =  ~  .vp''. 

dcV 
becomes  linear  by  assuming  p  =  -,  and  the  complete  integral  is 

y  +  c  ==  log  (w~  -  c'.)  -  -  log , 

c  \x  —  cj 

c  and  c   being  arbitrary  constants. 

If    the   independent   variable    {x)   be    wanting,    we    put 

d'^y      dy   dp  dp  . 

— -  =  -7-  --r-  =  V  •  -V  i  ^^^  then   we  have  an   equation  be- 

doG^      dw    dy  dy 

tween    p   and   y   from    which   by    integration    we   find   p    in 

terms  of  y^  or  y  in  terms  of  jo,  and  then  w  is  known  from 

the  equation 

dy  =  pdw. 

d'^-y  ,    dy        ,      dy  {        (dy\H 

dp 
From  this  3—  (|?2/  +  1)  =  1  +  F? 

dy 

and     dy ^  y  dp  ^  ^ , 

^      1  +  /  -^    ^       1  +p'' 

a  linear  equation  in  y,  which  being  integrated  gives 

y  =  p  +  C(l+p')K 

w  =   f—  =  logp  +  C\og{p  +  {l+p')i}-i-C, 
J    p 

whence    by  eliminating   p   we   obtain   a   relation    between   x 
and  y. 

The  integral  is 

,i7  =  C+H^^ +cos-i^^^ , 

\     a     J  y 

where  C  and  a  are  arbitrary  constants. 
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(S*)     Let    y;^3+y    =1,  o,-,p^  +  j,'=,. 


d~y    _    jdyY      ,     _  dp 

dy 
Putting  this  under  the  form 


f    dp  . 

dy 
multiplying  by  y  and  integrating,  we  have 
{pyf  =  a^  +  y^; 
whence     w  -{■  c  =  {or  +  y~)i. 

^    ^  \dw)       -^  doir         \\dcc]  Kda/V  j 

.         d^y         dp       ,  .    , 
Putting    --—  =  p  —  ,  this  becomes 
^    dx"      ^  dy' 

which  is  of  Clairaut''s  form.     The  general  integral  is  there- 
fore 

p^Cy-^n{l  +a^O% 
whence      Coo  -^  C  =  log  [Cy  +  n{l  -^  a-C-)^}. 
The  singular  solution  is 


p  = 


whence     y  =  na  sin 


a 

C  +  .V 


a 


The  examples  in  this  section  are  taken  chiefly  from  Euler, 
Calc.  Integ,  Vol.  i.  Sec.  iii.  and  Vol.  ii.  Sec.  i.  Cap.  2  and  3. 


CHAPTER  V. 


INTEGRATION    OF    DIFFERENTIAL    EQUATIONS    BY    SERIES. 


The  method  employed  for  integrating  Differential 
Equations  by  series,  is  to  assume  an  expression  for  the 
dependent  variable  in  terms  of  the  independent  variable 
with  indeterminate  coefficients  and  indices,  and  then  to 
determine  them  by  the  condition  of  the  given  equation. 

(1)     Let  —^  +  ax"y=0. 

Assume     y  =  x''  (A  +  A^a;''+~  +  A^a!^''  +  '^  +  ^30?^"+^  +  &c.) 
Whence  we  find 

-^=  a(a-l)Jc2?«-^  +  (a  +  W  +  2)(a  +  ?2+l)^c'»«+"+&c. 

a  OS 

and  aw"y  =  a  Jci?"+"  +  «^i,a;"+2"+2  ^  ^^^ 

Substituting  these  values  in  the  equation,  and  equating 
to   zero  the  coefficients  of  the  powers  of  x,  we  have 

a(a  -1)  A  =  0,      {a  +  n  +  2)  (a  +  n  +  1)  Ai  +  aA  =  0, 

{a  +  2n  +  4)  (a  +  2n  +  3)  A^  +  aA^  =  0,  &c. 

The  first  of  these  is  satisfied  either  by  a  =  0  or  a  =  1. 
Taking  a  =  0  and  substituting  it  in  the  other  equations,  we 
find 

.                    aA  ,  c?A 

^1  =  -  7—7^, ir»      A  = 


{n+l)(n  +  2)'         ^      1  .2{n  +  l){2n  +  3){n  +  2y^ 

a^A 

A-i=-  — &c.  &c. 

1 .  2  ,  S  (w  +  \){2n  +  3){Sn  +  5){n  +  2)^ 

so  that 

^~      ^    ~(w+l)(w+2)       1.2(71  + 1)(2 w  +  3)(ra  + 2)2  ~     ^'^ 
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JBut  as  this  contains  only  one  arbitrary  constant  A, 
it  is  not  the  complete  solution.  Let  us  take  a  =  1  and 
call  A',  A/,  Aq,  &c.  the  corresponding  coefficients ;  we 
then  find  in  the  same   way  as  before 

y  =  A'  ]a; 1 &c.  I 

^  (w  +  3)(n  +  2)        1  .2{n  +  3){2n  +  5){n  +  2y  ^ 

which  is  another  incomplete  integral  with  one  arbitrary  con- 
stant. The  sum  of  these  two  series  is  tlie  complete  integral 
of  the  equation. 

When  n  =  —  Q  both  the  series  fail,  as  the  denominators 
are  then  infinite  :    but   the  true  integral  is  easily  found. 

„       ._  d^ij      ay 

For  if  _^  +  -^  =  0, 

and   we  assume  y  =  AcV^,  we  have 

a  (a  -  1)  +  a  =  0. 

This  is  a  quadratic  equation,  which  gives  two  values  for 
a.      If  these  be  aj,   a,  the  integral  is 

y  =  A^x"-^  +  AoX"-^' 

2r  -  1 
The  first  of  the  preceding  series  will  fail  when  oi  = , 

(2r  +  l) 
and  the  second  when  n—  — ■,  r  being  any  whole  num- 
ber :    the  complete   integral    may   however  be    found   by  the 
following  process.      Assume 

y  =  u  +  V  log  ex, 

where  v  is  the  particular  integral  furnished  by  the  series 
which  does  not  fail.  On  substituting  this  value  of  y  in  the 
original  equation   we  obtain  the  system  of  equations 

d'V 

——,  +  ax'^v  =  0, 
dx 

d'u      2  dv       V 

-r-„  + -  +  aux'  =0; 

dx~      xdx      x" 

the  second  of  which  serves  to  determine  u.  Euler,  Calc. 
Integ.   Vol.  II.  Chap.  vii. 

22 
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d~y      ail 
(2)     Let      -4  +  -^'  =  0. 

dx'       X 

Then  v  =  A  \x + ■ -, — -, — •  +  &c.( 

^         1.2       1  .  2~  .  3       1  .  2' .  3- .  4  * 

The  equation  to  determine  it  is 

d^7i      2  dv       V       au 

dx'^      oc  dx      x"^        X  ' 

Assume     ti  =  B  +  B-^x  +  B^x"^  +  B-^x^  +  &c. 

A 

Then  we  find  B  = ;  J?,  is  left  undetermined  and 

a 

3aA       aBi 

r .  2^      1 . 2 

—  5a^A        a"  A  a^B^ 

Bz  =  ..    ,.,    _o ; ^  + 


l'.2-\3^       1^.2^        1.2^.3 

&c.  &c. 

But  since  we  have  introduced  the  arbitrary  constant  c 
in  log  ex,  we  may  assume  for  B^  the  value  zero,  and  then 
we  have 


,  ,'1         3a      ^         \W       ,  1 


a       1^22  r.2^3^ 

«2  «S„3 


.  f         aa?  a-x'  ax'  „      .  , 

■\-  A  \x h ; — }-  &c4  loi^c^. 

^         1  . 2       1  .  2^  3       1  .  2- .  3^  4  ^      "^ 


Euler,   Ih.  p.  156. 


.  -      -r       d^ij       ail 
(3)      Let  —^^+-4  =  0. 
d  x'        x^ 


Here  -u  =  J  ^a?  -   a;-^-  +  —  x' x'^i-kcl 

1.3  1.2.3.4  1  .  2  .  3~  .  4  .  5  ^ 

,  .  j   1        a?^      8  .4.«    ^      100.l6.a^    „  1 

and  ^  =  -  J  <— ;  + , — -x'^  +    ,    „     ,     ,  «-  -  &c.> 

l4fr       a         l-.S"  1'.  3^2^4^  j 

.  f         4a     3  l6a"         „  64a^  5 

+  A\x-  - —  a?^  + a;- ^ a;''  +  &c. (  log ca;. 

^         1.3  1.2.3.4  1.2.3^4.5  ^      "^ 

Euler,  lb.  p.  159. 
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(4)      From  the  equation 


d'y      dy 
ax"      dx 

we  easily  obtain  a  particular  integral.       For  if  we  differen- 
tiate the  equation  t  times,  we  have 

X- — =^+  0'  +  1) +  — ^  =0, 

and  when  x=Q 

d'+^y  _         1      d'y 

dx'''^^         r  +  1  dx'' ' 

Thus  any  one  of  the  coefficients  in  Maclaurin's  Theorem 
is  derived  from  the  preceding  one.  Let  the  first  coefficient, 
or  the  value  of  y  when  x  =  0,  be  J,  then  we  find  as  the 
particular  integral 

V  =  A  \l H h  — ^ :  -  &C.  \ 

Let  this  be  put  equal  to  -y  :    then  assuming 
y  =  u  +  11  log  ex, 
and  u  =  B  +  B^x  ->r  Box"  +  BoX^  +  &c., 
we  find  by   substitution  in  the  given  equation 

3x~       Ux^  5lx'^  ,       B 

U  =  2J(X +  -r-— ;  -  ~ ;  +  &C.)  +  -:  V. 

2^         2^.3'       S-'.S-'.l^"  1 


Hence  we  have 


3x'^       lla;^  51  i»^ 


y  =  2A(x +  — — -  -  — — - — -  +  &c.) 

2^        2^  .  3^       2^  .  3^  .  4^ 

o  Q  4 

/y*  ryi"^  rp'^  fY> 

^         1'        1"  .  2'       1- .  2''  .3-       l^  2" .  3^  4"  ^      "= 

B       .       . 

the  constant  — -  being;  included  in  c. 
A  '^ 

Fourier,    Traitc  de  la  Chaleur,  p.  372. 


(5)     Let  ,v'  — ^  -  c'  ?/  =  0. 


22 — 2 
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The  assumption  y  =  ^  (^s-^'")  gives 

{n  {n  —  I)  ...  {11  -  r  +  1)  -  c'}  «„  =  0. 

From  this  it  appears  that  a„  =  0  except  for  those  values 
of  n  which  cause  the  other  factor  to  vanish.  These  values 
of  n  are  r  in  number;  let  them  be  n^,  n2...ny^  then,  the 
corresponding  values  of  «„  being  indeterminate,   we  have 

y  =  Clc^'"l  +  Cgcv"^  +  &c.  +  CrX\ 

(6)       Let  — — 7  =  0. 

Assume  2/  =  2  (a^a?")  ; 

then     -— ,  =  "2  ln(n  -  1)  a„x''~~\, 
ax'  ^ 

C^y 

Substituting  these  in  the  equation  and  equating  to  zero 
the  coefficients  of  «''"",   we  have 

n{n-  l)a„=  c-a^^g. 
If  n  =  0,  or  01=1,   ffa  and  aj  both   vanish,  and   so   con- 
sequently  do  all  the   superior  coefficients. 

If     n=  —  l,     1.2a_i  =  c^ai        and    a..i  = 


2.3a_o=C"«o        ^i^d    «^o  = 


1  .2 


1  .  2  .  < 

7i  =  —  3,     3.4«_3=c-a_i      and    a_3  = 


C^ffli 


1.2.3.4 
w  =  -  4,      4.5a_.  =  c-a_o     and    a_4  = 


1 .2.3.4. 


&c. 

&c 

H( 

snce 

we  have 

y  = 

a, 

(a;  + 

1  .2 

+ 

1 

+ 

&c 

•) 

1 . 

2.3, 

.4 

4. 

a, 

,0  +  --"- 

c^ 

+ 

1 

c'' 

^ 

1.2.3a?-       1  .  2  .  3  .  4  .  5  £» 
«!  and  «()  being  two  arbitrary   constants 


1  +  &c.), 
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This  may  obviously   be  put  under  the  form 


y  =  X  {Ae~''  +  Be'"'), 

( 

Euler,  lb.  p.  l66. 


if        A  =  i(a,  +  ^^,     and    5  =  J  («,  -  ^ 


(7)  Let        ^+q^=o, 

y  =  X  [  C  cos  — h  Cj  sin  - ) . 
V  X  xj 

Euler,  lb.  p.  167. 

d  " '?/         c 

(8)      Let  — •^-  -  _  ^  =  0. 

ax       Xi 

The  integral  is 

cj  \         3i 

Euler,  lb.  p.  l6S. 


y  =  [x^  -  —]  Je'^'^'"'  +  [x^  +  —  \  Be 

o  C  J  V  o  C  / 


(9)     Let  —^ -0^^-57/  =  0. 

dx^ 

The  integral  is 

Generally,  the  integral  of 

~  -  c'x-'^^y  =  0 
clx'^ 

r 
will  be  expressed  in   finite  terms  when  X  = 


2r  ±  1 


Mr  Leslie  Ellis  has  given  {Cambridge  Mathematical 
Journal,  Vol.  11.  p.  I69  and  p.  193)  some  remarkable  methods 
for  reducing  to  finite  functions  the  solutions  in  infinite  series 
of  certain  classes  of  Differential  Equations. 

Let  the   equation  be  of  the  form 
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Then  on  assuming  ?/  =  2  («,,«")»  ^"^1  substituting  in  the 
given  equation  we  obtain  as  the  condition  for  determining 
the  coefficients 

{71  {91-  1)  -2^{p-  1)}  a,,  +  g~a„_2'=  0 (2). 

Now  71  (n  -  1)  -  p  {p  -  1)  =  {n  -  ji)  (n  +  ^j  -  l)...(3)  ; 

therefore     {n  —  p')  (n  +  p  —  l)  a„  +  ^oa„_2  =  0. 
Assume       (7^  +  p  -  1)  a„  =  {71  -  jJ  +  ^)  b„; 

1  71  -  p 

then     a„  _  2  = ^  o„  _  2, 

71  +  p  -  3 

and     (w  -  p  +  2)  (w,  +  ^  -  S)  &„  +  (J--  &„  _ 2  =  0 . . . (4). 

Again  assume  {71  +  p  —  3)b,^=  (n  —  p  +  4^)  c„,  and  so  on 
in  succession.  We  shall  thus  obtain  a  series  of  equations  of 
which  the  type  is 

(w  -p  +  ft)  (72  +  p  -  fji  -I)  In  +  q^l„-2'=  0 (5)5 

ju  being  an  even  number.  , 

If  p  be  even  let  ^j  =  ju,  then  ja  —  yu  —  1  =  —  1, 

If  p  be  odd  let  p  =  fj.  +  1,  then  ^j.  —  |j  =  —  1. 

In  both  cases  the  equation  (5)  becomes 

7l(7^  -1)4  +  g'4_2  =  0. 

This  is  the  relation  between  the  coefficients  which  we 
should  obtain  from  the  equation 

5^  +  "  =  " • (*')• 

Hence      ^{l^x'')  =  C  sin  (qx  +  a)    (7), 

that  being  the  integral  of  equation   (6). 
Now   suppose 

(71-p  +  fi-  2)  (72  +  p-  ^^  +  1)  i^^  ^  q^i^^_^=  0, 
{n-p  +  ,j)  (71  +p-  ^-i)k^^  (f'K-i  =  0, 
to  be  any  two  consecutive  equations ;   then 

{71  +p  -,x-tl)  i„  =  (w  -  2J  +  m)  /<^«  (8), 

but  ?i  -  |j  +  /x  =  7i  +  2J  -  /^  +  1  -  2  (^  -  ^)  -  1  ; 


therefore  L  =  k„  — 
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n  n 


71  +  p  -  /x  +  1 


k  1 

and = 5  (n  +  2  -  ^  +  m)  k„.2 ; 

n  +  'p  -  [x+  \  q^ 

therefore 

Now     {n-p-{-  ij)  A;„A'"-"  =  xP-f'-'^  {n  - p  +  /x)  A;a?"-^+/^-^ 


da)  \wP  i^j 
therefore 

By   the  application  of  this  formula  y  or  2(a„cr„)  may  be 
deduced  by  a  series  of  regular  operations  from  Csin  {qx  +  a). 

If  p.  be  even  2  (p  —  /x)  +  1  gives  the  series  1 ,  5,  9 

If  |3  be  odd  it  gives  the  series  S,  7,  H 

(10)  Let      -^+qhj^^^, 

dx^  x-- 

where     p  =  2.      The  integral  is 

y  =  C  {sin  {qx  +  a)  H cos  ((/*'  +  a)}. 

get? 

(11)  Let      —~,  +  q-y=—, 

dx  X 

where     p  =  3.       The  integral  is 

y  =  C  <  sin  (qx  +  a)  [  1 7-;  j  +  —  cos  (qx  +  a)>  . 

This  method  may  be  successfully  applied  to  reduce 

d'^-y  ,  ,  1  d'"-~y 

-^  +  r7'«7/  =  p  (p  -  1)  - •^, 

dx'"       ^  -^       ^  ^^         \v'  dx"'-~ 

when  p  or  p  —  1   is  divisible  by  w/. 


344 
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(12)     Let       -:^  +  g3    =_Y^, 
dx'^  X-  ax 

The  complete  integral  is 
\        qoe) 


^  {^\n\—qx  -\-  a]      1 ,    . 


o-  /  0"-i 


+  Cse^  "Isin  (  ^ga?  +  a  )    (  1 )   +  —  cos  [  —  qx  +  a\\ . 


.    ^      ^  d^y         dy      2y 

(13)      Let      -^  +  g-^=^. 
dx'         dx       x^ 

This  equation  presents  a  peculiarity,  inasmuch  as  if  we 
neglect  a  factor,  which  apparently  disappears,  we  shall  have 
a  solution  which  is  erroneous  or  incomplete. 

Assume      w  =  2  («„<:??"),     then 
{n{n-\)-9.\a^^  (n  -  I)  qa,,_^  =  0, 

or    (ti  -2)  (n+  1)  o,j  +  (n  -  l)qa„_^  =  0  (l). 

Let      (n+l)a„=  (n-l)K  (2), 

then      (w  -  2)  (n  -  1)  nh„  +  (n  -  2)  (w  -  l)  g&„_j  =-.  0    ...  (3). 

The  factor   (n  -  2)  may  be  safely  neglected,  but   (ti  —  l) 

must  be  retained,  as  it  enters  into  the  solution  of  the  auxiliary 

equation 

d''%         d% 
-— +  g—  =0. 

d.x  dx 

From   (2)   we  have 

26 
7^  +  1 
and  as,  except  when  n  =  1-,  we  have  nh,,  +  (/6,,_i  =  0, 

^n  1  , 

=  —  -6„+j,      except  when  ?2  =  0  ; 

7Z  +  1  g 

2 
therefore  cr„  =  &„  +  -&„+i (4). 

The  solution  of  the  auxiliary  equation  is 
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and  from  (4)  it  appears  that 

\        qx)  \        qoo) 

This  appears  to  be  the  solution  of  the  equation,  but  it  does 
not  satisfy  it  unless  C^  =  0,  when  it  becomes 

\        qo}) 
which  is  only  a  particular  integral,  and  therefore  incomplete. 

This  arises  from  our  implying  in  the  use  of  equation  (4) 
that  w6„  +  Q'&H-i  =  0  is  generally  jtrue,  whereas  the  equation 

(tz  -  l)(w6„  +  ^6„_,)  =  0, 
derived  from  the  auxiliary  equation 
d"%  d% 

dw^  dw 

shews  that  61  is  not  necessarily  connected  with  &(,,  since  it  may 
be  satisfied  by  w  =  1. 

To    complete    the   solution,    we   have   from    (2)    which    is 
always  true 

«o  =  -  K 

and  from   (4)  which   is  true  for  w  =  -  1,   we  have 

2 
a  _  1  =  &  _  1  +  -  6o» 

2  2 

or  as      6  _  J  =  0,      a  _  ^  =  -  6  = a^. 

q  q 

These  quantities  are  independent  of  a^,  ff^,  &c,,  therefore 
writing   Ci  for  «„  as  it  is  an   arbitrary  constant, 

\        qoo 

is    a   particular   integral  of   the   proposed    equation,   and  the 
complete  solution  is 

2/  =  Ci  ( 1  -  — )  +  C,  f  1  +  --")  e-'?^ 
\         qxj  \         qx) 
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(14)      To  integrate 

cV'y  pm  d"'-Uj 

where  p  is  an  integer. 

Assume  2/  =  2  («„>'{?"),   then  if 

«„  =  (n  -  pm  +  1)  ...  (n  -  m  +  1)  6„. 
But  from  the  given  equation 
71  (n  -  1)  ...  (71 -m +  2)  {n-m(p+l)  +  1}  a„  + A;™ «„_„,  =  0, 
from  which 

71  (n  -  1)  ...  (n  -m  +  2)  ...  (w  -  w  +  l)  &„  +  /i;'"6„_m  =  0- 
But  this  is  the  equation  which   wovild  result  from  sub- 
stituting '^(b„w")  in 

dw""  -^ 

therefore  S(6„<.i?")  is  the   solution  of  this  last  equation,   and 
is  therefore  known.      Calling  it  X,  we  have 

Let  771  =  2,  ja  =  2,  then  the  integral  of 

d~7/      4  dti 

-^ -^  +k'y  =  0 

dx^      00  dcV 

/I     dy~  (Jcx  +  a) 

IS     y  =  X'  I  -  ■ —     C  cos ; 

V'^'  dwj  cV 

or     y  =  C  \(3  -  liTcv")  cos  {kx  +  a)  +  3hx  sin  {kx  +  a)} . 
Ellis,  Cam.  Math.  Jour.  Vol.  ii.  p.  202. 
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Sect.  1.     Linear  equations  with  constant  coefficients. 

By  the  method  of  the  separation  of  symbols  the  inte- 
gration of  Linear  Partial  Differential  Equations  is  reduced  to 
the  same  processes  as  those  for  the  integration  of  ordinary 
differential  equations  of  the  same  class.  Hence  the  theory 
which  is  given  in  the  beginning  of  Chap.  iv.  is  equally 
applicable  to  the  present  subject,  and  it  is  unnecessary  to 
repeat  it  here ;  I  shall  therefore  content  myself  with  referrino- 
to  what  has  been  previously  said  in  the  Chapter  alluded  to, 
adding  that  every  differential  equation  of  this  class  between 
two  variables  has  an  exact  analogue  among  partial  differential 
equations  of  the  same  class,  and  that  the  form  of  the  solution 
of  the  latter  is  the  same  as  that  of  the  former.  On  this  point 
one  remark  may  be  made  which  is  of  considerable  importance 
in  the  interpretation  of  our  results.  As  in  the  solution  of 
ordinary  differential  equations  we  continually  meet  with  ex- 
pressions of  the  form 

so  in  partial  differential  equations  we  shall  find  expressions  of 
the  form 

d 

in  which  the  arbitrary  function  takes  the  place  of  the  arbitrary 
constant.  Now  as  the  preceding  formula  is  the  symbolical 
expression  for  Taylor's  Theorem,  we  know  that 

d 
a  -—.X 

6    ^    (p(y)  =  (p(i/  +  acv). 
Hence,  in  the  solution  of  partial  differential  equations,  arbi- 
trary functions  of  binomials  play  the  same  parts  as  arbitrary 
constants  multiplied  by  exponentials  do  in  equations  between 
two  variables. 
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(1)      Let  the  equation  be 

dx        dz 
a~—  +  0-—  =  c. 
dcV        dy 

This  may  be  put  under  the  form 

d  d\ 

a-—  j^  h--]  %  =  c; 
dx         dyj 

(    ^      ,  dx-"- 

whence  sr=a--+o-—        c. 

V    dx        dy] 

Now  supposing  x  to  be  the  independent  variable,  and  --— 

a  constant,  with  respect  to  it,  by  the  Theorem  given  in  Ex. 
(11),  Chap.  XV.  of  the  DifF.  Calc.  this  is  equivalent  to 

J      d  h     d 

a 

or,  effecting  the  integration,  and  adding  an  arbitrary  function 
of  y,  instead  of  an  arbitrary  constant, 

a      a  ^ 

Now  by  Taylor's  Theorem 

or,  as  the  form  of  cp  is  arbitrary,  we  may  for 

-  (b  [y  —  x\      Avrite     (p  {ay  —  bw),     so  that 

!^  = }■  (b  {ay  —  bcv). 

a        ' 

It  is  obvious  that  if  we  had  taken  y  for  our  independent 

variable,  and  considered   —   as  a  constant  vdth  respect  to  it, 

dx 

we  should  have  had 

s;  =  y  +  0  {bx  -  ay). 
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d%         dz 

(2)     Let a  — -  =  e""^' cos  r  ?/, 

dx         dy 

(  d  d\-^      ^ 

ss  =  \ a  — ■        6     cos  rrj 

\dw        dy) 

d  d_ 

=  r^y  fdx  e  ""'"'^^  e'"*  cos  ry. 
But  by  Taylor's  Theorem 

d 
~ax-r— 

6       ^  cos  ry  =  cosr  {y  -  ax) ;      therefore 

d 

%  =  e""^'-^  fdx  e'"''  cos  r  (y  -  ax)  ; 
and,  integrating  with  respect  to  x, 

"■•'"'H-;,        \  m  CO?,  r  (y —  ax)— a  r?,\n.r  (y  —  a  x)\       ax-- 
m'^  -V  a^  r 

(m  cosry  —  ar  sin  Q'y) 
or,  sr  =  e''"'  -^ f ^^ +  (p(y-^  ax). 

The  same  method  is  applicable  to  any  number  of  inde-    j 
pendent  variables. 

(3)      Let  the  equation  be 

du         du         du 

~-  +  h  -—+  c-—  =  xy%\ 

dx         dy  dz 

(  d  d  d\ 

or,  \       j^  h  --  +  c  --]  u  =  xy  % ; 

\dx         dy         d%) 

"whence 

[  d  d  d  \-^  ,  „        . 

u  ={-—■{■  0  —  +  c  —        xy%  ■\-  complementary  function. 

\dx         dy         dzj 

If  we  expand  the  operating  factor  in  ascending  powers  of 

b  - — he  —  )    we  shall  have 
dy        dzj 

fd\-U       fd\-'f^   d         d\        ^    f  dy'  d    d\ 

\dx)      {       \dx)      \    dy       dz)  \dx)      dy  dx] 

the  other  terms  being  neglected,  because  when  the  operations 
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are  performed  they  vanish  of  themselves.     The  complementary 
function  in  this  case  is 

e      .  rfy      '^~' (l){y,%)  =  (p{y -hcG,    Si-  CW); 
therefore,  effecting  the  operations  indicated, 

u  =  — y%  —  —  {h%  +  ci/)  -vhc ^  <p{y  —  ^^3  ^  —  Cci?). 

^^     ^        dsi        d'%  \d  (d\n 


therefore     «  =  ( a )      0. 


d  fF  ^  -  1 

a  -— ^ 

\dt  dos- 

If  we  integrate  with  respect  to  t  we  find 

If  we  integrate  with  respect  to  w  we  shall  have  two 
arbitrary  functions  of  t,  since  the  differential  with  respect 
to  the  former  variable  is  of  the  second  order. 

Writing  the  equation  in  the  form 

d-%      1   d% 
dso"       a  dt 
we  may  divide  it  into  two  factors 

\d(xi      a^  \dt)  J  \dx       a-^  \dt)  J 

Whence     %  =  e^"^ '''  "  (j)  {t) -^  e   ^'"^ '"'  "  ^  {t)  ; 
or,  if  we  put 

0(0  +  ^/^(0  =^(0,   and  (^)^  5  ^(0  -f  (0}  =/(0. 
this  may  be  put  under  the  form 

^      a  1.2       dif  aM  .2.3.4.       c?^ 

1       .r''       fZ/^CO       1  ^^'  d'f{t)       ^ 
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It  seems  anomalous  that  the  same  equation  should  admit 
of  two  solutions  differing  so  essentially  in  character  that  the 
one  contains  two  arbitrary  functions  and  the  other  only  one : 
but  the  following  considerations  may  serve  to  explain  the 
difficulty.  Since  by  Maclaurin's  theorem  any  function  of 
a  variable  may  be  expressed  by  means  of  its  differential 
coefficients,  taken  with  respect  to  that  variable,  we  know 
the  function  if  we  can  determine  its  successive  differential 
coefficients.     Now  from  the  equation 

dis         d^% 

dt  dsr^ 

we  can  determine  the  values  of  all  the  differential  coefficients 
with  respect  to  t,  when  ^  =  0,  if  we  know  the  value  of  %  when 
t  =  0.  This  therefore  is  the  only  undetermined  quantity  in 
this  case,  and  it  corresponds  to  the  arbitrary  function  0  {x). 
But  from  the  equation 

d'^%      \   d%  ^  . 

dcG^      a  dt^ 

we  can  only,  from  the  value  of  %  when  w  =  0,  determine  the 

values  of  the  alternate  differential  coefficients :   and  in  order  to 

d  % 
determine  the  others   we   must   also  know  the  value  of  -— 

dx 

when  as  =  0.  Therefore  in  this  case  there  are  two  indeter- 
minate quantities  corresponding  to  the  arbitrary  functions 
F{t)  and/(0. 

This   is   the   equation  for   determining   the  linear  trans- 
mission of  heat  in  an  infinite  solid. 

Fourier,  Traite  de  la  Chaleur,  p.  471  and  p.  509. 

(5)      iiCt  — -  =  «  — -  _  b%  ; 

^  ^  dt  do!^ 

(d       ^  d'~\ 

or        -—  +  6  -  a  —  ^  =  0. 
\dt  dxV 

Whence  z  -  e~^'^  e"'^" /(w). 

This  is  the  equation  for  determining  the  motion  of  heat 
in  a  ring. 

Fourier,  lb.  p.  266. 
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(6)     Let  -^^  -  a  ^,~^  =  0- 

^  ^  dt'  doe"" 

The  operating  factor  in  this  case  may  be  decomposed 
into  two,  and  the  equation  then  becomes 

d  d\   ( d  d\ 

a  -—]     — -+a— -p^  =  0. 

dt  dw)   \dt         dxj 

t—  -at  — 

Whence    %  =^  e''  "'  (p  {oo)  +  e''  "' ^  {w)  ; 

or    %  =  <p{x  -\-  at)  +y\/{w  —  at). 

This  is  one  of  the  most  important  equations  in  the 
application  of  mathematics  to  Natural  Philosophy,  being 
that  which  results  from  the  investigation  of  the  motion  of 
vibrating  chords,  and  of  the  pulses  produced  by  a  disturb- 
ance in  a  small  cylindrical  column  of  air. 

d''%        ,  d^% 

The  complementary  function  in  this  example  is  the  same 
as  the  integral  of  the  last,  and  the  result  of  the  inverse 
operation  on  wy  will  best  be  found  by  expanding  in  ascend- 

ino-  powers  of   ( — )   ,  when  it  is   easy    to    see  that  all   the 

terms   after   the  first   may  be   neglected.      We  find  accord- 
ingly 

2?  =  —  +  ^  (2/  +  aw)  +  v//  (?/  -  ax). 

d~%      d'^% 

(8)      Let        - —  H =  cos  mx  cos  ny. 

dx~      dy'^ 


The  solution   of  this  is 

cos  mx  cos  ny  [      d  \    ,   .  ^       .     f      d  \ 

= 7, z +  cos    cJ7  —  U)  (y)  +  sm  U;  —  W/  (y). 

m^  +  n"  \    dyj  '  \    dyj   ' 

Compare  this  with   Chap.  iv.  Sect.  1,  Ex.  (8). 

(9)     The  equation 

d~z  d'%  „  d-% 

dx~  dxdy  dy 
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may  be  put   under  the  form 

d  dV- 

1 «  —  M^  =  0, 

dcV  a  yj 

so  that  the  two  factors  are  equal.     Hence,  integrating  with 
respect  to  w, 

d  d 

%  =  e"'^  f^dar" .  0  =  e"''^  {w(p  (y)  +  yfr  (y)]  ; 

or     %  =  wfp^y  ■\-  ax)  +  "^{y  +■  aw). 

.    ^     ^       d^%        „  d-%  ^  d%         o,  dz 

(10)     Let  -—-  a^  -—  +  2ab  -—  +  2a^b  —  =  0. 
aw"  dy-  dw  dy 


When  resolved  into  its  factors  this  becomes 

d  d  1  \  (  d  d 

\dx  dy  J  \dw         dy, 

Integrating  with  respect  to  the  first  factor  we  have 


fd  d\  ^(a-f-2fl6)  ,  .  X 

The  effect  of  the  second  factor  on  the  second  side  of  the 
equation  will  be  simply  to  alter  the  function  of  y,  and  as  that 
is  arbitrary  we  may  leave  it  as  it  stands,  so  that  we  have,  on 
adding  the  complementary  function  due  to  the  second  factor, 

<^  =  e^('^^y-'°«0  (y)  +  e"""^>//  (y), 

or  ^  =  e~^"^'''0  (y  +  aw)  +  >//(?/  -  aw). 

Euler,  Calc.  Integ.  Vol.   in.  p.  210. 

d'%  dx         d% 

(11)     Let-; — —  + a  _-  +  &-—  + a&;tr=  r. 

dwdy         dw         dy 

Whence  %  =  e'^"'-^'"''^  fdye"^  fdwe''-'V  +  e-"^<jf)  0^0  +  e"''^//  (y)- 

If  r=  €'"■'•'  +  '"",  then 
23 
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m  y  +  n,v 

%  = +  e-^^c/)  (ir)  +  e-^^'x/rC^/). 

(m  +  a)  {n  +  h)  r      / 

Euler,  lb.  p.  189. 

(12)     Let a%  =  0. 

away 

mi  •       •  f  d      d         \  -^ 

Ihis  gives  %  =  [  —  . a]     0, 

\div   dy        1 


(13)     Let   -— -  -  a^%  =  0. 

dx'^ 

The  roots  of  the  equation 

u^  —  a^  =  0 


dw   dy 

""  iiX^  (y)  =  e"'^  (S)  '  /^  (2/)  dy. 


are«,  a<cos 1-  {-p  sin  —  >  ,  and  a-Jcos (-)2sin  — >. 


Therefore 

_a£         [aS^co\        ,  _(j£  .     [aS^w\ 

%  =  e"'"  0  (2/)  +  e    2  cos  I -g- j  ^//i  (2/)  +  e    2  sin  ( -^  j  f  2  C^)' 

(14)  Let 

^'^      .  ,.    ^^^         .      ,         «.     d^%  „,  f^^^ 

— -  -  (2a  +  6)  -— —  +  (2a&  +  a^) -  a^h — -  =  0. 

dx  doD^dy  dxdy  dy 

In  this  case  two  of  the  operating  factors  are  equal,  and 
we  find 

^  =  >//  (3/  +  6 c^)  +f{y  +  ax)  +  cr/i  (;?/  +  ax). 

(15)  Let  the  equation   contain   three  independent  vari- 
ables, as  in 

d^u  d?u  d^u  d^u 

2  ,     .  „-3 


dx^dy        dxdy"-        dx^d%         dxdz^ 


d^u  d^u  d^u 

-  2   ,  .,  ,    +  6 +  7 =  0. 

dy^dsz         dydz^         dxdydz 
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When  decomposed  into  its  factors  this  becomes 
d  d\   f  d         d\    f  d  d\ 

dw         dy)  \dx      d%]   \dy         d%j 
the  integral  of  which  is 

u  =f(y  +  2x,  %)  +  (p  (y,  %  -  a;)  +  yp^  {x,  z  +  3y). 
(l6)     Take  the  general  equation   with   two   independent 
variables 

d^z        ^       d^z  ,        d"z  d'^z        ^ 

- —  +  Ai -— -  +  As ^^-v  +  Sic.  +  A„  - —  =  F, 

dci?"  dw^~^dy  dos^~  dy~  dy"" 

where  the  index  of  differentiation  is  the  same  in  every  term, 
and  the  coefficients  are  constants,  and  F  is  a  function  of  oo 
and  y.      When  decomposed  into  factors  it  takes  the  form 

d  d\   (  d  d\  f  d  d\ 

7i — ^ii~]  b —  ^'^i~] h — ^n-r)  ^=  ^i 

dx           dy)   \dai  dy)  \dai  dy) 

where  «i,  a^ a„  are  the  roots  of  the  equation 

?*"  +  Ji^"-i  +  Jg?*"-"  +  &c.  +  J„  =  0. 
Now  in   decomposing   the   inverse  operation  into   partial 

/    (^   \   -  (n  -  1) 

fractions    each   of   the   coefficients    involves    f  — —  )  as  a 

\dy) 

factor  in  the  numerator,  since  the  denominators  consist  of  the 
products  of  {n  -  1)  factors  of  the  form 

Hence  giving  to  iVi,  iVg,  &c.    the  same   meanings   as  in 
Ex.  (6)  of  Chap.  xv.  of  the  DifF.  Calc. 

z=nA- — a,—  ]       —  V+nJ- — «o—         —  F 

\dx       dy)      \dy)  \dx       dy)      \dy) 

^.  (  d  d\-^  (  d\  -<"-"  ^^ 

+  &c.  +  iV^„    — -c?„—  —  V. 

\dx  dy)       \dy) 

f  d  \  ■~'"~^' 
If  for   shortness   v/e  represent    ( -7—  1  F  by   Fj,  and 

if  we  transform  the  operating  factors  by  the  formula 


d  d  \     ^  a,T—    .  -ax~ 

dx  dy) 


23—2 
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we  have 

d  d  a  a 


d  d 

c„x .  —a„x- 


+  &c.  +  &c.  +  N„  e     '^'^  fdxe        ^^  V^. 

The  complementary  functions  are  supposed  to  be  included 
under  the  sio-ns  of  integration  :  if  we  wish  to  see  their  form 
we  have  merely  to  suppose  Fj  =  0  in  the  above  expressions, 
when  after  obvious  transformations  we  find 

^  =/i  {y  +  ayw)  ■Vfziy'r  a.w)  +  &c.  +fn(y+  a„w), 

d^%  d~%  d^% 

(17)     Let    -7-2+3  -— —  +  2  --2  =  a?  +  ?/. 
dw  dwdy         dy 

In  this  case  ay  -  -  1,  ag  =  -  2,  iVj  =  1,  iVg  =  -  1. 

Also  (-)     (.  +  ,)  =  -^; 

therefore    %  =  — — — -  +fi(y  -  x)  ^f^{y-2  00). 

Sect.  2.     Equations  in  which  the  coefficients  are  functions 
of  the  independent  variables. 

As  in  the  case  of  the  similar  class  of  ordinary  differential 
equations  these  equations  may  sometimes  be  reduced  to  forms 
in  which  the  coefficients  are  constant.  Thus,  equations  of 
the  first  decree  of  the  form 


■'O' 


—  +  jrr  —  =  P;^  +  Q, 

doc  dy 

where  JT  is  a  function  of  a  only,  Y  a  function  of  y  only,  and 
P  and  Q  functions  of  both  x  and  y,  may  be  reduced  to  the 
form 

d%       ^,  d%  ^ 

dcV  dy 

t     ^y 

by  assuming  dy  =  -77  •     This  equation  may  be  written 

dss      ^  ^^  d 

~  +(X-— ,-P)^=Q, 

aw  dy 
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in  which  shape  it  is  seen  to  be  a  differential  equation  of  the 
first  order  with  respect  to  x  with  coefficients  which  are  func- 
tions of  that  variable ;  it  may  therefore  be  integrated  by  the 
method  of  Chap.  iv.   Sect.  2. 

We  may  sometimes  however  reduce  the  equation  at  once 
to  constant  coefficients  by  changing  both  the  independent 
variables  at  once. 

Greatheed,  Philosophical  Magazine^  Sept.  1837. 

_       .  .      ^  d%        cl% 

JbiX.  (I)      L.et     w- — vy~—=^n%. 
ax        ay 

_  .  dw  dy       ^  1  .    , 

By  assuming      —  =  cZw,      —  =  dv,     this  becomes 
a;  y 

f  d        d 

\-r-  + n\  z  ~0. 


\du      dv 
Integrating  with  respect  to  u,  we  have 

/  d         \  d 

—  Ml- HI  »K      —U^r- 

5?  =  e     ^'"     '^{v)  =  e     e    '>(«); 
or  %  —  e""^  {p  —  u). 

But         u  —  log  X,  V  =  log  y  ;         therefore 

t;-..  =  log^|],     and     (^  (^  -  ^0  =  01og  (^)  =/ (^)  , 

so  that  ;y  =  ci?"/  (-)  • 

If  we  had  integrated  with  respect  to  -y,  we  should  have 
found 

The  interpretation  of  these  results  is  that  ^  is  a  homo- 
geneous function  o^  n  dimensions  in  x  and  y.  This  is  obvious, 
as  the  differential  equation  is  the  condition  of  homogeneity  of 
a  function  of  two  variables. 

d%         d%      x^ 

(2)     Let      w~-y-r  =~  • 
ax         ay       y 

Changing  the  variables,  as  in  the  last  example,  we  have 

d         d 

.du      dvj 
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The  integral  of  this  is 

Su     —v 
€      6 

^  = \-  (p  {u  +  v)  ; 

or  %  = 1-  \J>  (wy). 

sy 

(3)      Let =  . 

d.v      dy      w  +  y 

Integrating  with  respect  to  w,  we  have 

/  d  \     .  d  d  f>  dss 


d  d  d         r  d,v  rd.v 

'"'•'=  e^y      and    e     ^^e"''"-'^  =  e    ^ 


y  -  jj 


therefore  %  =  e  "'-^  {^^ <p  {y)}  =  e''^' (p  (y  +  x). 

It  is  to  be  observed  that,  in  this  method  of  integration, 
when  we  have  a  function  of  the  form 

where  P  is  a  function  of  x  and  y,  we  must  not  allow  the 
first  term  of  the  exponent  of  e  to  act  on  the  second,  by 
putting  it  under   the  form 

/'^^'{e^''^cp(y)}. 

It  is  therefore  necessary  to  prefix  to  the  factor  e-^'^*^  the 
inverse  operation  of 

,     d  ,^     d 

rdx-^  -  fdx—- 

e      "^y,      or     e         "^ 
so  that  the  expression  takes  the  form 

d  d 

where  the  newly  introduced  factor  acts  only  on  that  which 
immediately  precedes  it. 

d^  d%         z 

(4)      Let      - — [■  m  -—=  n~  . 
doe  dy        y 
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Integrating  with  respect  to  x,  we  have 


dx 


^,    I      d       n.                                         li               c    da 
-  rdx\m-T-  —-\  _m.r-r—    ,     n    

z=e'     '  "'    '^cp(y)=e       '^  {e  "'^ -^™>  (2/)}  ; 

n 

therefore  ^  =  'it  ^{y  —  mx), 

1   dz      1  d%      % 
(5)      Let  -         +_         = 

x  dos      y  dy      y^ 

Put  xdx  =  duy  ydy  =  dv;    then  the  equation  becomes 

dss      d%       r~ 

1 =  — . 

du      dv       2v 

This  is  a  particular   case   of  the  last  example,   and  its 
integral  is 

%  =  v^  (j)  (v  —  u)  ; 

and  therefore  ^  =  y  (p(y^  —  ^^)- 

,^.     ~r  dz         d% 

(0)     Let  y  —  +  X  —  -  z. 

^  ^  ^  dx         dy 

Dividing  both  sides  by  xy  and  putting  u  =  x^,  v  =  y^, 
we  have 

d%      d%  % 

du      dv      2  (uv)^ 
Therefore,  integrating  with  respect  to  w, 

d 

smce     e       {uvY  =  (uv  +  u^y.     Hence 

%  =  {\{u  -^-v)  ->r  {uv)^i(p{v  -  u)  ; 

or,  putting  for  ic  and  v  their  values,  and  omitting  2~2  as  it 
may  be  included  in  the  arbitrary  function,  we  have 

%  =  (x  +  y)  (p  {if  —  X'). 

d%         d% 
(7)     Let        sec  <»  — -  +  a  -—  =  »  cot  v ; 
dx         dy 

The  integral  is 

1- 

%  =  (sin  yY  ^{y  —  a  sin  a). 
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(8)      Let  w'  --+y--—  =  -  . 
^  dx     ^  dy      y 

d  V  dv 

By  assuming  —  =  du,    —  =  dv,  this  becomes 

^  ^    x'  y' 

d%      d%  V 

du      dv  u^ 


Integrating  with  respect  to  u. 


V  1  _  _ 

jjf  =  — -  +  —  +  €   ''dv(h  (y). 


rw^i      n  "^^      ^^         (y  ~  ^\ 

1  herefore  z  = +  (Z)    

22/      2       ^  \  wy  j 

y  ^      T  d%       .         ,. ,  d% 

(9)     Let.-  +  (l  +  y»>-  =  .y. 


—  =  u,    — ^ 

^  (1   +   «/^)3 


Assuming  —  =  w,    ~ -^^  =  rf«  we  have 


d^       dz  ^e;^ 


At  +  V 


whence      %:  = \-  (b  (v  —  u). 

Or,   substituting  for  u  and  «  their  values  in  x  and  y, 

,    .      ^  <?w         (Zt^        c?^^  try 

(10)  Let  0?  -—  -^  y  - — \-  %  -—  =  au  +  —  . 

d,v         dy  dz  % 

Then  «  = -!^ +  ;.>(•!,   *). 

(1  -  a)x  ^   \%      z) 

Equations  of  the  second  and  higher  orders  may  sometimes 
be  reduced  by  transformations  similar  to  those  employed  in 
Chap.  IV.  Sect.  2. 

d"%  d^z  d^% 

(11)  Let  X-  — -  +  2xy-~-^  +  y^——,  =  x'^y". 

dx^  dxdy  dy 
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„      .        d.v       _        dy       ,        ,  ,     , 
rattinff  —  =  ai.(,   —  =  dv,   this   becomes 
°    cP  y 

(  d         d\\ 


{\du      dv)         \du      dv)  ] 


The  integral  of  this  is 


^  =  7 ^7^ 7^  +  ^"^  (u  -  w)  +  >i^  (u  -  u) 

or.=  - ^ -.rfm,/(? 

(w  +  w)  (m  +  71  —  1)  \x}  \w 

(12)  Let  a?^  — —  -  y^  — —  =  a??/. 
^    ^  dee"      ^  dy'        -^ 

By  means  of  the  same  transformation  as  in  the  last  ex- 
ample we  find 

%  ==  xyXagoe -ir  wF  y-\  ^■f{aJy), 

(13)  Let   (.^  +  2/)  -a        =0. 

XAj  kAj  \Aj  II  \Aj  iKi 

If  we  put  —-  =  v  this  becomes 

dv 

(a?  +  2/)  -1 av  =  0, 

dy 

the  integral  of  which  is  v  =  (x  +  yY(h  (ct?), 

so  that  %  =  /c?,a7  (,i?  +  yy(p  {cc)  +  v|/  (?/). 

(14)  Integrate  the  equation 

d"%  ,        d^s;         n(n-\)       d^s;  d^z 

a^-—+nx''-^y -—  + ~-^  +  kc.  +  y"  -—  =0. 

dw"  ^  da)"-^dy  1.2     dx"--dy'  ^  dy" 

Assume  dx  =  xdu,  dy  =  ydv  ;   then  by  Ex.  (6)  of  Chap. 
III.   Sect.  1,  of  the  Diff.   Calc.  we  have  generally 

'^^  dcc'dy'~  du\du~^]  '"{du"^^  '^^j  ^ 

Tv{Tv-')"-{tv-^'-'^} 
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Now  if  we  put  for   shortness 

du  \du        J        \du  J        Ldu-i 

the  given  equation  takes  the  form 

\  LduJ  ldu-i       IdvJ  1.2     LdMJ       ldv-1 

But  by  a  known  theorem  of  Vandermonde  if 
[^j?]''  =  iv  (a;  —  1)  ...  (x  -  r  +  1), 

92-  (fh  —  1  I 

[wj  +  n[wy-'  [y]  +  -Y7^  L'^]"-'  [yj  +  &c.  +  W»=  [a;  +  2/]". 

Therefore,  as  the  symbols  of  differentiation  are  subject 
to  the  same  laws  of  combination  as  the  algebraical  symbols, 
the  differential  equation  may  be  written 

r  d        dy 
Ldu      dvJ 

l\(d         d        \        id         d        .  ,1 

vj  \du      dv       J        [du      dv  J 


d         d 
\du      d 


the  integral  of  which  is 

s;  =  <po(t)-w)  +  e"0i(v-w)  +  &c.  +  e*""^>"0„_i  (v-u); 

/o,  /i,   Sec.  being  arbitrary  functions. 

d"^  cZ;^  dig 

(15)     Let  a!y ; — h  a^ V  oy  —-  abz  =  V, 

dccdy  dx  dy 

(F  being  a  function  of  cc  and  y). 

Putting  as  before   —  =  du,    —  =  dv,  this  becomes 
°  X  y 
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the  integral   of  which   (see  Ex.   (11)    of  the   preceding   sec- 
tion) is 

^  =  e-(««+6«)  fdv  e""  fdu  6*"  V  +  e-''  (p  (ic)  +  e"*"  >//  (v)  ; 

"or    ^==^Jdyf-'fd^.v'-'V+^J(.v)  +  -^F(y). 
00  y  y  CO 

,  ^^      ^  „  d^%        ,  d^%  d%  d% 

(16)  Let    or  -— -  -  y"  -— ;  +  so y  ~-  =  o. 

^    ^  dx^      ^   dy'  dcv      ^  dy 

By  the  same  transformation  as  before  we  find 

^  =  0  f-j  +^  i^y)' 

,    ,      ^  d^%      2   d%        ^d^% 

(17)  Let  -r,  +  -  T-  =  «Vl- 

dx''      CO  dco  dy 

By  the  same  process  as  in  Ex.  (9)  of  Chap.  iv.  Sect.  2, 
this  may  be  put  under  the  form 

d^(ao%)         „  d^(cc%) 
d/v-  dy^ 

Whence  we  find 

1 


% 


=  -  {(p(y  +  «'*?)  +  ^  (2/  -  «^^)} 


,    .     ^        d^z        „  [d^%      2  d%       2 
(18)     Let    — -  =  aM  -_  ^ 

a^/  Kdx-'      cV  dx      x^ 

This  may  be  put  under  the  form 
d^%  ^  d  f  d  2 
dy^  dx  \dx      x 


and  thence  by  the  same  process  as  in  Ex.  (lO)  of  Chap.  iv. 
Sect.  2,  we  find 

dH        ,^d^v        ,  (  d\-'^ 

~r-r,  =  a~  TT— ; ,    where  v  =  x  \  —         z. 
dy^  dx-  \dxj 

Integrating  we  have 

V  =(l){x  +  ay)  +  \//  {x  -  ay) ; 


r 
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and  therefore 

This   equation   occurs   in   the   Theory    of   Sound.       See 
Airy's   Tracts,  p.  271. 

(19)      Let  —-, -- v-^=0. 
^  dw      X  ay 

This  equation  is  of  the  same  form   as  that  in   Ex.   (6) 
of  Chap,  v.,  and  its  integral  will  be  found  from  that  given 

there  by  putting  a  —  for  c,  and  changing  the  arbitrary  con- 
stants into  arbitrary  functions  of  y.     Hence  we  find 


-i'{y--yf[y-f\- 


(20)     The  integral  of  the  equation 

may  in  the  same  way  be  deduced  from  that  of  Ex.  (8)    of 
the  same  Chapter :   the  result  is 

Z=^x{F'  {y+  Saw^)  +f'  {y  -  3ad)} 

{F(y  +  Sad)  -f{y  -  3aa)^)\. 

3a 

d^z         ,^  fZ-^      2z 
dx^  dy^       or  ' 

The  integral  of  this  equation  may  be  deduced  from  that 

d' 
in  Ex.   (10)   of  Chap.  v.  by  putting  -  a'  —  for  q^.     This 

gives  us 

%^  —  {F{y-  ax)  -f(y  +  ax)\  +  F\y  -  ax)  +f(y  +  ax) 
ax 

d^z  d'Z        2z 

^  "^  dx"        dx  dy      x'^  ' 
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The  integral  of  this  equation  is  deduced   from   that  in 
Ex.  (13)   of  Chap,  v.,  by  putting   a  —  for  q.      This  gives 

2  2 

a;  =  aF'iy)  --F{y)+  af\y  -  ao!)  +  -f{y  -  aw). 

00  w 

(23)      The  equation 

d^  ~  Iv'  d.v'"-'^  ~  "'  If  ~    ' 
may  be  integrated  by  the  same  method  as  that  in  Ex.  (14)  of 

Chap.  VI.,  by  changing  /r  into  -a^  — i"^"^^  putting  arbitrary 

ay 

functions  of  y  instead  of  the  arbitrary  constants. 
Thus  if  m  =  2,  we  have 

X=F{y+  ax)  +f(y  -  aw), 
so  that  the  integral  of 


"& 


d^is      2jo  dis        „  d~% 
dw^       w    dw  dy^ 


IS       % 


'"'''''  {10 ~v  ^^^'^  "-  ''''^  ^^^y  ■-  '''''^^' 


Hence  if  p  =  2,  the  integral  of 
d^is      4!  d%        „  d^z 
dw'^      w  dw  df 

is    ^  =  3  1 7^(2/ +«<«?)+/(«/- a .2?)}  —Saw  {F' (y  +  aw) -f  (y -aw)^ 

+  o.V  {F'\y  +  aw)  +  f"  {y  -aw)}. 

d^%  1       (d%      dz\  2 

(24)     Let     — —r  +  1-  +  -r     -  7 j  ^  =  0- 

dw  dy      w  +  y  \dw      dyj       {w  +  y)- 

Assume  yi-w  =  u,    y  -  w  =  v,  when  the  equation  becomes 

d-!^      d-!s      2  d^       2 

dir      du^      u  du      zi^' 

The  integral  of  this  by  Ex.  (l8)  is 

s:  =-  \(p'  (ic  +  v)  +  \^'  (u  -  v) I :^  [(p  (u  +  v)  +  yj/ (u  -  v)]. 
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Hence, 

Non-linear  equations  of  the  form 

P,   Q,  R   being  functions  of  w  and  ?/,  may  be  transformed 
into  linear  equations  by  assuming 

dz         d%      wy 

(25)     Let      x—-\-y—  = 

^  dx         ay       % 

The  transformed  equation  is,  putting 

%d%=  d% ,   ov  s:  =  —  , 
2 

d%  d% 

w 

and  the  integral  is 


dw  dy 


,"-  =  xy  +  (pQ 


„  dz       „d%      (l  +  «-)a 

(26)  Let    co^  —  +  r  3-  =  ■ • 

^     ^  doG         dy  z 

By  assuming  7 ^j7i=  ^^'  o^  ^'  =  (1  +  ^")^5  this  becomes 

-'  (1  -r  ^  )- 

dz  d%' 

a;2         +2/2— -  =  1, 

da?  a^ 

and  the  integral  is 

(1  +  ^^)^^  =  -  -  +  0  (- - -)  . 
X  \y      oc) 

(27)  Let      .i?  — -  H-  2/  —  ='2xy  (a'  -  »")l 

ft  ci?         ciy 


The  integral  is 


^  =  «  sin  \xy  +  f^  [|)  |  • 
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We  might  with  advantage  have  applied  the  same  trans- 
formation to  the  equations  in  examples  (l),  (3),  and  (4),  as 
it  is  generally  convenient  to  reduce  the  factor  of  %  to  two 
terms. 

Sect.  3.     Equations  involving  the  differential  coefficients 
of  %  in  powers  and  products. 

If  the  equation  be  of  the  first  order  make  —  =  p,  —  =  q. 

dec  dy 

and  from  the  given  equation  find  q  in  terms  of  p,  w,  y,  %,  and 

substitute  this  value  in  the  equation 

dp      dq  dp  dq 

dy      dx  dz  d^ 

which  will  then  become  an  equation  of  the  first  order  between 
four  variables.  The  value  of  p  found  by  integrating  this, 
with  the  corresponding  value  of  q  will  render 

d%  =  j)dw  +  qdy,  (2) 

a  complete  differential,  and  this  being  integrated  will  give 
the  value  of  %.  The  integral  of  the  first  equation  will 
involve  an  arbitrary  constant  (a) ;  and  the  integral  of  the 
second  will  introduce  another  (6),  which  is  to  be  considered 
as  an  arbitrary  function  of  (a) ;  and  we  shall  thus  obtain 
an  integral  of  the  form 

f{oc,y,%,a)  =  (p{a), 
from   which  a  is  to  be  eliminated   when   a   specific  meaning 
is  assigned  to   (b. 

Lagrange,  Memoires  de  Berlin^  1772,  p.  353. 

(l)     Let     jr  +  (f  =1,      or  g  =  (l  -  p-)i, 

dq  p         dp        dq  jj         dp 

dx  {l  —  p")^  dx        d%  (l  —  p^y^  dz' 

Substituting  these  values  in  equation  (l)  it  becomes 

dp  dp  oxi^P 

d%  dx  dy 

This    equation    is  integrable  if     we     can    integrate    the 
system   of  equations 

dp  =  0,     pdz  -  dx  =  0,      (1  -  p^y^  dz  -  dy  =  0. 
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The  first  gives  p  =  a,   whence  q  =  {l  —  «")^,  and 

dz  =  adx  +  (1  -  a^)i  dy, 

so  that  z  =  ax  +  (1  —  a^)^  y  +  0(a). 

If  we  diiFerentiate  this  with  respect  to  a  we  obtain  the 
equation 

between  which  and  the  preceding  we  may  eliminate  a  when 
(p  is  specified. 

(2)  Let  p^  =  1. 

The  equation  in  p  to  be  integrated  is 

dp       1    dp      2  dp 

dy      p'  dw      p  dz 

whence  dp  =  0  and  p  =  a.     The  final  integral  is 

y 
p  =  ax  +  -  +  (j)  (a). 

(3)  Let  %  =  pq. 
In  this  case  we  find 


p  =  y+  a,       g  = 


y  +  a 


therefore     dz  =  (y  +  a)  doo  H dy^ 

dz  zdy 

whence -;  =  dx ; 

y  +  a      (y  +  ay 

z 

and  therefore =  a?  +  0(a). 

y  +  a 

(4)     Let  p  =  (qy  +  zJK 

In  this  case  we  get 

fa 
qy-  =  a,     and  ^  =  I  -  + 

/         a\^  a 

whence     dz  =  [z  +  -  ]    dx  +  —  dy  ; 
V        yJ  2/ 


PARTIAL    DIFFERENTIAL    EQUATIONS.  o69 

or     rf(.  +  2)=(.  +  ?)"d^, 

whence      | ar  +  -|  {,v  +  (p(a)]  +1  =  0. 

(5)  Let  q  =  p^z. 

Here    p  =  -  ,    g  =  — ,  and  the  integral  is 

Z  IS 

2 

—  =  ax  +  a^y  +  (p(a). 

(6)  Let  q  =  oap  +  p". 
The  integral  is 

.  X      -r  o      fdz\"'  fd-z\" 

(7)  Let  a?«/«:>'    —         —      =c". 

This  may  be  put  under  the  form 

/  «    ^JL.dzy  f  ^   -JL.  dzy 

[jcmzm  +  n-—-]      lyn  zm  +  n  - —       =C. 

V  d.vj     V  dy) 


By  assuming 

c 

the  equation  becomes 


■' =  fx  mdw,    y  =  fy  "-dy,     z'  =  fzm+ndz ; 


dz'Y  (d%'y 

dec  )     \dy' j 

The  integral  of  this  found  by  the   same  method   as  in 
Ex.  (2)  is 

c 
z  =  a'^a;'  +  —y+^{a); 

and  therefore 

m  +  n          rn  +  n  +  y             ^                m-a              ^          j       «--^ 
— Z    m  +  n      =.   Cl'^x    ni      ^ y    n       +  (h  {a). 

7/1  +  n  +  y  m  —  a  n  -  (ia'" 

When  m  =  a,  x'  =  \ogcV,      when   n  =  (3,  y' =  ^ogy, 

when  m  +  n  +  y  =  0,  z'  =  log z. 
24 
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(8)  This  transformation  fails  when  m  +  n  =  0  while  y 
is  not  equal  to  0.  In  this  case  the  following  method  may 
be  used.     The  equation  may  evidently  be  put  under  the  form 

dzy  fdi^y 

(dxj     \dyj 

then  considering  a;  as  a  function  of  %  and  y, 

doa  dao  ^ 

dx  =■  ——  d%  +  —-  dvy 
d%  dy 


dw 


and  therefore 


whence 


d% 

1 

dx 

d<c-^^dy; 

dz 

d% 
dx 

d% 
dx 

1 

dx  ' 
d% 

dss          dy 

dy          dx 

d% 

By  substituting  these  values  the  equation  becomes  (since 
TO  +  ?^  =  O) 

(dxY  ,    ^ 

the  integral  of  which  is 

_Z 
X  =  —  cy%  «  f  <p  (%). 


(9)     Let     (-)   ..  =  (-,)  ,- 


The  transformed  equation  is 
and  the  integral  is 


fdx\  2 


3  2%^      ''  ^  ■' 


The  transformations  in  the  three  preceding  examples  are 
given  by  a  writer  who  signs  himself  "  G.  C."  in  the  Cam- 
bridge  Mathematical  Journal,  Vol.  i.  p.  l62. 
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Sect.  4.     Equations  integrahle  hy  various  methods. 

Lagrange's  Method. 

Let  a  partial  Diiferential  Equation  between  three  variables 
be  of  the  form 

^d%       ^d%      „ 
P~+Q~  =  R, 
doo  dy 

where  P,  Q,  R  are  functions  of  .r,  y  and  % ;  then  if  we  can 
integrate  two  of  the  following  equations, 

Pdy  -  Qdw  =  0 

Pds!  -  RdoB  =  0 

Qdz  -  Rdy  =  0, 

so  as  to  obtain  two  integrals, 

<p  {w,  y,  ^)  =  /3,     ^//  (cT,  y,  %)  =  a, 

the  integral  of  the  given  equation   will  be 

/3=/(a). 

Lagrange,  Memoires  de  Berlin,  1774,  p.  197;  1779,  p-  152. 

For  the  success  of  this  method  it  is  necessary  either  that 
one  of  the  three  auxiliary  equations  should  contain  only  the 
two  variables  the  differentials  of  which  it  involves,  or  that 
by  their  combination  such  an  equation'  should  be  obtained. 
By  integrating  it  we  obtain  an  equation  by  means  of  which 
one  of  the  variables  may  be  eliminated  from  either  of  the 
other  auxiliary  equations. 

.  ^     ^  d%         d% 

(1)     Let  OD—-  +  % \.  y  =  0, 

dos         dy 

In  this  case  the  auxiliary  equations  are 

oody  —  zdcV  =  0, 

{vd%  +  ydoB  =  0, 

%d%  4-  ydy  —  0. 
The  last  of  these  alone  is  immediately  integrable  and  gives 


s^  +  2/^  = 


24 — 2 
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Substituting  in  the  second,  we  have 
d%  dx 

sin" ^  -" 

whence       one        "  =  &,     and  therefore 

is  the  integral  of  the  proposed  equation. 

(2)  Liet  2/"^ wy~  —  =  accz  ; 

dy  dw 

fl  SO 

then     log  %=  --—^  +f{«'y)' 
dy 

.  ^      _  _  ^  dz  ^  d%      ^ 

(3)  Let     (y  -  bz) (w  -  az)  — -  -bx  -  ay. 

dw  dy 

The  auxiliary   equations   are, 

{y  —  bz)  dy  +  (x  —  az)  dx  =  0 (l) 

{y  —  bz)  dz  —  (bx  —  ay)  dx  =  0 (2) 

(c^  -  az)  dz  +  (bx  —  ay)  dy  =  0 (3). 

Multiply   (2)  by  «,  and  (3)  by   6;    subtract  and  divide 
by  bx  —  ay  :    we  find 

dz  +  adx  +  bdy  =  0,     or   z  +  ax  +  by  =  a. 

Again  multiply  (2)  by  x,   and   (3)  by  «/;    subtract  and 
divide  by  bx  —  ay:    there  results 

xdx  +  ydy  +  zdz  =  0,   whence  x^  +  y'  +  z-  =  (i. 

Therefore 

x^  +  y'^  -\-  z"  =  f(z  +  ax  +  by) 

is  the  integral  of  the  proposed  equation.     This  is  the  general 
equation  to   surfaces  of  revolution. 

(4)  Let  x~  -J-  +  y  —-  ==  nxy, 

dx  dy 


y-  X         w         \  xy  } 
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.  .       _  ..d%  dz 

(5)  J^et  2/ 1-  ''^'2/  ~r-  =  ^-^^  '■> 

a  X  dy 

then     %  =  y^^  f  (or  —  y'^). 

(6)  Let      {,v  +  ij)j-  +  (y-  .r)  ^  =  ^• 

The  auxiliary  equations  are, 

(x  +  y)  dy  -  (y  -  x)  dx  =  0 (l) 

(x  +  y)  d%  -  %dx       =0 (2) 

(y  —  x)  dz  -  zdy        =0 (3). 

Equation  (l)  may  be  put  under  the  form 
xdy  —  ydx  +  xdx  +  ydy  =  0; 

X 

whence      tan~^ log  (x~  +  y~)i  =  a. 

Multiplying  (2)  by  a?,   (3)  by  y  and  adding,  we  have 

dz      xdx  +  ydy 

z  x^  +  2/^     ' 

whence    -—^ — ^  =  R  ;    and  therefore 

'•    .  {x'  +  y-y 

.    z={x^  ^  t/y^  / {tan- 1  -  -  log  (c^'^  +  y^y] 

is  the  required  integral. 

♦  (7)      Let     (x  -2y)  —  +  (2x  -  3y)  -—  =  z. 

dx  dy 

The  integral  is 

(x-y)z  =  e^f(x  -yf. 

This    method    may    be    extended    to    functions    of   more 
variables.      Thus  if 

dx  dy  dz 

and  if  from  three  equations  such  as 
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Pdy  -  Qdx  =  0, 
Pd%  -  Rds)  =  0, 
Pdu  -  Sdx  =  0, 
we  can  obtain  three  integrals, 

U=a,      V=b,      W=c, 
the  integral  of  tlie  proposed  equation  is 

U==f(V,W),     or    (j)  (U,  V,  W)  =  0. 

(8)     Let 

^  du      .  .  du      ^  ^  du 

(u  +  y  +  z)  -— -  ■v\u  +  w-\-%)  — -  ->r iu  +  00 ■{■  y)  -—  =-o(i-\-y-\'Z. 
doB  ay  a% 

The  auxiliary  equations  are, 

{u  +  y  +  z)  dy  -  {u  +  X  +  %)  dx  =  0, 
(u  ■{■  y  +  %)  d%  -  (u  +  X  +  y)  dw  =  0, 
{u  ■{■  y  +  ?i)  du  -  {oo  ^^  y  -^  %)  dx  =  0. 
Adding  these  three  equations  we  have 
(u  +  y  +  z)  (du  +  doo  +  dy  +  d%)  -  S  {u  ■{-  oa  -{■  y  +  %)  doo  =  0. 
Putting  u  +  os  +  y->r%  =  'o,  this  gives 
dx  dv 

u  +  y  +  z      3v 
Subtracting  the  second  equation  from  the  first,  we  have 
(u  +  y  +  s;)  {dy  -  dz)  =  {%  -  y)  dw ; 
doo  dy  —  dz 


or 


Therefore 


u  +  y  +  z  y  — 

dv  dy  —  dz 


3v  y  —  ^ 

and     V  (y  -  zy  =  a. 
From    the   symmetry   of  the    expressions    it    is    obvious 
that  we  must  have  also 

V  (x  -  zy  =  6,  V  (u  -  zy  =  c. 

Therefore 

f{v(u-  zy,  V  (x  -  zy^  v(y  -  !^y\  =  0. 
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/NT  du  ^  du       ^  ^  du 

(9)     -Let       X  -—+  hi  j^  z)  -—  +  hi  +  y)  —  =  ?/  +  x. 
a  01      ^  ^  dy  d% 


Tlie  integral  of  this  is 

u  +  w  +  y  +  %  =  ff  {so  (u  -  y),  x  (y  -  .^)} . 

Mange's  Method. 

Let   the  partial  differential  equation  be  of  the  form 

d^^'      „   d^%  d~%     '  _ 

doo'^         dwdy         dy 

where  P,  Q,  R  are  functions  of  x,  y,  %,  -— ,   -j-. 

dx     dy 

Then  if  we  form  the  system  of  equations 

dy  —  mdcc  =  0 


(1) 

mdp  +  Qdq  -  Rmdx  =  0  J 

dy  —  m'dx  =  0  1 
•^  I (q\ 

mdp  +  Qdq  -  Rm'dx  =  0  J 

dz  ds; 

where  p  =  —-  and  g  =  — ,  and  ?w,   m    are  the   roots  of  the 
dcV  dy 

equation 

m^  -  Pm  +  Q  =  0  ; 

and  if  from  these  two  systems  we  can  find  two  integrals 
U=  a,    V=b,  then 

is  the  first  integral  of  the  proposed  equation  ;  and  the  integral 
of  this  is  the  complete  integral  of  the  proposed  equation.  It 
is  generally  more  convenient  (when  possible)  to  find  another 
first  integral,  of  the  form 

and  between  these  to  eliminate  p  or  g'  so  as  to  obtain  an 
equation  involving  only  one  differential  coefficient,  and  which 
is  therefore  easily  integrable. 

Monge,  Mcmoires  de  VAcademie  des  Sciences,  17S4,  p.  118. 

,     ,      ^  „  d"z  d^z  „  d~':s 

(10)      Let      q^ 2«g v  +  V  ■ =  0. 

dar  dxdy  dy' 
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The  auxiliary   equations  in  this  case  are, 

q^m"  +  2pqm  +  «^  =  0,     whence   m  = , 

q 

qdy  +  pdx  =  0, 

—  pdp  -\ dq  =  0. 

Q 

Erom   the  second,  since  d%  =  pdx  •{•  qdy,   we  have 

dss  =  0,     or    ^  =  a. 

From  the  third  we  have 

pdq  —  qdp  =  0 ;  . 

p 
whence    -  =  dy  (x)  =  c, 
9 

since  %  =  constant,   and    therefore   (p  (^)  =  constant.       From 
the  equation  p  —  cq  =  0,  we  easily   obtain 

ss=f{w  +  cy)  =f{^v  +  y^(z)}, 
which  is  the  required  integral. 

d^  %      d'z         4p 
dar      dy^      <^  +  2/ 
The  auxiliary  equations  are, 

dy  —  dx  =  0,      dp  —  dq  -^ dx  =  0   (l) 

w  +  y 

4  p 
dy  +  dcv  =  0,     dp  +  dq  -  — dx  =  0  (2) 

X  +y 

From   the  first  of  (l)    we  find 

4ipdcB 

y  —  X  =  c,     and  therefore    dp  —  dq  ^ =  0. 

2y  -a 

If  we  subtract  from  this  last  the  equation 

2p                            2pdy         2dz         2qdy 
(dy  -  dx)  = ---^ + 


2y  —  a  2y  —  a      2y  —  a      2y  —  a 

(as  pdx  =  dz  —  qdy)   we  have 

{2y  -  a)  (dp  -  dq)  +  2  {p  -  q)  dy  +  2d%  =  0 ; 
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the  integral  of  which  is 

(21/  -a)(p-  g)  +  2%  =  b  =f{y  -  w), 

and  therefore 

9,%         f  (v  —  oc) 
p-q  + ^-L^ i, 

(jG  ■\-  y         cV  +  y 
From  the  first  of  (2)  we  find 

y  +  0!  =  «!, 

and  substituting  this  in  the  equation  just  found,  it  becomes 
d!s      d%      2«         f{y  —  w) 
dy      dx       «!  Ui 


This   is   a   linear   equation   and   is  therefore  easily  inte- 
grated.    The  result  is 

%=  -e^^y  jdye   ai±-^ ^  +  6'^+^ \// (.2?  +  ?/)? 

where  o)  +  y  is  to  be  substituted  for  «i  afier  integration. 
(12)     Let  the  equation  be 

,,  d"%         „  d'^         .  „^  d^% 

If  we  put  p  -\-  q  =  a,  this  takes  the  form 

,  ^d"z      ^  d-%  d^% 

The  equation  for  determining  m  is 

(l  +  qa)  m^  -  {q  -  p)  «»*  -  (l  +  pa)  =  0 ; 

1  .  1       .  1  +  pa 

which  mves  wz  =  1,       m  =  — — . 

^  1  +  qa 

We  have  therefore  to  integrate  the  two  systems, 
dy  -  da)  =  0;       dp{l  +  qa)  —  dq  (l  +  pa)  =  0  ...  (l), 
dy  (1  +  qa)  +  dx  (l  +  pa)  =  0  ;        dp  +  dq  =  0  ...  (2). 

TJie  second   equation  of  (2),  gives  p  +  q  =  b  or  a  =  b. 

The  first  equation,  of  (2)  when  put  under  the  form 
dx  +  dy  +  a  {pdco  +  qdy)  =  0, 
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gives  a?  +  y  +  (p  +  q)  !S  =  a  ; 

therefore  ix  +  y  +  (p  +  q)  x  =  (p  (p  +  q). 

The   first   equation   of  (1)  gives  y  —  x  =  a,  and  putting 
p  —  q  =  (3,  we  liave 

p  =  l(a  +  /3),   ^  =  l(a-/3), 

and  therefore  the  second  equation  of  (l)  may  be  put  under 
the  form 

dR        ada  ,  /-•      ,    ^  qm 

—  = 2 ;   whence  /3  =  &i  (2  +  a')^ 

and  therefore 

p-q  =  y\f{x-y){^  +  {p-^  qy}h 

This  first  integral  will  enable  us  to  determine  the  second 
integral.      Putting  p  -^  q  =  a,  P  ~  9  =  f^^  we  have 

dss  =  ^(a  +  I3)da)  +  ^{a- 13) dy  =  ^a(da}  +  dy)  +^ (3(doo -dy); 

or,  putting  for  (3  its  value  -v^  (a?  -  ?/)  (2  +  ar)h, 

dz  =  ^a  {dos  +  dy)  +  J  ((ia^  -  dy)  ^\r  {x  -  y)  {2  +  a^)L 

This  is  integrable  if  we  suppose  a  to  be  constant,  and 

gives 

^  +  (^  (a)  =  1  a  (ci?  +  ?/)  +  >|/i  C^'  -  2/)  (2  +  a^)^' ; 
which,  combined  with 

represents  the  integral  of  the  proposed  equation. 

Poisson*  has  shewn  how  to  obtain  a  particular  integral 
of  equations  of  the  form 

p=  (rt-syq (1) 

where  P  is  a  function  of  p,  q,  r,  s,  t,  homogeneous  with  respect 
to  the  last  three  quantities,  and  Q  is  a  function  of  x,  y,  z,  and 
the  differentials  of  ^,  which   does  not  become  infinite  when 

rt  -  s^  =  0. 

«  Correspondance  sur  VEcole  Polyteclinique,  Vol.  ii.  p.  410. 
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If  we  assume  (l=f{p)i  we  have 

s  =  r/'(p),     t=sf'{v)=^T{f'{p)Y; 

and  therefore     rt  —  s^  =  0 (2) 

Hence  the  equation  (l)  is  reduced  to 

P=0; 

and  on  substituting  in  it  the  values  of  ^,  s,  and  t,  the  quantity 
r  will  divide  out,  as  P  is  homogeneous  in  r,  s,  and  t,  and 
the  equation  is  reduced  to  the  form 

F{p,f(p)f'(p)}='0, 

which  is  an  ordinary  differential  equation,  and  being  integrated 
determines  the  form  of  f(p)  involving  an  arbitrary  constant. 
The  partial  differential  equation 

q  =  f(p) 

can  always  be  integrated,  and  furnishes  a  value  of  %  involving 
an  arbitrary  function  and  an  arbitrary  constant.  This  process 
comes  to  the  same  as  finding  what  developable  surfaces  satisfy 
the  equation  (l). 

(IS)      Let  r^  -f^rt-  s\ 

Assuming    q  =  f(p}  we  find 

.   r'{^-[f(p)Y}=0, 
whence  /'  (p)  =  ±  1 ; 

and  therefore  q  =  f(p)  =  i  ^  +  C, 

C  being  an  arbitrary  constant.      On  integrating  this  we  find 

%  =  CcV  ^  (p{y  ^  w) 
as  a  particular  integral  of  the  given  equation. 

(14)     Let      t  +  2ps+{p^  -  a^)r  =  0 (1) 

In  this  case  Q  =  0,  and  on  putting  q  —  f{p)  we  have,  after 
dividing  by  r, 

{f{p)Y+^yf{v)+p'-a'=0', .(2) 

from  which  /'  (^j)  +  p  =  ±  a, 

and  therefore  g  +  1^- i  ap  =  C (3) 
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Now  as  every  equation  involving  only  p  and  q  may  be 
considered  as  representing  a  developable  surface,  it  may  be 
satisfied  by  the  equation  to  a  plane  in  which  the  arbitrary 
constants  are  afterwards  supposed  to  vary.      Hence  assuming 

ss  =  ace  +  (5y  +  7, 

we  find   p  =  a,  Q*  =  i^j  ^^^^  therefore 

so  that  a  particular  integral  of  (s)  is 

%  =  ace  +  {C  ^  aa  -  ^a)  y  +  y- 

To  deduce  the  general  integral  we  must  take  for  y  an 
arbitrary  function  of  a,  and  then  join  with  the  equation  to 
the  plane  its  differential  with  respect  to  a,  so  that  the  system 
of  equations 

%  =  aoB  +  {C  ^  aa  —  \ar)  y  +  (p  (a), 

0  =  a;  -  (a  i  a)  2/  +  ^'  (a), 

is  the  general  integral  of  (3),  and  a  particular  integral  of  (l). 
A  different  form  of  (p  should  be  taken  for  each  sign  of  «, 
so  that  this  system  is  equivalent  to  two. 

The  equation 

(15)  (1  +  q^)  r  -  2pqs  +  {1  +  p^)  t  =  0, 

belongs  to  those  surfaces  in  which  the  principal  radii  of 
curvature  are  equal  but  of  opposite  signs.  On  assuming 
q  =  f{p),   we  have 

1  +  \f{p)Y  -  ^pf(p)  f  (p)  +  (1 + p')  [f  (p)r= 0. 

The  integral  of  this  is 

q  =  ap  +  {-  1  -  a^)^; 

from   which   we  have 

%  =  (p{cv  +  ay)  +  y  (—  1  -  0^)3 

as  the  particular  integral  of  the  given  equation. 

It  is  easy  to  see  that  this  must  represent  a  plane,  as 
that  is  the  only  developable  surface  which  has  its  principal 
radii  of  curvature  equal  and  of  opposite  signs. 
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From  the  difficulties  attending  the  integration  of  ordinary 
differential  equations  of  a  high  order  it  will  readily  be  under- 
stood that  the  integration  of  partial  differential  equations  of 
the  second  and  higher  orders  is  a  problem  in  the  solution 
of  which  still  less  progress  has  been  made.  The  subject 
has  much  occupied  the  attention  of  mathematicians,  and  pro- 
cesses have  been  given  for  integrating  various  classes  of 
these  equations,  but  they  are  unfortunately  exceedingly  long 
and  complex,  and  the  solutions  are  frequently  given  in  a 
form  which  renders  them  practically  useless.  I  shall  therefore 
not  give  any  examples  of  them  here,  but  shall  content  myself 
with  referring  the  reader  to  the  original  memoirs:  such  as 
those  of  Laplace, -M'emo^res  de  VAcademie,  1773;  Legendre, 
Ih.  1787;  Ampere,  Journal  Polytechnique,  Cahiers  xvii.  et 
XVIII. ;  and  Cardinali,  Sul  Calcolo  Integrals  delV  equazioni 
di  difference  partiali. 

^ome  examples  of  the  application  of  Definite  integrals 
to  express  the  integrals  of  partial  Differential  equations  will 
be  found  at  the  end  of  Chap.  xii. 


CHAPTER  VII. 


SIMULTANEOUS    DIFFERENTIAL    EQUATIONS. 


Sect.  1.  Linear  Differential  Equations  with  constant 
Coefficients. 

The  solution  of  any  number  of  simultaneous  equations  of 
this  class  may  always  be  reduced  to  the  principles  of  the 
elimination  of  the  same  number  of  linear  algebraical  equations. 
For  the  symbol  of  differentiation  may  be  treated  exactly  like 
any  constant  involved  in  the  equation,  and  therefore  the  rules 
for  eliminating,  when  the  variables  are  involved  along  with 
constants,  may  be  applied  to  equations  in  which  they  are  in- 
volved, along  with  symbols  of  differentiation. 

Ex.  (l)  Let  there  be  two  simultaneous  equations  in- 
volving two  variables, 

dx  dy 

d 
To  eliminate  y,  operate  on  the  first  equation  with  —  and 

multiply  the  second  by  a ;   we  have  then 

d^w         dti  dy 

u  a-^  =  0.  «-^  +  ahw  =  0. 

df  dt  dt 

Subtracting  the  second  of  these  from  the  first,  y  disappears, 

and  we  have 

d^x 

—  abx  =  0. 

dt^ 

The  integral  of  this  is,  making  «6  =  ra", 
From  the  first  equation  we  find 
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It  might  at  first  appear  that  as  we  might  obtain  an  equa- 
tion involving  y  alone,  similar  to  the  resulting  one  in  w,  there 
must  be  four  arbitrary  constants,  and  not  two.  But  the  second 
pair  can  always  be  determined  in  terms  of  the  other  two,  and 
are  therefore  not  arbitrary.  This  remark  applies  to  such 
equations  generally :  and  it  is  best  to  avoid  the  introduction 
of  the  superfluous  constants  by  deducing  (as  we  have  done  in 
this  example)  the  other  variables  from  the  first  without  inte- 
gration. The  real  number  of  arbitrary  constants  is  always 
equal  to  the  sum  of  the  highest  indices  of  diiFerentiation  in  the 
different  equations. 

(2)  Let  —-  +  ax  +  by  =  0, 

CLv 

~  +  a,x  +  b^y  =  0, 

be  two  simultaneous  equations.  Operate  on  the  first  with 
I  — +61)5  and  multiply  the  second  by  6;  then,  on  subtract- 
ing, y  disappears  and  we  have 

This  may  be  put  under  the  form 

dt        j   \dt        ) 
where  h  and  k  are  the  roots  of  the  equation 
z^  —  {a  +  5i)  %  +  abi  —  a^h  =  0. 
Integrating  in  the  usual  way,  we  find 

h  —  a  „      n      1c  —  a  ,. 

(3)  Let  -^  +  4)0?  -i-  3y  =  t, 

€1 V 

^y  t 

-~  +  2x  +  5y  =  e. 
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vEliminating  ?/,  we  find 

31         5  1 

Whence     ^  = ^ —t  - -e'+ C,e-'' +  Cge"''; 

196       14         8 

^       98       7         24,  3     ^ 

(4)  Let  -—  +  5ci?  +  ?/  =  6*; 

■J-  +  Sy  -  w  =  e^\ 
We  find 

3/  =  ^e'  +  ^6"-(C,«+C„+C,)e-". 

(5)  Let  there  be  three  simultaneous  equations, 

doB 

—  +  hy  +  c%  =  0, 

dy        ,         , 
at 

dt  ^ 

Operate  on  the  first  with  I — ]  -&"c',  on  the  second  with 

h"c-h—-,    and   on    the    third    with    he  -  c  — .      Then    on 
dt  dt 

adding,  the  terms  involving  y  and  %  disappear  of  themselves, 

and  there  remains 

I  ( — )    "C^^'^^  +  ^'^^  +  ^'O  T"  ■Vah"c'{-a"bc'\  w  =  0. 
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The  integral  of  this  is  easily  seen  to  be 
.V  ==  C^e-^  +  C,el^^  +  Csey', 
a,  /3,  y  being  the  roots  of 

^  _  (a'b  +  a"c  +  h"c)  %  +  ab"c  +  a'hc  =  0. 
The  values  of  y  and  %  are  easily  derived  from  that  of  a. 

If 


(6)     Let  -^  —  ay  —  bio  =  c, 


-—;  —  ay  ~-  00!  =  c . 

Eliminating  y  by  operating  on  the  first  with  I  —  1    -  a\ 
multiplying  the  second  by  a  and  adding ;   there  results 

This  may  be  put  under  the  form 

where  h?,  k^  are  the  roots  of  the  equation 
^^  +  (a  +  b)  z  +  a'b  -  ab'. 
Hence  we  find 

(to     —  /*  ft 

w  =  — -.  +  Ci  cos  {hoc  +  a)  +  Ca  cos  {kcB  +  /3)  ; 

ab  —  ab 

b'c-bc'      h'+b  ^         ^^         ^     k'+b  ^ 

and  y  =  -7, ,-, Ci  cos  {hx  +  a) C2  cos  {k,v  4  /i). 

a b—ab  a  a 

d^x  dx         dti 

(1^     Let    — -  -  2 2  -^  +  ci?  =  cos  2^, 

^'^  df         dt         dt 

d^y         dy      dx      ^  .    ^ 

— -  +  2  — ^  + h  6w  +  5.37  =  sin  r. 

d/^2  dt      dt        ^ 

Eliminating  y  we  obtain   the  equation 
J  (  — -  J    +  5  (!-]    +  ei  a?  =  2  cos  2^  -  4  sin  2t  -Qcost; 
25 
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or    ■!  f — I    +2W[  —  j    +  $>  w  =  2  cos2t  -  4<sm2t  -  2  cost; 

the  integral  of  which  is 

a?  =  cos  2^  -  2  sin  2t  -  cos  ^  +  Cj  cos(2'2 1  +  a)  +  C^ cos(3^  t  +  /3), 

and  from  this  the  value  of  y  is  easily  found. 

Take  the  system  of  equations. 

,  ^  dy  d^off  d^^y 

(8)     tto-^  +  «i  -7T  +  «2  -T^  +  %  -j^  +  Sic.  =  m  sin  nt, 

^oV  -  di  —  +  a^-—  -  Us-—  ^  kc.  =  m cos  7it. 

These  may  be  written  under  the  form 

(cfg  +  «2<^^  +  ciid^  +  &c.)<2?  +  (a^d  +  a-j,^  +  &c.) «/  =  *w  sin  »i^, 

(cto  +  a^^  +  a^d^  +  &c.)  ?/ -  (ai(^  +  Oa^Z^  +  &c.)  x  =  m cosnt, 

where  for  convenience  the  differentials  of  t  are  omitted. 

Eliminating  y  we  have 

{(ao  +  ^2^^  +  «4^*  +  &c.)"  +  (a^d  +  OstZ^  +  &c.)^}  x  = 

TO  (c^o  +  cfiW  —  ttgW^  —  «3»2^  +  «4»2*  +  tts^^  -  &c.)  sin  nt. 

It  is  obvious  from  the  form  of  this  that  the  complementary 
function  must  be  of  the  form 

2  {A  cos  \t  +  B  sin  \t), 

where  all  the  values  are  to  be  assigned  to  A  which   satisfy 
the  equation 

(a,  -  «2  X'  +  «4X*  +  &c.)2  -  X'  («!  -  a3A'  +  kef  =  0. 
Hence  we  have 

£c  =  ^(AcosXt  +  B  sin  X^)  + 
m{ao  +  ttiU  —  a^n^  —  a^n^  +  a^n^  +  a^rv"  —  &c.)    . 
(ffg  —  ag?2,^+  04?**  +  &c.)^  —  n\ai  —  a^r^  +  &c.)^ 

7Yh  sin  Tit 

or     a?  =  E(^cosX^+5sinX0+ ; ^ : — r— • 

ao-al?^-a3  7^'^^-a3?^•^+aiW*-&c. 

Whence  also 

w  cosw^ 
2/=  -E(^smX#-^cosXO  + 


ao-tti7z-«2^^+«3^^+«4^*-  &c. 
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The  same  method  is  applicable  to  linear  partial  differential 
equations  in  which  the  coefficients  are  constants.  The  two 
symbols  of  differentiation  are  to  be  treated  as  two  independent 
constants,  since  they  do  not  affect  each  other,  and  are  both 
subject  to  the  laws  which  regulate  the  combinations  of  ordinary 
algebraical  symbols. 

.  -      ^  d%  du  d% 

(9)     Let        -—  +  c  -—  +  a  — -  +  fe-sr  =  0, 
dx         dx         dy 

,  d%      du  die 

c   -r-  +  ^~  +  <^  -, \-  bu  =  0. 

doo      dtV  dy 

These  may  be  put  under  the  forms 

d  d         \  d 

dw  dy        I  dec 

d  d       A  ,  d 

-r-  +  a-—  +  b]u+c—-%  =  0. 
dcV         dy        J  dw 

To    eliminate    u,    operate    on    the    first    equation    with 

d  d       ^  d  _       - 

-r-  +  a  —  +0,  and  on  the  second  with  c  -r-    and  subtract : 
dsc        dy  dw 

we  have  then 

\( d\  ^    dy       ^   d       ^    dy       ^ I 

\\dwJ  1  -  cc      dw  1  -  cc     } 

If  we  call  l-('cc')a  =  —  and  1  +  (cc)i  =  -  ,  this  may 
be  divided  into  the  two  factors 

\-r-  ^m{a  -r-  +  6) M-—  +  w  (a  — -  +  6) >  -<^  =  0 ; 
\dw  ^    dy  J   \dw  dy  J 

the  integral  of  which  is 

<p{y  -  amx)  +  e""^'' y\r{y  -  anw)  ; 


%  =  e 
and  from  this  u  can  be  found 


,    ^      ^  d'^z  du  d^u  d^% 

(10)     Let    -— —  +a— =0,       — --  +  c--  =  0. 
awdy         dy  dwdy         dw~ 

25—2 


388  SIMULTANEOUS    DIFFERENTIAL    EQUATIONS. 


Eliminating  u  we  find 


d^%  d^is 

—  ac  — -.  =  0  : 


dai^  dy  doir 

the  integral  of  this  equation  is 

whence  also  u  may  be  determined. 

(11)     The  equations  for  determining   the  small  disturb- 
ances of  an  elastic  medium  in  three  dimensions  are 


d^u        -   d 

=  a  — 
df           d.v 

fdu  dv  dw' 
\dx      dy      d% , 

d'v        ,   d 
—  =t  a    — 
df           dy 

[du  dv  dw 
\dx      dy      dz. 

^w        „   d 

~^o  =  a  -7- 
dt           d% 

fdu  dv  dw' 
\doB      dy       d% 

See  Airy's    Tracts,  p.  279,  Note. 

We  might  in  this  case  eliminate  v  and  w  by  a  process 
similar  to  that  used  in  Ex.  (5)  of  this  section ;  but  the  fol- 
lowing method  is  more  convenient. 

_  . fdu      dv      dw\ 

Let  ^  =  «     3-  +  TT"  +  "3~   • 

\da;      dy       d% ) 

Then  (Ar'a^=fi-r"^  =  f-ir'^=r, 


dwj       df        \dy)       df       \dz)        df 

Operate  on   each  of   these  by    (t~)  5      (t~)  '      IT" 
respectively,  and  add :    then 


[{L\\  {L\\  (±\-\r  ^  ^^  ^  ^  ^  + 
\\dx)         \dy)         \dz)  |         d.v  df       dy  df 


d    d~w 
dz  df 


d'  fdu      dv      dw 
— 1.  —  ^ 

df  \da!      dy      dz 

1    d'r 

d'  df 
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The  integral  of  this  is 

From  this  r  is  determined,  and  hence  we  can  find 
w,  V,  «f;,   as 

When  the  equations  are  not  linear  there  is  no  general 
method  for  integrating  them ;  and  therefore  the  means  of 
doing  so  must  be  adapted  to  the  particular  case  under  con- 
sideration. Two  of  the  more  important  examples  of  such 
equations,   which  occur  in  dynamics,  are  subjoined. 

(12)  The  equations  for  determining  the  motion  of  a  par- 
ticle attracted  to  a  fixed  centre  of  force  varying  inversely  as 
the  square  of  the  distance  are 

d~x      fix  ^  ^  d^y      fxy 

where  r^  =  w^  +  y~. 

Multiply  the  first  equation  by  y  and  the  second  by  x, 
and   subtract ;   then 

d?y         d'^oo 

'd^'^Tt 
Whence,  integrating 


""^i^-y^.^^- 


dy         dx 

c  being  an  arbitrary  constant. 

Multiply  each  term  of  the  first  equation  by  the  different 
sides  of  this  equation ;   then 

"^  df~  tA  dt  ""y  dtj~  ^dt\j- 

dx         y  .  ^ 

Integrating,  -  c  —  =  ji-  +  a.  .      ('^) 
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Similarly,  by  means  of  the  second  equation, 

at         r 
a  and  b  being  arbitrary  constants. 

Multiply  these  equations  by  y  and  cV  respectively  and 
add,  then  we  find 

fjLV  +  ay  +  bx  =  c".  (6) 

Multiply  (l)  by  2  — ^  5   (2)  by  2  — -  add  and  integrate ; 

By  squaring  (S)  we  find 

Therefore  r^  i^    =  2  f-  +  A;^  r'  -  c\  (8) 

1  r  '^^'^  /■  V 

whence  t  +  a=      j— — -rj  .  (9) 

If  we  assume  a;  =  r  cos  0,  y  =  r  sin  9,  equation  (3)  becomes 

rcdt        r               cdr  ,    ^ 

whence  0  +  /3  =  /  -7,-  =  /  -r-7 r^r ^yi  -  (10) 

From  (10)  we  know  d  in  terms  of  r,  and  from  (9)  r  in 
terms  of  ^  +  a,  so  that  d  can  be  expressed  in  terms  of  #  +  a, 
and  therefore  also  oo  and  y  in  terms  of  the  same  quantity. 
There  appear  to  be  five  arbitrary  constants,  a,  b,  c,  a,  j3, 
but  the  equation  (6)  gives  a  relation  between  them  which 
reduces  the  number  of  independent  constants  to  four. 

(13)     Let  the  equations  be 

dx       .       ^. 
«  -^  +  (c  -  0)  2/«  =  0, 
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b  —  +  {a  -  c)  x%  =  0, 
(to 

c  -^  +  (b  -  a)  xij  =  0. 

These  are  the  equations  for  determining  the  angular  velo- 
cities of  a  rigid  body  revolving  round  its  centre  of  gravity 
and  acted  on  by  no  forces. 

Multiply  the  equations  by  w,  y,  ^,  resjpectively,  and  let 
xy%  •=  ~-.     Then  the  first  equation  gives 

(jub 

doc      ,         ^  d(h 
ar         '  ''^     7.\     r  _  n 


"-^-^  dt  ^  ^^  "'  dt 

Whence  by  integration 

a         ^ 

h?  being  an  arbitrary  constant. 

Similarly             ?/'  =  ~     7       cj)  +  h\ 

and     %^=^^'^~^^  (h  +  hi. 

c         '^ 

Hence  we  find 

dd) 

dt  =  "^" 

rf2(&--)..   .af2(c-a)^   .  ,Jf2(a- 

-6) 

0  +  v}]- 


On  inverting  and  integrating  we  should  obtain  t  in  terms 
of  <p,  and  therefore  (p  in  terms  of  t^  and  from  the  value 
of  d),  tV,  y,  z  in  terms  of  t. 

(14)  M.  Binet*  has  shewn  how  to  integrate  the  system 
of  simultaneous  equations : 

*  Journal  de  Mathematiques,  Vol.  ii.  p.  457. 
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d'u__dR         d'v      dR         ^_^^.c  /,x 

df       du^       df      dv  '        dt"       doe 

the  number  of  variables  u,  v,  x  ...  being  n,  and  R  being  a 
function  of  r  =  (u^  +  v^  +  x^  +  ...)K  so  that 

dR      dR  u        dR      dR  V         dR      dR  x 
du       dr    r^       dv        dr   r^        dw       dr   r 

The  equations  may  therefore  be  written 

d^u      dR  u         d^v      dR  v         d^cV  _  dR  t-r 
'd¥^~dr   ~r"       'd¥~  dr   r'       U"  ~  dr   r'    ^^' 

Eliminating  -7—  between   each  pair  successively  we  find 
equations  of  the  form 


V 

d^u 
df 

dH 

U-r-   = 

dt^ 

:   0,         01 

d'u 

df 

d'w 
""df^ 

0,  &c.         (S) 

From 

these. 

being 

n{n  — 

2 

1)   . 
—  m 

number, 

we  obtain   the 

integrals 

du         dv  du         dx 

^  "77  -  ^  TT  =  ^1 '      ^  37  ~  ^  :77  =  ^25  &c.  (4) 

dt         dt  dt         dt 

The  sum  of  the  squares  of  these  gives 

/    du         dv\^       f     du         dcV\^      ^  j„       ,  ^ 

[v  - —  li-r)    +  [  «!  -r  -  f^ -r.  \   +  &c.  =  ^%     (5) 
V    dt         dt]         \     dt         dt)  ^  ^ 

where  A~  is  the  sum  of  squares  of  the  constants.      By  adding 

o  (du\^        ,  (dv\"        „  (dxY  .  . 

and    subtracting   „»  ^-j    +  „'  (^^j    +  ^-  [-^j    +  kc,   this 

may  be  put  under  the  form 

o       „        0  J  fdriV       (dv\^       [dw\^  1 

^    du         dv         dx 
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^  ,  .  ,  .         ,  ,  .        .         du         dv 

On  multiplying  the  proposed  equations  by  2  —  ,    2  — , 

(Xv  do 

d  t) 
2  — ,  &c.  and  integrating,  we  have 

2B  being  the  arbitrary  constant  arising  in  the  integration. 

Substituting  this  expression    in   (6)    and   putting   r^  for 
u^  +  v''  +  w~  +  &c.,  that  equation  becomes 

^     dt         dt         dt 

du         dv         dx         dr 
Now  u  — -  +  v  —-  +  cV—-  =  r  --  ; 

dt         dt         dt         dt 

therefore      [^    =  2  (i?  +  5)  -  —  ;  (8) 

dt r 

It'  J2r^(i?  +  5)-J^|r        ^^^ 

By  differentiating  (8)  we  find 

d/r      dR      A^ 

df^li'-^'  ^''^ 

dR 

Eliminating  — —  from  the  first  of  equations  (2)  by  means 

Cl/7* 

of  (10),  and  multiplying  by  r,  we  have 

d^u         d^r      A^  u 
r u  — r  ^ —  =  0, 

df         df       T'^  r 

which  may  be  put  under  the  form 

d  {  „  d   (u\  \       A^'  u 


HM 


dt  y    dt  \r  j  \       r^   r 
or  by  multiplying  by   — ,  and  assuming 
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Jdi  Adr 

d^    (u\       u 

-1  +  -  =  0.  (\2) 

d(p^  \rl       r  ^    ^ 

Integrating  this  we  find 

u  =  r  (gi  cos  (p  +  h^  sin  <p) " 

Similarly,        v  =  r  {g.^  cos  <p  +  h^  sin  ^)  \  (is) 

OD  =  r  {gz  cos  0  -f  1h  sin  <^)  ^ 
&c.  Sec 

But  from  (9)  we  have 

and  from  (11) 

By  means  of  these  we  obtain  0  as  a  function  of  r,  and 
T  as  a  function  of  ^  +  a,  and  therefore  0  as  a  function  of 
if  +  a.  Then  the  equations  (IS)  will  give  u^  u,  w,  &c.  in 
terms  of  ^  +  a,  /3,  g^i,  Ai,  ^2?  h^,  &c.  ^  and  5,  the  number  of 
arbitrary  constants  being  thus  2w  +  4.  But  there  are  re- 
lations subsisting  between  the  constants  which  reduce  the 
number  of  independent  constants  to  2/2.  In  the  first  place, 
the  constant  /3  will  only  alter  g^,  h^,  g2,  h^,  &c.,  and  it  may 
therefore  be  neglected,  so  that  the  number  of  arbitrary  con- 
stants is  reduced  to  2n  +  B.      Again,   since 

r^  =  u^  +  v^  +  tV^  +  &c., 

we  have  by  squaring  and  adding  equations  (13) 

1  =  cos"  (p  2  {g^)  +  sin^  cj)  2  (h^)  +  2  sin  ^  cos  (J)  2  (gh). 

In  order  that  this  equation  may  subsist  for  all  values  of 
d)  we  must  have  the  conditions 

2(r)=i,     2(A^)  =  i,     ^(gh)  =  o. 
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These   three  conditions  reduce  the  number  of  arbitrary 
constants  to  2n. 

It  is  to  be  observed  that  the  integrals   for  determining 
t  and  0  are  not  independent:   for  if  we  assume  a  function 


dS       ^      ^  dS 


,  .  dS       ^      ^  dS 

we  have  ^  +  a  =  7^,     ^  +  /3=-— . 


CHAPTER  VIII. 


SINGULAR    SOLUTIONS    OF    DIFFERENTIAL    EQUATIONS. 


By  a  singular  solution  of  a  differential  equation,  is  meant 
a  certain  relation  between  the  variables  which  satisfies  the 
differential  equation,  but  does  not  satisfy  the  general  integral. 
Solutions  of  this  kind  have  long  attracted  the  attention  of 
mathematicians,  and  the  memoirs  in  which  they  are  discussed 
are  very  numerous.  Their  existence  was  first  pointed  out 
by  Taylor,  in  his  Methodus  Incrementorum,  p.  27,  and 
afterwards  they  were  noticed  by  Clairaut,  in  the  Memoires 
de  VAcademie  des  Sciences  for  1734.  But  Euler,  in  the 
Memoires  de  PAcademie  de  Berlin  for  1756,  was  the  first 
who  considered  the  subject  in  its  bearing  on  the  general 
Theory  of  Integration ;  and  in  his  Integral  Calculus,  Vol.  i. 
Sect.  2,  Chap,  iv.,  he  gave  a  test  for  discovering  whether 
a  given  solution  be  or  be  not  included  in  the  general  integral. 
Lagrange,  in  the  Memoires  de  VAcademie  de  Berlin,  and 
afterwards  in  his  Theorie  des  Fonctions,  and  his  Calcul  des 
Fonctions,  discussed  the  theory  of  these  solutions,  and  shewed 
the  connection  between  them  and  the  general  integral,  and 
their  relative  geometric  interpretations.  Other  points  of  the 
theory  have  been  elucidated  by  Laplace  (Memoires  de  F Aca- 
demic des  Sciences,  1772),  Legendre  {Ih.  1790),  and  Poisson, 
Journal  de  VEcole  Polytechnique,  Cahier  xiii. 

Having  given  a  differential  equation,  to  find  its  singular 
solutions  if  it  have  any. 

Let  U  =  0 

be  a  differential  equation  of  the  first  order  between  w  and  y 

d  y 
cleared  of  radicals  and  fractions,  then  if  we  represent  —  by  p, 

the  relations  between  x  and  y  found  by  eliminating  p  between 
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U=  0,      and    ^-  =  0, 
dp 

are  singular   solutions  of  C7=0,   provided   they   satisfy   that 

dU 
equation,  and  do  not  at  the  same  time  make  — —  =  0.      We 

dy 

might  also  deduce    the    singular  solutions    from    eliminating 

dx 

— -  between 

dy 

U=0,      and    =  0, 

dp, 

dx 
where  p^  =  —— ,  provided  that  they  do  not  at  the  same  time 
dy 

I      ^f^      ^* 
make   =  0.* 

dcV 
Ex.  (l)     Let  the  equation  be 

[dy\^         dy 
^^  \-r-]    -  V  -r-  +  m,  =  0. 

\dcvj        -^  dx 

Here  — —  =  2xp  —  y  =  0; 

dp  ^       ^ 

and  eliminating  p  between  this   and  the  preceding  equation, 
we  find 

y^  —  4<mx  =  0, 

as  the  singular  solution. 

(2)  Let       ;,+  (,-.)^  +  («-.)g)^0, 

be  the  given  equation.      Then 

{x  +  yY  —  4!ay  =  0 
is  the  singular  solution. 

(3)  Let      f -2xyp^ +  {!  +  £-)  (py  =  1 

dx  \dx} 

be  the  given  equation  :    the   singular   solution  is 
*  Laplace,  Memoires  de  I'Jicademie,  1772. 
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This  is  the  equation  with  respect  to  which  Taylor  first 
made  the  remark  that  it  admitted  of  a  solution  not  involved 
in  the  general  integral — "singularis  qusedam  solutio,"  as  he- 
terms  it.     See  his  Methodus  Incrementorum^  p.  27. 

(4)     Let     CO'  +^coy^  +  {a'  -  w')  f^V  =  0. 
^  ^  dx      ^  ^  \da)j 

The  singular  solution  of  this  is 

w^  +  'if  —  a^  =  0. 

The    equation   resulting;    from    the    elimination    of    — 
^  ^  da? 

between  this   equation  and 

dy 

2  /-  +  2/  =  0, 
ax 

is  •  y^  —  410J  =0; 

but  as  this  does  not  satisfy  the  given  equation  it  is  not  a 
singular  solution. 

T      ,.  dU  . 

In  this  case  =  0  gives  us 

dp 


w  = 


(l+/)f 

Eliminating  p  by  means  of  this  equation  we  find  as  the 
singular  solution 

(7)     Let     y^  ( -^ )    -  2xy  (-^]  -\-  ax  +  hy^O. 
\a  X  j  \a  X } 

Here    =  0    erives    us   m  =  -  ;    and   the   result   of  the 

dp        ^  2/ 

elimination  of  p  is 

ax  ■{■  hy  "  x^  —  0', 
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but    as    this    does    not    satisfy  the   given    equation    it   is   no 
solution  at  all. 

(8)  Let  the  equation  be 

^    da?      ^^  ^    dw        ^' 
The  singular  solution  is 

y^  —  ^x^  =  0. 

When  a  solution  of  an  equation  is  given,  and  it  is  re-  , 
quired  to  find  whether  it  be  a  singular  solution  or  a  particular 

integral,  we  must  deduce  from  it  the  value  of  «  =  — - ,  and 

doc 

see  whether  when  substituted  in  — —  it  make  it  vanish,  and 

d'p 

dU 
do  not  at  the  same  time  make  --—   vanish.     If  this  be  the 

dy 

case   it   is    a   singular  solution,  otherwise  it   is  a  particular 

integral. 

(9)  Are  «/^  =  2^?  +  1,  and  y^  +  x^  =  0,  singular  solutions 
or  particular  integrals  of  the  equation 

dy 


(dyY  dy 


Here  -—  =  2  {yp  +  w). 

dp 

Now  from  the  first  of  the  given  solutions  we  find 

1 
p  =  -, 

y 

dU 
which  does  not  make  - —  vanish :  it  is  therefore  a  particular 

integral. 

From  the  second  of  the  given  solutions  we  find 

SB 

y 
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which   does    make  =  0 ;    and  as   it    does    not   make 

dp  dy 

vanish,  it  is  a  singular  solution. 

(lO)     In  the  same  way  it  will  be  seen  that 
y'+{w-  ly  =  0, 
is  a  particular  integral  of 

dyV  .      dy 


If  the  differential  equation  be  of  an  order  higher  than 
the  first,  let  y-^,  y-z'-'Vu  represent  the  successive  differential 
coefficients  of  y  with  respect  to  os.      Then 

C7=0 
being  the  equation  cleared  of  fractions  and  radicals  as  before, 
the  conditions   that  yn-m  =  ^  should  be  a  singular  solution 
of  the  {n  —  my^  order  are 

dU  dU  dU 

T~=^'  li =  0...-— —  =  0; 

dyn  dy^_^  dy^_^+i 

and  therefore  if  we  find  a  relation  between  w, «/,  and  2/«-»,  =  ^j 
which  satisfies  these  equations  and  also  the  given  equation, 
it  is  a  singular  solution  of  the  {n  —  rnf^  order. 

Legendre,  Mem.  de  VAcad.^  1790,  p.  218. 

(II)     Let  .^    — ^      -2~^^  +wr=0 
\dx'^J  d,v  dx'^ 

,       ,         .  •  T^      '       dy  d-y 

be  the   given   equation,     rutting  —  ~  ^/i,   — ^  =  2/2  we   may 

CI  tV  CLOG 

write  it 

•^2/2"-22/i2/g  +  .a?  =  0. 

^^^  Jv    ^^  ^^^'  -  2/1)  =  0 

gives  2/2  =  —  ;  and,  by  means  of  this,  eliminating  y.,  front 
the  original  equation  we  find 

y^  —  W^  —  0 
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as  a  singular   solution  of  the  first  order.      As   this  does  not 

.  ^     dU  ,1.1  ^  .  dU 

satisty  =  0,  and  as  there  is  only  one  lactor  in  =  0, 

^  dy\  dy.> 
there  is  no  singular  solution  of  the  final  integral. 

(12)     Let 

dy      or  d'^-y       fdii         d'y\^       (d'y\^ 

y-a)~  + ±  -  l-±  -o!^)    -— ^      =0. 

dcV      2  dw^       \dcv         dot- J         \dx~) 

^,  ,..       dU  . 

i  he  condition  =  0  gives  us 

4<xy^  +  w^    ■   ' 
4  (1  +  a;-) 

from  which  we  find  the   singular  solution  of  the  first  order 
to  be 


fdy\^         (       .'P^  dy 

(is)     Let  the  equation  be 

f         ^'y        dy        fdijYY          f 

dy\~  [dy\~ 
dx)    \d,vj 

It  will  be  found  that 

a;y  -^  1  =  0 

. n      dU  dU  ,  ,...,, 

satisfies  —  =  0,  —  =  0  and  C/  =  0,  and  as  it  is  independent 
dy.,  dy^ 

of  y^    and    y.^   it   is  the    singular   solution   belonging  to    the 

final  integral. 

(14)     If  the  equation  be  of  the  third  order 

dw"!  \dxl    \        dxy 

a  singular  solution  of  the  second  order  is 

d"y 

dJ  +  ^  =  °- 


(15)      Let   the  equation  be 

-V'-*f-,  ,.. . 

dw'J  \dwj     \        d,v 

26 


,/        d^y\'          fdyY  f         d"yy      ^ 
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Then  2/2  +  a?  =  0  is  not  a  singular  solution,  because  though 

,      dU  .      ^  dU  ■  .  .  n    . 

it  make   —  =  0  it  also  causes  - —  to  vanish ;   and  we  nnd 
dys  dy^ 

that  the  real  value  of  — ^  is  infinity   instead  of  zero,  as  it 

dy^ 
would  be  in  the  case  of  a  singular  solution. 

Having  given  the  general  integral  of  a  differential  equa- 
tion of  the  first  order,  to  find  the  singular  solutions  of  the 
equation  when  there  are  such. 

Let  u  =  0  he  the  integral  cleared  of  radicals.  As  it  is 
supposed  to  be  an  integral  of  an  equation  of  the  first  order, 
it  must  contain  an  arbitrary  constant,  which  we  shall  call  c. 
Then  if  the  equation 

dU  _ 

give  a  value  of  c  in  terms  of  x  and  y,  the  elimination  of  c 

.  dU  .„     .  .       . 

between  U  =  0  and   — —  =  0  will  give  an  equation  in  x  and  y, 

which  is  the  singular  solution.  It  is  to  be  observed  that  if 
dJI 

dc 

and  ?/,  which  becomes  constant  in  consequence  of  the  relation 
U  =  0,  the  result  of  the  elimination  is  not  a  singular  solution 
but  a  particular  integral. 

(16)  Let  the  equation  be 

ai^  —  2cy  -  c^  —  a^  =  0. 

dC^  ,         ^ 

Then  — —  =  -  2  (v  +  c)  =  0, 

dc 
whence  c  =  —y,  so  that  w^  +  y"  -  a?  =  0 
is  the  required  singular  solution. 

/M*  2,2 

(17)  Let     y  -  ax (c  -  «)^  +  —  (c  -  0)^=  0. 

Then         =  6Vc  -  of  -  xHc  -  a)  =^  0. 

dc 


-^—  =  0  give  a  constant  value  for  c,  or  a  value  in  terms  of  x 
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This  is  satifled  either  by  c  =  a  or  c  =  a±-. 

•'  b 

The  former  gives  a  particular  integral.     The  latter  gives 
46^  (y  —  ax)  —  x'^  =  0^ 
which  is  the  singular  solution. 

(18)  Let    {x'  +  9f-  a^)  (y^  -2cy)  +  (x""  -  a~)  c^  =  0. 

dU 

Then         — -  =  2  {c  (x^  -  or)  -  y  {x^  -t  y"  -  o?)}  =  0 ; 

from   which  c  =  ^^ — , 

X'  —  d^ 

which  being  substituted  in  the  equation  gives 

w"  +  y^  —  a^  =  0 

as  the  singular  solution  :  but  since  this  makes  c  =  0,  it  appears 
that  it  is  only  a  particular  integral  found  by  making  the 
arbitrary  constant  equal  to  zero. 

Let    Z7=  0  be  the  integral  of  an  equation  of  the  second 

order,  so  that  it  contains  two  arbitrary  constants  Ci,  c^;   then, 

if  we  represent  the  differentiation  with  respect  to  x  and  y  by  d, 

and  that  Avith  respect  to  Cj  and  Co  by  d',  we  can  obtain  the 

dc.2 
singular  solution  by  eliminating  Cj,  c^,  and  - —  between   the 

equations 

f7=0,     dU=0,     d'U=0,     dd'U^O. 

(19)  Let  the  given  integral  be 

y  =  \  Cjci?^  +  c^x  +  c^  +  c.^, 
so  that  U  =^CiCD^  ■{■  C2X  +  c^  +  ci  -  y  =  0. 

■  Then     dU  =  {c^x  +  Cg)  dx  -  dy  =  0, 

d'  C7  =  (1  x^  +  2Ci)  dc^  +  (c^  +  2Cg)  dc^  =  0, 
dd'  U  =  (xdci  +  dcs)  dx  =  0. 
From  the  last  we  find 

dc2 

dci 

26 — 2 
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Substituting  this  in  the  preceding  equation  we  have 

4  (ci  -  Cgcr)  -  or  =  0. 

Between  this  equation,  and  the  first  two  we  can  eliminate 
Ci  and  Cg,  and  we  find  as  the  singular  solution  of  the  first 
integral 

(20)  Let  the  integral  be 

y  =  -Jcici'^  +  C2.V  +  CiCg. 

By  a  similar  process  to  that  in  the  last  example,  we  find 
as  the  singular  solution  belonging  to  the  first  integral  of 
the  differential  equation 

x"^       [dy\^         „  dy 
4        \dosJ  dx 

There  is  no  singular  solution  belonging  to  the  final  in- 
tegral, but  the  singular  solution  just  found  has  itself  a  singular 
solution,  which  is 

x^  +  2y  =  0. 

Singular  Sohitions  of  Partial  Differential  Equations. 

If   U  =  0   be  a  partial  difi'erential   equation   of  the  first 

,       .  ,  T    .^  dz  dz 

order  m  x,  -v,  and  %,   and   ii   we  put  — -  =  «,   -—  =  q,   the 

dx  dy 

singular  solution,  if  there  be  one,  will  be  found  by  eliminating 

p  and  q  between  the  three  equations 

dU  dU 

dp  dq 

(21)  Let  the  equation  be 

(js  -  px  -  qyY  =  a^  (l  +  j9^  +  q^). 

r^.  dU  ,  X  . 

Then       — —  =  -  {z  -  px  -  qy)  x  -  a^p  =  0, 
dp 

dU  .  ^  2        . 

—-  ^  -  {%  -  px  -  qy)  y  -  a^q  =  0. 
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By  means  of  these  eliminating  p  and  g,  we  find 
0)^  +  y^  +  z^  =  a^ 
as  the  singular  solution. 

(22)  Let  the  equation  be 

(|ja?  —  qyy  q  +  4m<2?^  {%  —  poo)  =  0. 

— —  =  q  {^pcc  -  qy)  —  ^mcc^  =  0, 

—  =  {pw  -  qy)  (pa!-3qy)=  0. 

These  two  equations  agree  with  the  original  one,  if  we 
assume 

px  —  3qy  =  0  ; 

and  the  singular  solution  found  by  eliminating  p  and  q  is 
%^  —  4imaPy  —  0. 
Legendre,  Memoires  de  V  Academie,  1790,  p.  238. 

(23)  Let  (js  -  px  -  qyY  =  Ap'^cf. 

dU  ,  ^  ^  J  ,     h 

— ■  =  -  mx  (»  -  px  -  qy)^'^  -  aAp°-~^q  =  0, 
dp 

—  =  -  my  {z  -  px  -  qyY^~'^  -  hAp^'q^'^  =  0. 
dq 

Dividing  the  first  of  these  by  the  second  we  find 

aq      OS 

bp      y' 

Dividing  the  original  equation  by  the  first  we  have 

%  —  poG  —qy  p 

moo  a ' 

Eliminating  q  between  these  we  find 

a% 

p  = ,  where  c  =  m  —  (a  +  b). 

coo 

Similarly  a  = . 

-^  ^  cy 
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By  means  of  these  values,  eliminating  p  and  g,  we  find 
the  singular  solution  to  be 


"b^'.c' 


If  the  partial  differential  equation  be  of  the  second  order 
and  we  put 

d^  z  d~%  d^z 

dor  dw  dy  dy^ 

the  conditions  which  must  be  satisfied  in  order  that  an  equa- 
tion should  be  the  singular  solution  of  the  first  order  of  the 
equation   f7  =  0  are 

dU  dU  dU 

=  0,       =  0,       — —  =  0. 

dr  ds  dt 

If  the  function  is  to  be  a  singular  solution  belonging  to 
the  final  integral,  it  must  in  addition  satisfy  the  equations 

dU  _  dU  _ 

dp  dq 

(24)     Let  the  given  equation  be 

''■'  -  2gr  [p  -  -^  j  +  [p  -  ~~\  y  =  o. 
\         I  +  xj        V         1  +  cvj 

dU 
Here    - — -  =  0  is  the  only  condition,  and  we  have 
dr 


dU 
dr 


Comparing  this  with  the  given  equation,   we  find 


p  - =  0, 

I  +  w 


from 

which 

r  = 

1 

X 

[ 
P- 

1  +  x/ 

= 

0, 

1  + 

which 

satisfies 

both 

U  = 

■0 

and 

dU 
dr  ~ 

0: 

thei 

-efore 
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p =  0 

1+0? 

is  the  singular  solution  required.      The  integral  of  this  is 
%={l  +0G)(p  (y). 
Poisson,  Jour,  de  FEcole  Polyt.  Cah.  xiii.  p.  113. 

(25)     Let  the  equation  be 

It  will  be  found  that 

%  =  w  +  y 

satisfies  the  original  equation  as  well  as 

dU  dU  dU  dU 

=  0, =  0,       —  =  0,       =  0 ; 

dr  dt  dp  dq 

it  is  therefore  a  singular  solution  corresponding  to  the  final 
integral. 


CHAPTER  IX. 

QUADBATURE    OF    ABEAS    AND    SUBPACES,    BECTIFICATION    OP    CURVES 
AND    CUBATURE    OF    SOLIDS. 


Sect.  1.     Quadrature  of  Plane  Areas. 

When  an  area  is  referred  to  rectangular  co-ordinates  x 
and  y,  the  double  integral  jjdwdy  taken  between  the  proper 
limits  gives  the  value  of  the  area.  One  of  the  integrations 
may  always  be  performed,  so  that  we  have  either 

jydw  +  C     or  jwdy  +  C, 

and  these  integrals  are  to  be  taken  between  the  limits  of  y 
or  <J7,  which  form  the  boundaries  of  the  area.  If  we  take 
the  first  of  these  expressions,  the  limiting  values  of  y  must 
either  be  constants  or  functions  of  x  given  by  the  equation 
to  the  bounding  curve :  therefore  on  substituting  these  values 
we  obtain  a  function  of  w  alone,  which  is  to  be  integrated, 
and  taken  between  the  limits  of  that  variable  which  are  re- 
quired by  the  problem.  If  after  the  first  integration  we 
suppose  C  =  0,  the  integral  A=fydx  expresses  the  area  in- 
cluded between  the  axis  of  x,  the  curve,  and  two  ordinates 
corresponding  to  the  limits  of  x. 

In  taking  the  integral  fydx  between  the  final  limits  of 
07,  it  is  necessary  that  the  interval  should  not  contain  a  value 
of  X  which  causes  y  to  vanish  or  become  infinite,  as  in  that 
case  we  might  be  led  to  an  erroneous  conclusion.  Thus  if 
we  suppose  a  curve  to  be  symmetrically  situate  in  the  first 
and  third  quadrants,  and  to  intersect  the  axis  at  the  origin ; 
and  if  we  were  to  integrate  from  x  —  a  to  x  =  —  a  we  should 
obtain  zero  as  our  result,  instead  of  finding  the  area  to  be 
double  of  that  from  x  =  0  to  x  =  a,  or  that  from  a?  =  0  to 
X  =  —  a.  Therefore  when  any  interval  from  a  to  b  contains 
a  value  c  of  x  which  makes  y  vanish  or  become  infinite,  we 
must  break  it  up  into  two  intervals,  one  from  &  to  c  and 
the  other  from  c  to  a,  and  add  the  integrals  corresponding 
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to  these.  In  like  manner  if  the  interval  contain  several 
values  of  a;  which  make  y  vanish  or  become  infinite,  we  must 
split  it  up  into  as  many  smaller  intervals,  each  having  one 
of  these  values  of  .v  as  a  limit,  and  add  them  all  together. 
If  the  co-ordinates  be  not  rectangular,  and  a  be  the 
angle  between  them,  we  must  multiply  the  integral  by  sin  a 
to  obtain  the  value  of  the  area. 

Ex.  (l)     If  we  take  the  general  equation  to  a  parabola 
of  any  order 

we  have         A  =  fy  dw  =  — —  a'"+"a?'"+''  +  C. 

m  +  2n 

(2)  The  general  equation  to  hyperbolas  referred  to  their 
asymptotes  is 

A  =  fu  dx  =  C  + oT^  oT^. 

n  —  m 

This  formula  fails  when  m  =  n,  in  which  case 

A  =  C  +  a^  log  X. 

(3)  When  the  common  hyperbola  is  referred  to  its  axes, 
the  sectorial  area  ACP  (fig.  53)  is  easily  found. 

For         ACP  =  NCP  -  ANP  =  \wy  -  fy  dx. 

h 

Now  y  =  -  (<*'"  -  «^)2j 

and     fyda;r=  —  [x  (a,^  -  a^)^  -  a^ log  [a;  +  (w'^  -  a~)i]  +  C. 

Determining  the  constant  by  the  condition  that  the  area 
vanishes  when  oo  =  a,  we  have 

a 

so  that  ACP  =  —  log    -  +  7 

2      "^  \a      b 
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(4)  In  the  circle,  the  equation  to  which  is 

A  =  fd.v  (a'  -  aP)^  =  -  (a^  -  w^A^  +  -  sin'i  -  +  C. 
If  this  be  taken  from  a?  =  a  to  w  =  0,  we  find  the  area 

2 

of  the  quadrant  to  be  ,  and  therefore  that  of  the  whole 

circle  to  be  ttcs-. 

If  the  equation  to  the  circle  be 
'if  =  2aa}  —  00^^ 

/JO  —  d  n^  'r> 

A  =  fdw  (2aa)  -  w^)^  =  (2aa!  —  ai^)^  H vers"^  '-. 

''        ^  ^'  2      ^  ^2  fit 

(5)  The  equation  to  the  ellipse  being 

'  x^      if 

b  I)  w 

A  =  -  fdcV  (a^  —  w^)^  =  -  .  circ.  area  whose  cosine  is  -  +  C 
a  a  a 

For  the  whole  ellipse   A  =  -  ira^  =  irah. 

a 

(6)  The  equation  to  the  witch  of  Agnesi  is 

xy"  =  4>a^  (2a  —  x). 

(2 ax  -  os")^  +  a  vers"^  -/  +  C. 
a] 

Taking  this  from  x  =  2a  to  x  =  0,  and  doubling  it  on 
account  of  the  symmetry  on  both  sides  of  the  axis  of  <v, 
we  find  the  whole  area  between  the  curve  and  its  asymptote 
to  be  47ra^. 

(7)  The  equation  to  the  cissoid  is 

y'^  (2  a  —  w)  =  w^. 
Here 

A  =  —  2x  (2aoD  —  w'V-'  +  3  .  circ.  area  whose  versine  is  -  +  C, 

a 


QUADRATURE    OF    AREAS.  411 

and  the  whole  area  included  between  the  asymptote  and  the 
two  branches  of  the  curve  is  Sttot. 

(8)  The  equation  to  the  cycloid  is 

dy      (9.ax  —  a?^)5 
dw  x 

This  being  only  a  differential  equation,  it  is  necessary 
to  use  an  artifice  for  the  purpose  of  effecting  the  integration. 
If  we  integrate  fydw  by  parts  we  have 

jy  dw  =  wy  ^  fx  dy, 

=  cvy  —  fdw  {2aoo  —  ar)i^. 

Taking  this  integral  from  w  =  0  to  co  =  2  a,  and  doubling 
it,  we  find  the  whole  area  of  the  cycloid  to  be  Sttct^  or  three 
times  the  area  of  the  generating  circle. 

(9)  The  differential  equation  to  the  tractrix  being 

dj y 

das  (a  —  y  p 

A  =  [y  doa  ^  -  J  dy  {or  -  y~)i ; 

and  the  whole  area  included  between  the  curve  and  the  positive 

axes  is  — - . 
4 

(10)  The  equation  to  the  catenary  being 

y  =  \c{e'  +6  <-■), 

its  area  is  ^c^  (e''  -  e    '' )  =  c  (y^  -  c-)i 

(11)  The  equation  to  the  evolute  of  the  ellipse  is 

The  whole  area  inclosed  by  the  curve  is  . 

8 

This  is  best  investigated  by  Divichlet's  method  of  evaluat- 
ing definite  integrals.     See  Chap.  xi. 
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(12)  The  equations  to  the  companion  to  the  cycloid  are 

y  =  aO,     w  =  a  (l  —  cos 0), 
fy  dx  =  wy  —  Jcc  dy  =  c?  (sin  Q  —  Q  cos  0)  +  C. 

The  whole  area  is  Stto^  or  twice  the  area  of  the  generating 
circle. 

When  an  area  is  referred  to  polar  co-ordinates  r  and  0, 
its  value  is  given  by  the  double  integral  ffrdo'dO  taken  be- 
tween proper  limits.  Integrating  with  respect  to  r  we  have 
J,  =  ^fr^  d9  +  C ;  and  if  we  suppose  C  ==  0,  the  integral 
A  =  ^fr^  d9,  in  which  there  is  substituted  for  r  its  value  in 
terms  of  6  given  by  the  equation  to  the  curve,  is  the  value 
of  the  sectorial  area  swept  out  by  the  radius  vector.  In 
taking  the  integral  between  the  limiting  values  of  9,  the 
same  precaution  must  be  observed  as  in  the  case  of  recti- 
linear co-ordinates,  that  the  interval  shall  not  contain  a  value 
of  6  which  causes  r  to  vanish  or  become  infinite.  If  we  sup- 
pose 9  to  increase  indefinitely,  the  same  geometrical  space  will 
be  repeatedly  swept  over  by  the  radius  vector  at  each  revolu- 
tion, so  that,  when  the  curve  is  not  re-entering,  the  analytical 
area  (if  we  may  use  the  phrase)  difi'ers  from  the  geometrical 
area :  to  obtain  the  latter  we  must  subtract  from  the  ana- 
lytical area  that  portion  which  has  been  previously  swept 
over.  Thus  if  we  wish  to  find  the  geometrical  area  included 
between  the  values  0  and  47r  of  9,  and  if  we  put 

A,  =  lf,"-r'd9,     A,  =  ifo'^r'd9, 

the  required  area  is  Ao  —  A^. 

(13)  The  equation  to  the  Lemniscate  is 

T^  —  a^  cos  2  9^ 
A  ==^fr^d9  =  ia^fd9  cos  20  =  C  +  ^a"  sin  29. 
If  we  take  this  from  9  =  0  to  9  =  j^7r,  we  have 
A  =  ^a". 

This  is  the  fourth  part  of  the  whole  area  of  the  curve, 
which  is  therefore  equal  to  o,^ 

In  this  case,  if  we  had  at  once  integrated  from  9  =  0  to 
9  =  TT,  or  0  =  27r  we  should  have  found  the  area  to  be  zero. 


a  =  cos" 
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This  anomaly  would  arise  from  our  integrating  through  an 
interval  in  which  r  becomes  zero. 

(14)  Let  the  equation  to  the  curve  be 

r  =  a  cos  0  +  6,  where  a>b. 

The  form  of  this  curve  is  given  in  fig.  42. 

If  we  wish  to  find  the  area  included  within  ODCAHG, 
it  is  sufficient  to  integrate  from  9  =  0  to  that  value  of  9  which 
causes   r   to   vanish,   and   then    to    double    the    result.       Let 

I I ,  then  the  area  ODCAHG  is  equal  to 

^{{a'  +  2b')a  +  3b(a'-b-)i]; 
and  the  area  OEBF  is  equal  to 

■I-  5(a-  +  ^W)  (tt  -a) -3b  (a'  -  b')^. 

If  6  =  a,   the  curve  becomes  the    common   cardioid,   and 

.     3  Tra- 
its area  is  . 

2 

(15)  The  equation  to  the  conchoid  of  Nicomedes  when 
referred  to  polar  co-ordinates  is 

r  =  asec  9  +  6, 
and  its  area  is 

l{aUan0  +  2a&logtan  f-  +  _W  b'^9]  +  C. 

(16)  The  curve  whose  equation  is 

r  =  a  sin  39 

has  six  loops  (see  fig.  49),  and  it  is  sufficient  to  find  the  area 

ttq.'' 
inclosed  by  one  of  them.      This  is  easily  seen  to  be   and 

therefore  the  sum  of  the  areas  of  the  six  loops  is  ^Tra",  or 
one  half  of  the  area  of  the  circle  which   bounds  them. 

(17)  The  equation  to  the  spiral  of  Archimedes  is 

r  =  a9. 

Hence  the  area  = h  C. 

6 
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After    n    revolutions    the    analytical    area    swept    out    is 

n^  (2  irY 
c? ;   but  to  obtain  the  geometrical  area  we  must  sub- 
tract from  it  the  area  corresponding  to  {n  —  l)  revolutions, 

which   gives  us   {^rC-  —  37i  +  1) as  the  required  geo- 

o 

metrical   area.     In   the    same  way  we   should  obtain   as   the 

geometrical    area    corresponding   to    (n  +  l)   revolutions,    the 

o 

expression  (Sn^  +  3n  +  1)  (Stt)^  —  ,  and  the  difference  between 

6 

these   or  the  space  between  the  arcs  after  (n  +  1)  and  after 

n  revolutions  is  n  (27r)^a~,  which  is  7i  times  the  space  between 

the  arcs  after  the  first  and  second  revolutions. 

(18)  In  the  hyperbolic  spiral 

0'9  =  a. 
The  area   swept  out  by  the   radius  vector  from  0  to  r 
is  -^ar^  which  is  equal  to  the  triangle  formed  by  the  radius, 
the  tangent  and  the  sub-tangent. 

If  the   equation   to    the    spiral   be    given    by   a  relation 
between  p  and  r,  we  have 

j=l  f    ^^^^ 
^  J  (r^  -  p~)^  ' 

(19)  In  the  involute  of  the  circle 

r''  —  p~  =  a\ 

Therefore  J  =  —  fdr  r  Cr^  -  a^)^  =  ^  +  C. 
2a''  ^  ^        6a 

(20)  In  the  epicycloid 

^      c'  (r^  -  a^) 

P  ~       3        2     ' 
c"  —  a 

where  c  =  a  +  26,   a  and  6  being  the  radii  of  the  fixed  and 
generating  circles  respectively.     Hence 

2  a^         W-  -  rV        ^  aJ  jc-  -  a'  -  (r^  -  a-)}^ 

-  c  (r^  -  a-)i  (c-  -  r-)^      c  (c^  -  a-)    .     ,  fr'^  -  a^\  ^ 

= +  sin"^    — s '  - 

4a  4<a  W  -  a 
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Hence  the  area  swept  out  by  r  during  one  revolution  of 
the  generating  circle  is 

-^ ^—  =  —  (a^  +  Sab  +  2b^). 

4)61  a 

Subtracting  from  this  the  area  of  the  sector  of  the  fixed 
circle  which  is  Trab,  we  have  for  the  area  included  between 
the  epicycloid  and  the  fixed  circle 

A= (3«  +  2b). 

When  a  curve  forms  a  loop,  the  area  may  sometimes  be 
conveniently  found  by  taking  -  ,  or  the  tangent  of  the  angle 
which  the  radius  makes  with  the  axis  of  x,  as  the  independent 

y 

variable.     If  we  put  -  =  tan  6  =  t,  we  have  d9  =  dt  cos~  6  and 

as 

A  =  ^fr'dO  =  l/d0c/  sec^a  =  ^fdia/'. 

(21)     The  curve  y^  —  Saocy  +  w^  =  0, 

has  a  loop  which  touches  the  axes  of  cV  and  y  at  the  origin ; 
see  fig.  51.     Now  putting  y  =  cot,  we  find 

Sat 


w  = 


l-,f' 


A  A      9a'  .,,      t"  Sa^      1 

and  J  = \dt- 7r,,=  -  —  5+^"; 

2    •'       (1  +fy  2    1  +  ^ 

and  taking  this  from  ^  =  0  to  #  =  03   we  have 

A  =  —  for  the  whole  area  of  the  loop. 

(22)     The  lemniscate  whose  equation  is 
(x-  +  yy  =^a'x--  b^y\ 
has  two  loops ;  find  its  area. 

a^  -  bH" 

(iT?) 


^-ifdt.v^  =  ildtj^-^^^, 
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and  for  each  loop  the  limits  of  t  are  -  and .     The  whole 

h  h 

area  is  ab  +  (cr  -  h^)  tan"'  -  . 

b 

Sect.  2.     Rectification  of  Curves. 

When  a  curve  is  referred  to  rectangular  co-ordinates,  the 
length  of  any  portion  of  it  is  found  by  integrating 

between  the  proper  limits. 

(1)  The  equation  to  the  common  parabola  being 

y-  =  4to<2?, 
the  length  of  an  arc  measured  from  the  vertex  is 

/  ax    =  (x'  +  mxY  -i —  loe: — ■ — ^^ —^  . 

''        \    X     J        ^  ^        2      *  m 

(2)  The  equation  to  the  semicubical  parabola  is 

2  1? 

ay  =  x'^. 
The  length  of  the  arc  measured  from  the  origin  is 

(4a  +  9^)^  -  (4a)^ 

g  — _ , 

27  a^ 
This  was  the  first  curve  which  was  rectified.     The  author 
was  William  Neil,  who  was  led  to  the  discovery  by  a  remark 
of  Wallis  in  his  Arithmetica  Infinitorum.     See  WaUisii  Opera, 
Tom.  I.  p.  551. 

(3)  To  find  when  the  curves  expressed  by  the  equation 
a" 

are  rectifiable.     We  have 


a^  V^  _   rf,m  +  n 


!,  +  nV    --    -J 


s  =  Jdx[l+i a    "x"]. 


n 


This   is   integrable  when  - —    or   ^ H  -^  is  an  integer 

the  first  of  these  gives 
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m  -^  n      3 
n          2 

5 

"  4 

_  7_  9 
~  d  ~  8 

•    ! 

the 

second  gives 

m 

n 

2 
1  ~ 

4      6 
3  ~  5  ~ 

&c. 

(4.) 

The 

equat 

ion  to 

the 

cycloid 

beir 

'g 

dy 

(2 ax  -  w^y^ 

da 

.1? 

? 

we 

have 

s  = 

2  (2 

aA')'  +  ( 

T 

Hence  the  whole  length  of  the  cycloid  is  8  a  or  four  times 
the  diameter  of  the  g-eneratina;  circle.  This  rectification  was 
discovered  by  Wren. 

(5)  The  equation   to  one  of  the  hypocycloids  is 

a^  +  2/3  =  a^ ; 
the  whole  length  of  the  curve  is  6" a. 

(6)  The  equation   to  the  catenary  is 
Then  ^'  y 


dy      (/  -  6'y 

c      -        -- 
and     s  =  (y^  -  c^)3  =  -  (e'^  -  e  " ), 

2 

the  arc  being  measured   from   the  point  where  y  =  c. 

Hence  as  the  area  is  equal  to  c  (y'  —  c')^,  it  is  equal  to 
cs ;  that  is,  the  area  contained  between  the  axes,  the  curve 
and  any  ordinate  is  equal  to  the  length  of  the  corresponding 
arc  multiplied  by  a  constant. 

(7)      The  equation   to  the  tractory  is 

dy  y 

—  + ~n  =  0. 

dx       (a^  —  y^)-^ 

Then  s  =  a  log  -  , 

a 

supposing  the  arc  to  be  measured  from  the  point  where  y  =  a. 

27 
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When  a  curve  is  the  evolute  of  another  curve,  the  length 
of  its  arc  is  best  found  by  taking  the  difference  of  the  radii 
of  curvature  of  the  involute,  corresponding  to  the  extremities 
of  the  arc. 

(8)     To  find  the  length  of  the  evolute  of  the  ellipse. 

The  radius  of  curvature  of  the  ellipse  at  the  extremity  of  the 

h^  .  ... 

major-axis  is  —  ;    that  at  the  extremity  of  the  mmor-axis  is 

a 

— :   therefore  the  length  of  the  fourth  part  of  the  evolute  is 

a2      52      ^3  _  j3 


b        a  ah 

If  the  curve  be  referred  to  polar  co-ordinates  r  and  9, 

and  if  it  be  referred  to  p  and  r 

(9)  In  the  logarithmic  spiral 

T  =  ce"^. 

Therefore     s  =  fdO  L'  +  I—]  1'  =  (l  +  aO'  - » 

supposing  it  to  be  measured  from  the  pole.  Hence  the  arc 
is  equal  to  the  portion  of  the  tangent  at  its  extremity,  which 
is  intercepted  between  the  point  of  contact  and  the  sub- 
tangent. 

(10)  The  equation  to  the  spiral  of  Archimedes  being 

r  =  aO, 

the  length  of  the  arc  from  the  origin  is 

r  (a^  +  r^)5      a  ,      r  +  (a'  -{-  r^)^ 
-^  +  -  log ^ — ^ 
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This  is  the  same  as  the  arc  of  a  parabola  (whose  latus 
rectum  is  2  a)  intercepted  between  the  vertex  and  an  ordinate 
equal  to  r. 

(11)  In  the  involute  of  the  circle  the  equation  to  which  is 

s=  / =  —  +  C. 

If  the  arc  be  measured  from  the  point  where  r  =  a  we 

find  c  = ,  and  s  -    ~.      Now  «  is  always  equal  to  the 

2  2a  ^  '' 

length   of   the  arc  of  the  circle  which  is  unwound,  so  that 

if  this  be  called  a9, 

s  =  lae^ 

(12)  The  equation  to  the  epicycloid  is 

where  c  =  a  +  2  6,  a  and  b  being  the  radii  of  the  fixed  and 
generating  circles  respectively.     Hence 

(c'  -a^)i    r     rdr   ^  ^  _  jc'  -  a')   ^^,  _  ^^,^ 
a         J  (c^  —  r'-)s  a 

The  whole   arc  corresponding  to   one  revolution    of  the 

generating  circle  is  8  -  (a  +  6). 

The  corresponding  arc  in  the  hypocycloid  is  8  -  (a  -  &). 


5  = 


=/'^'"{'+0^ 


a 
For  a  curve  of  double  curvature  we  have 

Kdy)  J  * 

(13)     In  the  helix, 

y  =  a  cos  nx,     ^  =  a  sin  nx ; 

therefore     «  =  fdw  (1  +  n~a'f^  =  (l  +  n^d^)^  x  +  C. 

If  the  arc  be  measured  from  the  origin   C  =  0,  and 

s  =  (1  +  n^a^)^a. 

27—2 
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If  9  be  the  constant  anole  which  the   curve  makes  with 
the   axis  of    a,',    na  =  tan  0    and    (1  +  n~ a~)^  =  sec  6   so    that 

s  =  X  sec  9. 

(14)     The  loxodrorae  is  defined  by  the  two  equations 

V  y 

w'  -v  y"  +  %^  =  r''. 

Changing  into  polar  co-ordinates  by  the  formulae 

w  =  r  cos  9  sin  cp,     y  =  r  sm9  sin  (p,     z  =  r  cos  d), 

^    ,  ds       (I  +  n^)^ 

we  nnd  - —  = ; 

d(p  n 

and  integrating  from  (p  =  0  to  (p  =  tt  we  have 

(1  +  n')^ 


S  =  TT 


n 


Sect.  3.     Cuhature  of  Solids. 

If  a  solid  be  referred  to  rectangular  co-ordinates  its  volume 
(V)  is  found  by  integrating  the  triple  integral  jjjdwdy  dz.  If 
we  integrate  first  with  respect  to  %^  and  suppose  the  integral  to 
begin  when  ^  =  0, 

V  =  jjz  dw  dy 

is  the  volume,  %  being  given  in  terms  of  w  and  y  by  the  equa- 
tion to  the  surface,  and  the  integrals  being  taken  between  the 
proper  limits,  which  differ  according  to  the  nature  of  the 
surfaces  which  bound  the  surface  laterally.  The  most  simple 
case  is  when  the  solid  is  bounded  laterally  by  four  planes, 
two  parallel  to  the  plane  of  w%,  and  two  to  that  of  y%.  The 
limits  of  w  and  y  being  then  constant  are  independent  of  each 
other,  and  the  integration  may  be  easily  effected.  But  if 
the  surface  be  terminated  laterally  by  the  curve  surface,  the 
extreme  values  of  the  variables  are  connected  together  by  a 
relation  derived  from  the  equation  to  the  surface  by  making 
%  =  0.     If   we  integrate   first  with  respect   to  y,  and  if  the 
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equation  to  the  surface  give  us,  on  making  ;^  =  0,  a  relation 
f(x,  y)  =0  between  x  and  y,  we  have  to  take  the  values  of 
y  in  terms  of  w  derived  from  this  equation  as  the  limits  of 
the  integral  with  respect  to  y.  There  remains  now  only  to 
integrate  a  function  of  x,  and  to  take  it  between  the  limits 
of  the  value  of  a?  derived  from  the  equation  to  the  surface 
by  making  ;^  =  0  and  y  =  0. 

If  we  wish  to  find  the  volume  of  the  solid  terminated 
laterally  by  a  cylinder  perpendicular  to  the  plane  of  wy, 
having  for  its  base  any  curve  as  LL'  NN'  (fig.  54),  we  take 
the  integral  with  respect  to  y  from  y  =  MN  to  y  =  MN', 
which  are  given  in  terms  of  w  by  the  equation  to  the  cylinder; 
and  then  we  integrate  with  respect  to  x  between  the  limits 
of  that  variable  corresponding  to  the  extreme  points  of  the 
curve  which  is  the  base  of  the  cylinder,  such  as  HK  and  H'K' 
in  the  figure.  It  is  to  be  observed  that  in  getting  the  limit- 
ing values  of  y  in  terms  of  w  we  introduce  into  the  integral 
new  functions  which  may  often  render  the  formula  unin- 
tegrable. 

(l)     To  find  the  volume  of  the  octant  of  the  ellipsoid 

2  2  2 

x^      y       z 
a~      b        c 

We  have       V  =  fffdx  dy  d%  =  fj%  dx  dy, 

the  limits  of  ^  being  0  and  its  value  given  in  terms  of  x  and  y 
by  the  equation  to  the  surface,  that  is, 

w'      y'^  ^ 

Z  =  C  \  1 -,  -  r:> 


/        w'^      y^\  ^ 
Therefore      V  =  c  ffdx  dy  ll ^  ~  Va )  • 

Integrating  with  respect  to  y,  we  have 

7= ^/<z  jj  1  -  ?;  - 1;)  ^  ji  -  ^4)  sin- -4^.1 . 

2-'        Y\        a        bV  V        aV  b(a'-xy} 

Now  fss  dy  represents  the  area  of  a  section  parallel  to  the 
plane  yx,  and  at  a  distance  equal  to  x :    the  integral  must 
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therefore  be  taken  between  the  limits  given  by  that  section, 
or  from  y  =  0  to  y  =zh  il ^J  .     This  gives 

2    2''        V        aV        22V        SaV 
The  limits  of  oc  are  0  and  «,  so  that  we  have 

Trahc 

and  the  volume  of  the  whole  ellipsoid,  being  eight  times  this 

4 
quantity,  is  -  irahc.    When  a  =  b  =  c,  the  ellipsoid  becomes  a 
3 

4 
sphere,  the  volume  of  which  consequently  is  -  tto,^. 

3 

(2)  The  equation  to  the  elliptic  paraboloid  being 

z^      y^ 

-  +  ^  =  2^, 

a       b 

we  have         V  =  ffzdwdy  =  ( 7 )   ffdwdy  (2bx  —  y^)^. 

On  integrating  with  respect  to  y  from  y  =  0  to  y  =  (26^7)2, 

this  gives  V  =  —  (a 6) a  fa;  dw  =  —  w^  io,^)K 

which  taken  from  x  =  0  to  .2?  =  c,  and  multiplied  by  4,  gives 
TTc"'  {ab)i  as  the  volume  of  the  paraboloid  intercepted  between 
the  vertex  and  a  plane  parallel  to  the  plane  of  y%  at  a 
distance  c. 

(3)  The  equation  to  the  Cono-Cuneus  of  Wallis  is 

the  Avhole  volume  is 

V  =  Tra^c. 

(4)  The    general    equation    to    conical   surfaces    is    (the 
rin  being 

of  the  cone) 


origin  being  at  the  vertex  and  the  axis  of  ,v  being  the  axis 


='^^(!)- 
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Therefore  V  =  ffdxcly ,v<p  i~]  ,  or  putting  y  =  ax  and 
therefore  dy  =  xda,   we  have 

V  =  jjdwda  0)'^  (j)  (a)  =  fda  —  (p  (a). 

If  the  base  be  a  plane  curve  parallel  to  yis,  the  limits  of,  ci? 
are  0  and  a,  so  that 

V=~fda<p(a). 

Now  the  equation  to  the  base  is  found  by  making  x  =  a 
in  the  equation  to  the  surface,  which  then  becomes  %  =  a(p  I  -  j , 
and,  as  in  this  case,  y  =  aa,  dy  =  ada, 

^  =  ~I%dy. 

Now  as  %  is  the  ordinate  of  the  base,  j%dy  is  its  area,  so 
that  the  volume  of  the  cone  is  one  third  of  its  base  multi- 
plied into  its  altitude. 

(5)  The  axes  of  two  equal  right  circular  cylinders  inter- 
sect at  right  angles ;  find  the  volume  of  the  solid  common  to 
both. 

Taking  the  intersection  of  the  axes  of  the  cylinders  as  the 
origin,  and  their  axes  as  the  axes  of  y  and  %,  their  equations  are 

cd'  +  %^  =  a^,     00^  ■\-y^  ■=  c^t 

V  =  jjdxdy%  =  ffdxdy  {a?  —  x^)^. 

Integrating  with  respect  to  y  from  y  ~  0  io  y  =  {a^  —  w^^iy 

y  =  jdw  {d^  -  x^)  y 

and  integrating  with  respect  to  x  from  c^'  =  0  to  tV  =  a, 

V=  — . 

3 

This  is   the   eighth   part  of  the  whole  intercepted    solid 

which  is  therefore  , 

3 
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(6)  The  axis  of  a  right  circular  cylinder  passes  through 
the  centre  of  a  sphere,  find  the  volume  of  the  solid  which  is 
common  to  both  surfaces. 

Taking  the  centre  of  the  sphere  as  origin,  and  the  axis  of 
the  cylinder  as  the  axis  of  %,  the  equations  to  the  surfaces  are 

The  direct  integration  of  jj%dxdy  in  terms  of  w  and  y, 
leads  to  operations  of  considerable  complexity  which  may  be 
avoided  by  transforming  x  and  y  into  polar  co-ordinates  r  and  9  : 
in  which  case  by  Chap.  iii.  Sect.  2.  of  the  Diff.  Calc,  we  have 

clwdy  =  rdrdO,  and 

V  =  ffmrdrdO  -  ffdrd9r{a^  -  r-)i ; 

the  limits  of  0  being  0  and  Stt;  and  those  of  r  being  0  and  6. 

Hence  V  =  Qtt  fo^ drr{a-  -  r~)i 

and  the  whole   volume  of   the  included    solid  being   double 

this  quantity  is  —  {a^  -  (a^  -  b^)^ . 
,  3 

4<7r 
The   volume  of  the   sphere  is   — a^,   and   therefore   the 

volume  of  the  solid  intercepted  between  the  concave  surface 
of  the  sphere  and   the  convex   surface  of  the  cylinder,  is 

-^  (a-  -  b~p. 

(7)  A  sphere  is  cut  by  a  cylinder,  the  radius  of  whose 
base  is  half  of  that  of  the  sphere,  and  whose  axis  bisects 
the  radius  of  the  sphere  at  right  angles ;  find  the  volume  of 
the  solid  common  to  both  surfaces. 

The  equations  to  the  surfaces  in  this  case  are 
.x^  +  y'  +  z^  =  a^,   and  x~  +  y'^  =  ax. 

Transforming  x  and  y  into  polar  co-ordinates  as  in  the 
last  example,  we  have 

V  =  {jdrdOrx  =  ffdrdO  r  (a"  -  r~)^ ; 
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the   limits  of  r  being  o  and    acosO,    and  those  of  9  being 
0  and  1 TT.     Hence 


.3  „3 


TT 


Therefore  the   whole   solid  cut  out  from   the  hemisphere 

is  —  a^ :  and  the  part  of  the  hemisphere  Avhich  is  not 

3  9 

8  tt^  1 

comprised  in   the  cylinder  is   —  or  -  of  the   cube  of  the 
^  9  9 

diameter  of  the  sphere. 

(8)  A  paraboloid  of  revolution  is  pierced  by  a  right 
circular  cylinder,  the  axis  of  which  passes  through  the  focus 
and  cuts  the  axis  at  right  angles,  its  radius  being  one  fourth 
of  the  latus  rectum  of  the  generating  parabola ;  find  the 
volume  of  the  solid  common  to  the  two   surfaces. 

The  equations  to  the  surfaces  are 

if  +  %^  =■  4ax,     w^  +  y~  =  9.ax. 
Hence  V  =  ffdxdy  (iax  —  y^)i 

=  ^  Jq"'  dcV  \cV  (4a'-^  -  x~)^  +  4-a.^^  sin~'  i 


4>       vr 

3        2 

16 
and  the  whole  solid  is       aP  {  —  +  2  tt 


When  a  solid  is  generated  by  the  motion  of  a  plane  area 
which  moves  parallel  to  itself,  while  its  magnitude  increases 
or  decreases  according  to  a  given  law,  its  volume  is  found 
by  the  formula 

V  =  cosa  fvd!S  ; 

V  being  the  area,  the  axis  of  ^  being  the  direction  of  motion, 
and  making  a  constant  angle  a  with  the  normal  to  the  plane. 

(9)  Let  the  solid  be  the  groin  which  is  generated  by  a* 
square  moving  parallel    to   itself,  its    sides  being  the  double 
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ordinates  of  a  circle  of  which  5^  is  the  abscissa.  If  y  be  the 
half  length  of  a  side,  v  =  4<y~,  and  y"  =  a'  —  z",  and  as  in  this 
case  a  =  0,  we  have 

3 

(10)  Find  the  content  of  the  solid  ABC  DO  (fig.  55) ; 
the  base  ABCD  being  a  rectangle,  the  side  OAB  a  right- 
angled  triangle  perpendicular  to  the  plane  of  the  rectangle, 
and  the  upper  side  OBCD  being  formed  by  drawing  lines 
as  PQ  from  OB  to  CD^  always  parallel  to  the  plane  OAD. 
If  we  draw  PR  parallel  to  OA,  and  join  RQ^  the  triangle 
PQR  having  two  sides  parallel  to  the  sides  of  ODA^  is  in  a 
plane  parallel  to  that  of  ODA.  Hence  the  figure  may  be 
supposed  to  be  generated  by  the  motion  of  a  triangle  con- 
stantly parallel  to  AOD,  and  having  its  angular  points  in 
the  lines  AB,   OB,  CD.     If  AD  =  a,  AB  =  b,  AO  =  c,  the 

volume  01  the  solid  is  . 

4 

(11)  The  axes  of  two  equal  right  circular  cylinders 
intersect  at  an  angle  a,  to  find  the  volume  of  the  solid  com- 
mon to  both. 

Let  ABCD  (fig.  56)  be  the  section  of  the  solid  made  by 
the  plane  containing  the  axes,  and  let  the  radius  of  the 
cylinders  =  a,   so  that  AB  =  a  cosec  a. 

If  we  cut  the  solid  by  a  plane  parallel  to  ABCD,  we 
shall  have  a  parallelogram  as  PQRS;  and  calling  the  area 
of  this  A,  and  its  distance  from  the  plane  of  the  axes  %, 
we  shall  have  for  the  part  of  the  solid  above  that  plane 

Y  =  },^d%A. 

Now  A  =  4'POQ;  but  making  PQ  =  I,  and  calling  p 
the  perpendicular  on  PQ  from  the  point  in  the  plane  PQRS 
where  it  meets  a  line  through  O  perpendicular  to  the  plane 
of  the  axes,  we  have 

I  =  p  (tan  ^  a  +  cot  1  a)  =  2p  cosec  a, 

and    therefore  POQ  =  //  cosec  a,   and   A  =  4<p^  cosec  a.     But 
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the  section  through  0  and  the  perpendicular  p  being  a  serai- 
circle,  we  have  p"  =  a"  —  z'^     Hence 

Q 

r  =  4  cosec  a/o"  {a^  -  %^)  d%  =  -  a?  cosec  a, 

and  therefore  the  whole  solid  is . 

3  sin  a 

(12)  Find  the  volume  of  the  solid  DEQB  (fig.  57) 
cut  off  from  a  right  circular  cylinder  by  a  plane  EQD  passing 
through  the  centre  of  the  base,  and  inclined  at  an  angle  a  to 
the  plane  of  the  base. 

If  we  cut  the  solid  by  a  plane  perpendicular  to  the  base 
of  the  cylinder,  and  parallel  to  the  trace  ED,  the  section  is 
a  parallelogram,  and  the  solid  may  be  considered  as  generated 
by  the  motion  of  this  parallelogram  parallel  to  itself. 

Let  CB  =  a,  CM  =  x,  MN  =  y,  PN  =  %,  then 

as  %  =  X  tan  a,  and  y  =  (a^  —  ci?^)2, 

F  =  2  tan  a  Jdoo  w  {c^  —  ai^)i 

=  tana{C-|(a'-c^?^)i}. 

When  .2?  =  0,  r  =  Oj  therefore  C  =  a?  ;  hence 

r  =  -§  tan  a  {a^  —  (a^  -  a;''')^ ; 

and  the  whole  solid  when  ou  =  a  is  -f  a^tana. 

If  the  solid  be  one  of  revolution  round  the  axis  of  w^  and 
if  y  =  f(j)o)  be  the  equation  to  the  generating  curve,  the 
volume  of  the  solid  is  given  by  the  integral  V  =  irjy'dx. 

(13)  A  paraboloid  formed  by  the  revolution  of  a  parabola 
round  its  axis. 

In  this  case  y^  =  4<mw,  and 

V  =  4im7r  fxdcV  =  2m7raP  +  C. 

If  the  solid  be  reckoned  from   the  vertex   C  =  0,  and 

V  =  2ni7rx^  =  ^wy^x. 

(14)  The  volume  of  an  oblate  spheroid  formed  by  the 

1     .          ^            1,-                   ,    .           .              .     ,     4<7ra~6 
revolution    oi    an    elhpse   round  its    minor   axis  is    ,  a 
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being  the   major   axis  of  the   ellipse ;    and  the  volume  of  a 

,             ,        .,    .     4!7rab^ 
prolate  spheroid  is  . 

(15)  Find  the  volume  of  the  solid  formed  by  the  revo- 
lution of  the  cissoid  round  its  asymptote. 

The  asymptote  being  taken  as  the  axis  of  x,  the  equation 
to  the  cissoid  is 

x^y  =  (2ff  -  yf, 

a  being  the  radius  of  the  generating  circle. 

Now         F  =  TT  fdiV  y^  =  TT  jdy  y^  — -  , 

=  -^7rfdy  {3y^ {2a-  y)^  +  y^  (2a-  y)^ 
= -7rfdy{a  +  y)(2ay-yy^ 

=  C  +  ^  TT  {2  ay  —  y^)^  —  S^tt  .  circ.  area  whose  vers.  =  -  . 
When  y  =  2  a,   V  =  0,  therefore  C  =  tt^  a^,  and 
V  =  7r~ a^  +  ^  IT  (2 ay  -  y^)^  -  2air .  circ.  area  whose  vers.  =  -  . 

Hence  the  whole  volume  is  2Tr^a^. 

(16)  The  equation  to  the  conchoid  being 

wy  =  (a  +  y)  (b'  -  y')K 
the  volume  formed  by  its  revolution  round  the  axis  of  a;  is 

Y  =  !!:!^  _  ^ah'  sin-1  ^  +  -  (6^  -  y')i  {f  +  2h% 

and  the  whole  volume  is  ivh~  {Tra-\ 

V  3 

(17)  The  equation  to  the  cycloid  is  (the  base  being  the 
axis  of  00), 

dy       /2a  —  y\i 


dw       \     y 

Therefore  the  volume  formed  by  its  revolution  round  tlie 
base  is 

F  =  TT  jdyy"  -—  =  ir  fdy  -— —,  . 

^    '^   dy         ■>    \2ay-y')l 
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This  being  integrated  from  2/  =  0  to  y  =  2a  and  doubled 
gives  Sir^a^  as  the  volume  of  the  whole  solid. 

When  the  axis  of  the  cycloid  is  taken  as  the  axis  of  ,r, 
the  equation  to  the  curve  is 


dy       I'S.a  —  w\-^ 


but  this  is  not  a  convenient  form  for  finding  the  value  of 
irfy^'dx.  It  is  better  to  substitute  for  y  and  ,v  their  ex- 
pressions in  terms  of  6,  i.  e. 

y  =  a(0  +  sin  6),  x  =  a  (l  -  cos 0); 

whence      F  =  tt  a^  fdO  sin  9  (d  +  sin  0)'. 

The  value  of  this  taken   from  6  =  0  to  0  =  tt,  is 

F=  ira^ . 

V  2         3J 

(l^)     The  equation  to  the  tractory  is 

and  the  volume  of  the  solid  generated  by  its  revolution  round 
the  axis  of  off,  and  taken  from  .a?  =  0  to  ct?  =  oo  is  -i-  Tra'^ 

(19)  The  equation  to  the  Witch  of  Agnesi  is 

cvy  =  2a  {2ay  —  y^)^. 

If  it  revolve  round  its  asymptote  which  is  taken  as  the 
axis  of  w,  we  have  for  the  volume  of  the  solid 

V  =  TT  fy^  dw  =  Try' a;  —  Ztt  fwydy 

=  Try^Off  —  4!7ra  fdy  (2  ay  —  y^)K 

The  whole  volume  is  4<ir^a^. 

(20)  The  companion   of  the  cycloid  is  defined  by  the 
equations 

y  =  a9,     w  =  a  (l  —  cos  9). 

The  volume  of  the  solid  generated  by  its  revolution  round 
the  axis  of  y,  or  the  base  of  the  curve  is 

r=  Trfdy(2a~xy  =  ira^  jd9{l  +cos0)^; 
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which  taken  from  6  =  0  to  6  =  tt,  and  doubled,  gives  as  the 
Avhole  volume  of  the  solid  generated 

If  the  curve  revolve  round  the  axis  of  .v, 
F  =  TT  //-  dw  =  7r a'  fdO  6'  sin  6 ; 

which  taken  from  6  =  0  to  0  =  tt,  gives  as  the  volume  of  the 
whole  solid  generated 

F=7r(7r'-4)a^ 

Sect.  4,     Quadrature  of  Surfaces. 
The  general  expression  for  the  surface  of  a  solid  is 

the  limits  of  a;  and  y  being  determined  as  in  the  cubature 
of  solids. 

(l)     In  the  sphere  where  oc^  +  if  +  %^  =  r^,  we  have 
d%  CO         d%  y 

dw  z         dy  ^ 


so  that     jS 


=  '■//?? 


dx  dy 


{r^  —  w'  —  y^y^ 
Integrating  with  respect  to  y,  we  have 

S  =  r  jdx  sin "  ^  -  „  ^   ,  ,  , 
(r"  —  c^?")a 

which   when  taken   from  y  =  Q  to  y  =  (r^  —  cv")-^  gives 

S  =  iTrra?  +  C, 

and,  supposing  S  to  vanish  when  w  =  0, 

>S'  =  ^Trrw. 

This  is  the  part  of  the  surface  included  within  the  positive 
axes,  and  if  we  multiply  it  by  4  we  have  ^tttx  as  the  surface 
of  a  zone  of  the  sphere,  the  height  of  which  is  x :  it  is 
therefore  equal  to  the  corresponding  zone  of  the  circumscrib- 
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ing  cylinder.      The  whole  surface  of  the   sphere  is   47rr^  or 
four  times  the  area  of  a  great  circle. 

(2)  The  axes  of  two  equal  right  circular  cylinders  in- 
tersect at  right  angles,  find  the  area  of  the  surface  of  the 
one  which  is  intercepted  by  the  other.     The  equations  are 

o  o  o  090 

w  +  js~  =  a,     w  +  2/  =  «" ; 

ana    .  =  //...,{.. g)V(g]l 

T^  dz  w  d% 

Here  =  _  _ ,        -—  =  0 ; 

aw  %  ay 

therefore     S  ^  a  f  f^-^  =  a  f  fy^^,. 

J  J      %  J  J  (a' -  wyi 

Integrating  with  respect  to  y  from  y  =  0  io  y={a?  —  co')^-, 
S  =  a  j^  dx  =  a^ ; 
and  the  whole  surface,  being  eight  times  this,  is  Sa^. 

(3)  Circumstances  being  the  same  as  in  Ex.  (7)  of  the 
last  section,  to  find  the  area  of  the  intercepted  surface  of  the 
sphere.     The  equations  to  the  surfaces  being 

0?^  +  2/"  +  ^^  =  a^5      x^  +  y"  =  ^'^^j 
rrdwdy  PC       dccdy 

^=''JJ-^'"'JJia'-^'-f)i- 

Transforming  into  polar  co-ordinates  r  and  0,  we  have 

rdrdO 

the  limits  of  r  being  0  and  a  cos  0,  those  of  9  being  0  and 
^  TT.     Therefore 

,S  =  a-  /o5^  (1  -  sin  9)  =  a-  (Itt  -  1). 

The  area  of  the  surface  of  the  octant  of  the  sphere  is 
^TTtt^;  and  therefore  the  area  of  the  surface  of  the  octant 
which  is  not  included  in  the  cylinder  is  equal  to  a\  or  the 
square  of  the  radius  of  the  sphere.  If  the  sphere  be 
pierced  by  two  equal  and  similar  cylinders,  the  area  of  the 


rrran 
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non-intercepted  surface   is   8a-,   or   twice   the   square  of  the 
diameter  of  the  sphere. 

This  is  the  celebrated  Florentine  enigma  which  was  pro- 
posed by  Vincent  Viviani  as  a  challenge  to  the  mathematicians 
of  his  day  in  the  following  form : 

"  Inter  venerabilia  olim  Graecias  monumenta  extat  adhuc, 
perpetuo  quidem  duraturum,  Templum  augustissimum  ichno- 
graphia  circulari  Alm^  Geometri.e  dicatum,  quod  testudine 
intus  perfecte  hemisphaerica  operitur :  sed  in  hac  fenestrarum 
quatuor  aequales  areoe  (circum  ac  supra  basin  hemisphaeras 
ipsius  dispositarum)  tali  configuratione,  amplitudine,  tantaque 
industria,  ac  ingenii  acumine  sunt  exstructae,  ut  his  detractis 
superstes  curva  Testudinis  superficies,  pretioso  opere  musivo 
ornata,  tetragonismi  vere  geometrici  sit  capax. 

Acta  Eruditorum,  16.92. 

(4)  Under  the  same  circumstances  to  find  the  area  of 
the  intercepted  surface  of  the  cylinder. 

The   element    of   the   circumference   of  the  base    of   the 

a  dx 

cylmder   being    -  ,,  we  have 

9.    {ax  —  w~Y 

%d,v  a^    radx 


a    ra       %a,v  a^    raaw 

2  ^0    {ax  —  ti?^)3        2  Jo    <2?2 


and  the  whole  area  of  the  intercepted  surface  of  the  cylinder 
is  4a^,  or  equal  to  the  square  of  the  diameter  of  the  sphere. 

If  a  solid  be  generated  by  the  motion  of  a  plane  parallel 
to  itself,  the  surface  may  be  found  by  a  method  similar  to 
that  used  for  finding  the  volume.  If  li  be  the  periphery 
of  the  generating  plane,  s  the  arc  of  the  curve  made  by  a 
plane  perpendicular  to  the  generating  plane 

S  =  fuds. 

(5)  Under  the  same  circumstances  as  in  Ex.  (11)  of  the 
last  section,  to  find  the  surface  of  the  intercepted  solid. 

If  s  be  the  arc  of  the  circle  passing  through  O  and 
perpendicular  to  PQ,  the  area  of  the  element  PQpq  is  Ids, 
and   the  area  of  the  surface  AOB  is  fids. 
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Now  I  =  2p  cosec  a  =  2  (a^  -  x~)^  cosec  a, 

and     as  = r ; 

{a-  -  ;?~)^ 

therefore      S  =  2a  cosec  a  f^'^ d%  =  2a"  cosec  a ; 
and   the  whole  surface  is   l6a"coseca. 

(6)  Under  the  same  circumstances  as  in  Ex.  (12)  of 
the  last  section  to  find  the  area  of  the  convex  surface  of  the 
part  of  the  cylinder  cut  off. 

s  being  the  element  of  the  circumference  of  the  base, 
and  *S'  the  element  of  the  surface. 

xdx 
{a^  —  ai~)i 

=  2  a  tan  a  {  C  -  (a^  -  ar)^  \ . 
When     .T  =  0,      ^S*  =  0  and   C  =  a,  therefore 
S  =  2a  tan  a  {a  —  (ar  -  ar)'i]  ; 
and  the  ^vhole  convex   surface  is  2  a"  tan  a. 

When  a  curve  surface  is  formed  by  the  revolution  round 
the  axis  of  ,v  of  a  curve  the  equation  to  which  is  y=f(cv), 
the  area  of  the  surface  is  given  by   the  integral, 

Kdii\ 


.  r     wax 

S  =2  fxds  =  2a  tan  a  /— —, 

J  (a''  —  a")2 


S=-  27r fd.vyh  +  f- 


(7)  For  the  paraboloid  of  revolution  we  have 

y^  =  4>mcV  ; 
therefore     S  =  ^irm^i [dx  (x  4.  m)^^ 

8  TT         1   ^  3 

=  —  m-^  (x  +  m)'s  +  C. 
3 

If  the  surface  be  measured  from  the  origin, 
S  =  -^  irr-'  [{x  +  m)^  —  m^. 

(8)  For  the  prolate   spheroid  we  have 

28 
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27r6  1  ,      a"-b~ 

and     S  =  fdw  (a^  -  e'os^)K  where  e~  — s — . 

a    -^       ^  '  or 

Integrating,  we  have 

„      'n-ah  {  .        pw      BOB  f       e^x'XA       ^ 

S^ <sin-i— +—    1 -\  \\C. 

e      \  a         a    \         a'  I  ) 

If  the  whole  surface  be  required,  this  is  to  be  taken  from 
X  =  —  a  to  cc  =  +  a,  so  that 

In  the  oblate  spheroid  we  have  for  the  whole  surface 

.=...^{..i^io,(i±-:)). 

(9)     The  equation  to  the  cycloid  (the  base  being  the  axis 
of  so)  is 

dy       /2a  —  y\2 


('2.a-y\i 


dx       \     y 

d  so 
therefore      6'  =  27r fdx  (Zay)^  =  2wjdy  {2ay)^ 

y 


=  27r  (2ay2fdy- ^ — -^. 


Integrating  this  and  extending  the  integral  over  the  whole 
surface,  we  find 

S  =  —  7ra  . 
3 

When  the  axis  of  the  curve  is  taken  as  the  axis  of  x^ 
and  therefore  of  revolution,  the  equation  to  the  curve  is 

dy       /2a  -  x\  ^ 
dec       \     00     ) 

Here     S  -  27rfdwy  i  —  J    ,  and  integrating  by  parts, 

S  =  ^iry  {2ax)^  ~  47r  (2a)^/(;.i7  (2a  -  x)k 
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Integrating  from  a)  =  0  to  x  =  2  a,  we  have  for  the  whole 
surface 

S  =  S-n-a-     TT 

(10)      The  surface  of  the  solid  generated  by  the  revolution 
of  the  tractory 

dij  y 

a/v       {a  —  y  y^ 

round  the  axis  of  x,  and  taken  from  x  =  0  to  x  =  co  is  equal 
to  27^a^ 


28—2 


CHAPTER  X. 


GEOMETRICAL    PKOBLEMS    INVOLVING    THE    SOLUTION    OF 
DIFFERENTIAL    EQUATIONS. 


Questions  of  this  kind  were  by  the  early  writers  on  the 
Differential  Calculus  called  Problems  in  the  Inverse  Method 
of  Tangents,  because,  as  the  direct  processes  of  the  Differential 
Calculus  were  originally  invented  for  tlie  purpose  of  drawing 
tangents  to  curves,  so  the  inverse  Calculus  had  for  its  object 
the  investigation  of  the  equations  of  curves  from  the  properties 
of  their  tangents  and  lines  connected  with  them. 

d)  Let  it  be  required  to  find  the  curve  in  which  the 
subtangent  is  a  multiple  of  the  abscissa. 

If  y=f{^) 

be  the  equation  to  the  curve,  ^  — -  is  the  subtangent.     There- 
fore we  have  the  condition 

dx  dx  dij 

y  ^—  =  m  0?,    or    —  =  m  ■ — , 

dy  w  y 

whence     log  a?  =  m  log  y  +  C  =  log  Cy'", 

and     x  =  Cy^\ 

When  m  is  positive  this  gives  a  parabola  of  the  m^^  order; 
when  m  is  negative  it  gives  a  hyperbola  of  the  same  order. 

(2)  Find  the  curve  in  which  the  area  contained  between 
the  axis  of  x,  the  ordinate  and  the  curve,  is  a  multiple  of  the 
rectangle  contained  by  the  ordinate  and  the  abscissa.  This 
stated   analytically  gives  the  equation 

jydx  =  —  xy,    or    ydcv  ~  —  {xdy  +  ydx). 
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The  integral  of  this  is 

When  w  =  3,   m  =  2,  this  gives  the  common  parabola,  as 
is  otherwise  obvious. 

(S)      Find    the   curve   in    which    the    perpendicular   froni 
the  origin. on   the  tangent  is  equal  to  the  abscissa. 
The  differential  equation  is 
dy 


y  —  cV 


■'1-01* 


2    ..2    r.....dy 


or     2/  —  0G~  =■  9.xy 

dec 

This  is  a  homogeneous  equation,  and  on  being  integrated 
it  gives 

y^  +  w^  =  ex, 

the  equation  to  a  circle,  the  origin  being  in  the  circumference 
and  the  axis  of  x  being  a  diameter. 

(4)  Find  the  curve  in  which  the  distance  from  the  origin 
is  equal  to  the  part  of  the  tangent  intercepted  between  the 
point  of  contact  and  the  perpendicular  from  the  origin. 

The  differential  equation  is 

ydx  -  wdy  =  ydy  +  xdoo\ 

and  the  integral  is 

(.r^  +  y')  _    (y 

log— ^_  =  tan    •^- 

which  is   the   equation    to  a  logarithmic   spiral,   the   constant 
angle  of  which  is  equal  to  -. 


(5)  Find  the  nature  of  the  curve  BP  (fig.  58.)  such  that, 
if  from  the  origin  A  a  line  JQ  be  drawn  making  an  angle 
of  45°  with  the  axis  of  w,  and  meeting  the  ordinate  at  any 
point  P  in  Q,  the  ordinate  PM  shall  bear  to  the  sub-tan- 
gent MT  the  same  ratio  which  the  difference  between  PM 
and  MQ,  bears  to  a  constant  line  {a). 
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The  sub-tangent  =  y  ~  ,  and   Q3f  =  AM  =  x ;    therefore 

or  (y  —  <3?)  ^<2^  =  ady,  is  the  equation. 

This,  when  put  under   the  form 

ady  —  y  dx  +  wdx  =  0, 
is  a  linear  equation  of  the  first  order,  and  its  integral  is 

y  =  x  +  a  +  Ce". 

Since  when  y  =  0,  the  curve  must  pass  through  the  origin, 
we  have  C  =  —  a,  and  therefore 

y  =  OB  -{■  a  —  ae". 
This  curve  at  one  time  attracted  much  attention,  and  it 
appears  to  have  been  the  first  problem  involving  a  differential 
equation  which  was  solved.  It  was  proposed  to  Descartes  * 
by  De  Beaune,  after  whom  the  curve  is  usually  called  "  Curva 
Eeauniana."  The  solution  will  be  found  in  the  works  of  John 
Bernoulli,  Vol.  i.  p.  63,  and  p.  65. 

(6)  Find  the  curve  in  which  the  product  of  perpen- 
diculars from   two  fixed  points  on  the  tangent  is  constant. 

Let  A,  B  (fig.  59.)  be  the  fixed  points;  take  C  the 
middle  point  between  them  as  origin,  and  the  line  joining 
them  as  the  axis  of  x.  Then  w  and  y  being  the  co-ordinates 
of  the  point  of  contact  P,  the  perpendiculars  AY  and  BZ 
are,  if  CA  =  CB  =  c, 

I'-OT"  I- Of 

Hence  making  their  product  constant  and  equal  to  h\ 
we  have 


^-^sj-ns)=4^S)1 


dwj  \d,vj 

*  See  his  Letters,  Tom.  iii.  No.  79. 
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Differentiating  this  we  get 

^  =  0,  and  {^^-(6^  +  c^)5^^  =  ^r/. 
dx'  ^  aw 

The  first  solution  gives  the  general  integral 

y  =  ax  -\-  a'. 

Substituting   the  value  of  —  derived  from   this  in   the 

^  dx 

given  equation,  we  have 

y  -  ax=^  ±  {&^  +  a-  (6^  +  c") } , 

the  equation  to  two  straight  lines. 

dy 
The  second  solution  by  the  elimination  of  —  gives  the 

singular  solution,  which  is 

y~  x^ 

W  ^  ¥  +  c"  " 

the  equation  to  an  ellipse,  the  minor  axis  of  which  is  equal 
to  6. 

Euler,   Memoires  de  Berli7i,  1756. 

(7)     Find  the  curve  in  which  the  normal  bears  a  constant 
ratio  to  its  intercept  on  the  axis  of  x. 

The  length  of  the  normal  is  ?/  <  1  +  I  —  I  [  ; 

„   -     .  .  dy 

that  of  the  intercept  is  <27  +  ?/  -—  , 

dx 

and  if  n  be  the  constant  ratio,  we  have 

dy 
Squaring,  and  solving  with  respect  to  ^Z  -^  ?  we  have 

(,i8  ^  I)  y^  +  n\v  =  ^  {{71^  -  1)  ?/^  +  n\xn i, 
dx 

whence  \  {n^  —  I)  y"  ■\-  n^ x~y^  =  C  ^  x, 
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or  (n- -l)(y' -hx')  =a^2CA^, 

which  is  the  equation  to  a  scries  of  circles. 

When  w<l,   the  equation    to   the  locus  of  the   ultimate 
intersection  of  these  is 

(1  —  n~)^y  i  nx  =  0, 
giving  two  straight  lines  which  obviously  satisfy  the  condition. 

(8)      Find  the  curve  in   which   the  area  is  equal  to  the 
cube  of  the  ordinate  divided  by  the  abscissa. 


The  condition  is 


fydw  =  - 


whence  we  have 

(ary  +  y^)  dos  =  Scoy'dy. 

This  being  homogeneous  may  be  integrated  in  the  usual 
way — the  result  is 

ai   —  2y  =  Cxs. 

(g)  Find  the  curve  in  which  the  normal  is  equal  to  the 
distance  from  the  origin. 

It  is  a  circle  or  an  equilateral  hyperbola  according  as  the 
two  lines  are  on  the  same  or  opposite  sides  of  the  curve. 

Trajectories. 

A  Trajectory  may  be  defined  to  be  a  line  which  cuts, 
according  to  a  given  law,  a  series  of  curves  expressed  by  one 
equation.  Problems  of  this  kind,  at  least  with  respect  to 
Trajectories  cutting  curves  at  a  constant  angle  were  first 
proposed  by  John  Bernoulli*,  but  they  were  also  considered 
by  several  other  writers,  as  James  Bernoullij,  and  Leibnitz, 
who  in  1715  proposed  it  as  a  challenge  to  English  Analysts, 
"ad  pulsum  Anglorum  Analystorum  nonnihil  tentandum;" 
a  challenge  which  was  answered  by  Newton |  and  by  Taylor  ||. 

*  Com.  Epis.  Leib.  et  Bern.  Vol.  i.  p.  17,  and  Opera,  Far,  Loc. 
-|-  Opera,  Var.  Loc. 
+  Phil.  Trans.  I7I6. 
II  Id.  1717. 
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The  most  elaborate  discussion  however  of  the  problem  is  by 
Euler  in  three  memoirs  in  the  Novi  Commen.  Fetrop.  Vol. 
XIV.  p.  46,  Vol.  XVII.  p.  205;    and  Nova  Acta  Petrop.  Vol.  i. 

Let  F  (*'',  2/'j  a)  =  0  be  the  equation  to  a  series  of  curves 
which  are  to  be  cut  by  a  trajectory  at  a  constant  angle  :  then 
if  f{xy)  —  0  be  the  equation  to  the  proposed  trajectory,  and 
c  be  the  tangent  of  the  angle  between  the  two  curves,  we  have 
the  condition 

dy       dtj 

dx       dx 

- ■■"', ■■■  =  c. 

dy    dii 

dw   dx 

The  differential  equation  to  the  trajectory  is  found  by 
eliminating  a  between  the  equation  to  the  curves,  and  this 
last  equation,  where,  it  is  to  be  observed,  x  and  y  are  to  be 

substituted  for  oo  and  y  in  the  value  of  —y.      If  the  trajectory 

is  to  be  rectangular,  since  in  that  case  c  =  co,  the  condition 
becomes 

dy    dy 

dx    dx 

The  elimination  of  a  may  be  more  or  less  easily  effected 
according  to  the  way  in  which  it  is  involved  in  the  given 
equation  to  the  series  of  curves  :  if  that  can  be  put  under 
the  form 

0  (.r,  y)  =  a, 
the  elimination  is  readily  effected. 

(10)  To  find  the  curve  which  cuts  at  a  constant  angle 
a  series  of  straight  lines  drawn  from  one  point. 

That  point  being  taken  as  origin,  the  equation  to  the 
lines  is 

y 

y  =  ax      or  —  =  a, 

X 

a  being  the  variable  parameter.  The  equation  of  condition 
becomes 
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a  =  c  [I  +  a  —- 

ax  \  ax 

But  a  =  ^=^; 

XX 

therefore     xdy  —  ydx  =  c  (ydy  +  xdx). 
Dividing  both  sides  by  x^  +  y^, 

xdy  — ydx         ydy  + xdx 
X"  +  y-  X''  +  y 

Integrating, 

tan"  ^  -  =  c  log  (x^  +  y^)i  +  a. 

X 

y 
If  we  make  -  =  tan^,  x"^  -{■  y~=r^^  this  may  be  put  under 

the  form 

e 
V  r  =  he"  , 

which  is  the  equation  to  the  logarithmic  spiral. 

(11)  Let  the  given  curves  be  all  the  circles  which  pass 
through  one  point  at  which  they  all  touch  one  straight  line. 
Taking  this  line  as  the  axis  of  y,  the  equation  to  the  circles  is 

y'  =  2ax  —  x''    or  a  = r— . 

^  2x' 

dii           (x  —  1/  I 
Then  — ^,  = ^rV-  ?  and  the  equation  of  condition  is 

dx  2x  y 

{c  (x^  —  y^)  +  2xy}  dy  +  (x^  —  y^  —  2cxy)  dx  =  0. 

This  being  a  homogeneous  equation  may  be  integrated 
by   the  appropriate  method,   and  the  result  is 

x^  +  y^  =  b  (cy  -  x)^ 

b  being  the  arbitrary  constant  introduced  in  the  integration. 
This  is  evidently  the  equation  to  a  circle. 

(12)  Find  the  orthogonal  trajectory  of  the  series  of 
parabolas  represented  by  the  equation 

y'^  =  4<ax\ 


i 
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The  equation  of  condition  for  orthogonal  trajectories  is 
dy  dy 


'^t 

V  doo 

In 

,  .               dy 

this  case    — ^ 

dx 

> 

y 

2*' 

=  ^;    th. 

2.1? 

2a!  dx 

+  ydy  =  0, 

whence. 

,  by  integration, 

a^  + 

y^ 

2 

b^  being  an  arbitrary  constant.     This  is  evidently  the  equa- 
tion to  an  ellipse. 

The  equation   to  the  lemniscate  of  Bernoulli  is 

(or  +  y-y  =  c?  {cG^  —  y"). 
That  to  the  orthogonal   trajectory  is 
(t'p^  +  y"y  =  hwy  \ 

which   is   the  equation   to  a   similar  lemniscate,    the  axis  of 
which  is  inclined  at  an  angle  of  45°  to  that  of  the  former. 

If  one  of  the  variables  be  given  as  a  function  of  the 
other  and  the  parameter,   as  if 

y  =  f{x\  a), 
we  cannot  eliminate  a  so  readily.     But  let 
dy  =  Pdoo'  +  Qda\ 

dy' 
then   for   one  curve  —  =  P,    and  the   equation   to   the   or- 
dx 

thogonal  trajectories  is 

dx  H-  Pdy  =  0 ; 
and  as    dy  —  Pdw  +  Qda,  this  becomes 

(1  +  P^)  dx  +  PQ,da  =  0. 

As  P  and  Q  contain  only  x  and  a,  this  is  an  equation 
between  two  variables  x  and  a,  and  to  integrate  it  appro- 
priate methods  must  be  employed. 
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(14)      Let    the    curves   be   a   series   of   ellipses   expressed 
by  the  equation 

2/  =  -  {c~  -x-)'^. 

a  being   the  variable  parameter.      Here 


c  [c'  —  03  'y^  c 

and  the  equation  for   the  orthogonal  trajectory  is 

a 00  (c^  -  Olt)  da  =  {c'  +  {a'  -  c")  og'^\  doc. 

To  integrate  this  put  (c^  -  <r^)5  =  w,  when  it  becomes 

„                   <?ii?du 
au  da  +  a'udu  = ^ ^. 


c"  —  ^^" 

Integrating,  substituting  for  u  its  value,  and  eliminating 
ffj   the  final  equation  is 

qf  z=  Jr  —  ,2?2  +  c^  log  ,j?^, 
Where  6^  is  the  arbiti'ary  constant. 

When  the  curves  to  be  intersected  are  given  by  a  diffe- 
rential equation,  the  trajectory  can  be  investigated  only  under 
particular  circumstances.  For  a  detail  of  these  the  reader 
is  referred  to   the  memoirs  of  Euler  quoted  above. 

Involutes  of  curves  may  be  considered  as  Orthogonal 
Trajectories,  since  they  cut  at  right  angles  all  the  tangents 
of  the  evolute. 

Let  V  =  f(u) 

be  the  equation  to  the  evolute.      The  equation  to  a  tangent 
at  any  point  is 

dv 
y  -  V  =  ~  {CG  —  u),      or    y  =  ocw  +  v  —  uw, 
Cl  u 

dv 
if  we  put  w  =  -—  . 

du 

This,  then,  is  the  equation  to  a  series  of  lines  to  which 
we  wish  to  find  the  trajectory.     The  variable  parameter  may 


i 
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be    considered    to  be   w,    of   which   v   and  w  are  functions. 
Differentiating  this  equation  we  have 

dy  =  wdx  +  {x  -  u)  dw  : 

the  general  equation  to  the  orthogonal  trajectories  will  then 
be 

(l  +  w'^)  dos  +  {oB  —  u)  wdw  =  0. 

Dividing  by   (l  +  2t?")^   and  transposing,  this  gives 

WW dw  ,1  uw  dw 

-J  +  (1  -r  IU~Y  dx 


(]  +  w'Y  (1  +  w'^y 

Inteffratino;  we  find 

0?  (1  +  ury^  =  ■?<(!+  if?^)2  -  Jdu  (l  +  w"^)"^  +  C. 

If  the  integration  on  the  second  side  can  be  accomplished, 
X  is  known  in  terms  of  u^  and  then  y  may  also  be  expressed 
in  terms  of  the  same  quantity  by  means  of  the  equation  to 
tlie  tangent.  By  eliminating  u  between  these  equations  we 
can   find   the  equation  to   the  involute. 

(15)  Let  the  curve  be  the  semicubical  parabola,  the 
equation  to   which  is 

Hence     jdu{\  +  iv^y^==  fduil-V — j=2an  +  ~y ; 

therefore    .27(1  +  —)    =^Wl  +  — )    _2a(l  +  — )+C. 
\        oa)  \        Sa)  \        Sa] 

The  particular  involute  is  determined  by  the  constant  C. 
Let  w  =  9,a  when  u  =  0,  then  C  =  0,  and  therefore 

(         u\       u 

X  =  u  -  2a  [1  -h  —     = 2a, 

\        ?>aj        3 

4  u 
and     ■?/  = , 

whence,  eliminating  u  and  v  with  the  assistance  of  the  given 
equation,   we  find 

y-  =  ia  (,v  +  2a), 
the  equation   to  a  parabola. 
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(16)     If  the  equation  to  the  evolute  be 
v^  —  u^  =  —  C3 ; 
and  if  the  constant  be  determined  by  the  condition  that,  when 

4' 


u  =  c,  a?  =  -^c,  the  equation  to  the  involute  is 


shewing  that  it  is  an  equilateral  hyperbola. 

If  the  trajectory  is  to  cut  the  curves  according  to  any 
other  law  than  that  of  a  constant  angle  a  similar  method  is 
to  be  employed. 

(17)  Let,  for  example,  it  be  required  to  find  the  curve 
PP'  P"  (fig.  60.)  which  cuts  a  series  of  parabolas  having  the 
same  axis  and  the  same  vertex  so  that  the  areas  AMP,  AM'P\ 
&c.  are  constant.     The  equation  to  the  parabola  being 

'if'  =  4)  ax, 

the  area  APM  =  fo^yda;  =  2f^''(aa;)i  doe  =  W  suppose. 

Differentiate  considering  cc  and  a  as  variables ;   then 

2  (aa))2  dcV  +         —^dw.da  =  0, 

■r  €t    Ct        f*  .     -J 

or     2  (aa))-^  dco-\ [^{axp  dx  =  0. 

a 

But  by  the  condition  of  the  area  being  constant 

fff(ax)idx  =  b", 

so  that  the  equation  may  be  put  under  the  form 

,  ,         b~  da 

9.  w^doc  + 5-  =  0. 

2    at 


Integrating,  we  have 


3  a^       2' 


Eliminating  a  by  means  of  the  equation  to  the  parabola, 

2    ^      6V'  _  C 
■3  7/      ~  4' 
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or 


To  determine  the  arbitrary  constant,  we  observe  that 
when  X  is  indefinitely  diminished,  y  must  be  indefinitely  in- 
creased in  order  that  the  area  may  remain  constant;  this 
makes  C  =  0.       Hence 

y  =  — ,  or     2xy  =  3o; 

is  the  required  equation,  being  that  to  an  equilateral  hyper- 
bola. 

(18)  Find  the  curve  which  cuts  a  series  of  circles 
described  round  the  same  centre  in  such  a  way  that  the 
arcs  intercepted  between  the  intersections  and  the  axis  of  x 
shall  be  equal. 

If  x"^  +y'  =  <J? 

be  the  equation  to  the  circle,  and  6  be  the  constant  length 
of  the  arcs,  we  find,  as  in  the  previous  example, 

adx  —  xda      bda 

_— -^  + =  0. 

{a^  —  a?")  3  a 

Dividing  by  a,  and  integrating 

\aj       a 
Eliminating  a,  we  find 

tan-^  -  -  7-7— iTi  =  C. 

By  the  consideration  that   when  a?  =  x  ,  y  i^  finite,    we 

y 

determine  C  to  be  equal  to  ^tt.     Hence  putting  -=-tan0, 
and  a?^  +  2/^  =  r",  we  have  for  the  equation  to  the  trajectory, 

which  is  the  equation  to  the  hyperbolic   spiral. 
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Lagrange*  in  two  memoirs  has  considered  the  problem  of 
orthogonal  trajectories  to  curve  surfaces. 

The  equation  of  condition  in   this  case  is 
d%         d . 
dw         dy 


l+p~  +^—  =0, 


,  dz  dz    .  , 

where  p  =  -—,   and   a  =  — -  in  the  equation  to  the  surfaces. 

dec  dy 

By  eliminating  the  constant  parameter  between  this  equa- 
tion and  the  equation  to  the  surfaces,  we  obtain  a  partial 
diiFerential  equation,  the  integral  of  which  gives  the  ortho- 
gonal  trajectory-j-. 

(19)  Let  the  problem  be,  to  find  the  surface  which  cuts 
at  right  angles  all  the  spheres  which  pass  through  a  given 
point,   and   have  their  centres  on   a  given  line. 

Taking  the  given  point  as  the  origin,  and  the  axis  of  a? 
as  the  given   line,  the  equation   to   the  spheres  is 

^''  +  y''  +  ^'"  =  2a^'. 

Hence  p= .,      q=-^; 

2  wz  z 

and  the  equation  of  condition  becomes 

y"  +  z'^  —  x^  dz      v  dz 
1   4- —  =  0. 

2  xz        dw      z  dy 

To  integrate  this   we  have  the  two   equations, 

y  ,  ,  if  +  z~  —  OD^ 

-  dz  -  dy  =  0, dz  ■{■  9,0)  dw  =  0. 

The  first  gives  y  =  az: 

the  second,  on  dividing  by  z,  gives 

—  dw -dz  +  {l  +  a~)  dz  -  0. 


*  Berlin  Memoirs,  1779,  p.  152,  and  178j,  p.  170. 

t  There  is  a  fllemoir  on  this  subject  by  Euler  in  the  Petersburg  Memoirs, 
Vol.  VII.,  the  date  of  which  is  1782,  but  it  was  not  published  till  1820. 
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Whence     -  +  (i  +  a')  z  =  ft  =  (p(a)  =  (p  (- 

Therefore  lV'  +  y-  +  z^  =  z<pi- 

is  the  equation  to  the  trajectory.  As  this  contains  an  arbi- 
trary function,  it  appears  that  there  is  a  whole  class  of 
surfaces  which  possess  the  required  property  ;  if  we  wish 
to  limit  them  to  the  surfaces  of  the  second  order,  we  must 
assume 

*©-(!)^'- 

in  which  case  the  equation  becomes 

w-  +  y''^  +  Z'  =  by  +  c%, 
representing  spheres  having  their  centres  in  the  plane  of  y%. 

(20)  Find   the    surface   which   cuts    at  right    angles   all 
the  ellipsoids  represented   by  the  equation 

aP'      ?r       »~ 

-+f, +-  =1. 
a'       0^      c- 

The  differential  equation  is 

X   dz       y  clz      z 
a'  dx      b'  dy      c^ 

Whence  we  find  "7^  ~  ^  ( ~  ) ' 

as  the  equation  to  the   trajectory. 

(21)  Find  the  curve  in  which  the  length  of  the  arc  bears 
a  constant  ratio  to  the  intercept  of  the  tangent  on  the  axis  of  x. 

If  the  ratio  be  that  of  m  to  n,  we  have 

Whence  U  ^  m'f  ^ '!^ // '^„ 

[         \dxj  j         71     dx  dy~ 

29 
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d^w  m  dv 

or ,  = . 

{daP  +  dy^)l      n   y 

[dx  +  (dx^  +  dy'^)2\       m  . 
Integrating,     log  \  — V  =  -  log  c?/ ; 

,       ^  dx       r         (dai\^\^  "1 

therefore  — -  +  .|l  +    _  1  J.  =  cy. 


dy 
From  this  we  get 

m  m 

2cdx  =  (c^y"^  —  y   '')dy; 


the  integral  of  which  is 


m  +  n  n  —  m 


'c^y  ""■  y 

2cx  +  c  =n  { + 


m  +  n      m  —  n 

This  is  the  simplest  case  of  the  "  curves  of  pursuit,"  and 
the  problem  may  be  expressed  thus :  A  point  P  moves  along 
a  straight  line,  and  is  pursued  by  a  point  Q,  whose  velocity 
is  to  that  of  P  always  in  the  ratio  of  m  to  n,  find  the  path 
of  Q,  supposing  the  line  joining  the  points  at  the  beginning 
of  the  motion  not  to  coincide  Avith  the  direction  of  the  mo- 
tion of  P. 

Bouguer,  Memoires  de  V Academie,  1732. 

(22)  Find  the  curve  in  which  the  radius  of  curvature 
is  equal  to  the  normal. 

'dyY\^ 


{-07 


The  radius  of  curvature  is 

d'y 

dw^ 

The  normal  is  2/|l  +  (       )  f  • 

Now  the  radius  of  curvature  and  the  normal  may  lie  on 
the  same  or  on  diiferent  sides  of  the  curve :  this  will  be 
indicated  by  taking  the  radius  of  curvature  with  a  negative 
or  a  positive  sign.     Hence  by  the  condition, 
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21  S 


dor'  1 

or     — — —  =  =p  _ . 

\dw} 

dy 
Multiplying  by  —  and  integrating, 

CtiV 

log  |l  +  (^)  j  =  log  c  =F  log  y, 

whence         -^  =  -^^ ^-^  or   =  — . 

dx  y  c 

The  first  gives  on  integration 

(2  2\  J. 

c-  -  y-\2  =  w  +  a, 

or     x^  +  y^  —  2aa,'  =  c^  —  a^, 

the  equation  to  a  circle. 

The  latter  gives 

log  {2/+  (/-c')H  =  -  +«, 


or  as  we  may  write  it  for  convenience 

y  +  {if  —  c^)^      X  +  a 

loff '- =  . 

^  c  c 

From  this  it  is  easy  to  see  that 

y  =  -{e  ^-    +e~~), 
2 

which  is  the  equation  to  the  catenary. 

(23)     Find  the  curve  which  has  an   evolute   similar  to 
itself. 

29—2 
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This  remarkable  problem  if  attempted  by  means  of  refer- 
ence to  rectilinear  co-ordinates  would  be  quite  impracticable. 
Euler,*  however,  has  by  a  most  ingenious  method  reduced 
the  problem  to  a  very  simple  shape.  Instead  of  using  recti- 
linear or  polar  co-ordinates  he  refers  the  curve  to  its  radius 
of  curvature,  and  the  angle  which  that  line  makes  with  a 
line  passing  through  the  first  point  of  the  curve  to  be  in- 
vestigated. There  is  thus  nothing  left  arbitrary  except  the 
first  point  in  the  curve. 

Let  p  be  the  radius  of  curvature,  (p  the  angle  which  it 
makes  with  the  line  passing  through  the  first  point  of  the 
curve.  Then  if  s  be  the  arc  of  the  curve  measured  from 
the  same  point, 

ds  =  pdd). 

dy 
But  0=tan~'p   if   p  =  — ^; 

'  dx 

and  -as     ds  =  (l  +  p^)^  dw^   we  have 

X  =  jd<p  p  cos  0,        y  =  fd(p  p  sm  (p; 

and  X  and  y  are  thus  known  in   terms  of  the  co-ordinates 
which  we  are  to  employ. 

Now  let  AS  (fig.  61)  be  the  curve,  A'S'  its  evolute  which 
is  to  be  similar  to  AS,  and  let  A"S"  be  the  evolute  of  A'S', 
and  therefore  similar  to  it  and  to  AS:  let  PP\  QQ'  be  the 
radii  of  curvature  at  the  successive  points  P,  Q.  Then  con- 
sidering the  small  arcs  PQ  and  P'Q'  as  coinciding  with  the 
arcs  of  the  circles  of  curvature,  we  see  that  the  elemental 
sectors  PQ'Q  and  P'Q"Q'  are  similar,  and  therefore 

PQ  :   P'Q'  =  PP'  :  P'P". 

Putting    PQ  =  ds,     P'Q!  =  ds',      PP'=-p,      P'P"  =  p', 

this  gives  p'ds  =  pds'. 

But  by  the  property  of  the  evolute  ds'  =  dp;   therefore 

p'ds  =  pdp. 

But  ds  =  pd(p;      therefore    ^'=— ^. 

*  Nova  Acta  Petrop.  Vol.  i.  p.  Tb. 
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In  order  that  the  evolute  may  be  similar   to   the  curve, 
we  must  have 

P    =  «jOj 

a  being  the  coefficient  of  similarity. 

Hence  for  determining  the  curve  we  have  the  equation 
dp 

This  being  a  linear  equation  is  easily  integrated,  and  the 
result  is 

Substituting  this  value  of  p  in  the  expression  for  x  and  y, 

x=  Cfd(pe'"f'cos(p,      2/=  C/(^0e"*sin0. 

Whence 

.       Ce""^    ,  ^        .    ^^        C'e"'^      a+p 

w  +  A  ■=■ ^  (a  cos  0  +  sm  m)  = —r , 

1  +««  ^  ^  ^^       1  +  a'^  (1  +f)l' 

z?       C6«<^  Ce-'i>     ap-l 

y  +  B  = (a  sin  G)  —  cos  cb)  = r . 

^  1  +  a^  ^  ^  ^^       1  +a-  (1  +p')^ 

From  which   we  have 

(y  +  B)(a  +  p)  =  (x  +  A)  (ap  -  1). 

Or  putting  x  and  y  for  x  +  A  and  y  +  B,  which  does  not 

affect    «  =  —    this  becomes 
dx 

a  (xdy  -  ydx)  =  xdx  +  ydy, 

which  is  the  differential  equation  to  the  logarithmic  spiral. 
That  curve  therefore  is  the  only  one  which  has  an  evolute 
similar  to  itself. 

Euler  in  the  memoir  referred  to  above  has  considered  the 
question  much  more  generally,  for  he  investigates  the  nature 
of  the  curve  which  has  its  n^^  evolute  similar  to  itself,  as 
well  as  the  curve  which  has  an  evolute  similar  to  itself  but 
placed  in  an  inverse  position.  This  last  is  reduced  to  the 
previous  case,  for  if  the  evolute  be  similar  to  the  original 
curve   but   in  an   inverted   position,    the    second   evolute   will 
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also  be  similar  to  the  original  curve  and  in  the  same  posi- 
tion, and  its  radii  of  curvature  will  diminish  while  those  of 
the  first  evolute  increase,  as  will  be  seen  in  (fig.  62).  It  is 
easy  to  see  that  this  condition  is  expressed  symbolically  by 
affecting  the  coefiicient  of  similarity  with  a  negative  sign. 
The  general  equation  for  a  curve  which  has  its  n^^  evolute 
directly  similar  to  itself  is 

that  which  has  its  n^^  evolute  inversely  similar  is 


■fin 


+  d'^'p  =  0. 


(24)  Let  us  investigate  a  particular  case  of  this  last 
problem  when  n  =  \  and  a^  =  1,  which  implies  that  the  evo- 
lute is  equal  to  the  curve  but  in  an  inverted  position. 

The  equation  then  becomes 

4^  +  ^  =  '- 

The  integral  of  which  is 

p  =  C  cos  <p  +  Cism(p  =  C  cos  (cp  +  a). 

Since  the  angle  a  depends  only  on  the  line  from  which 
(p  is  measured  we  may  make  it  equal  to  zero,  so   that 

p  =  C  cos  (p,  then 

C  C 

so  =  C  jd(j)  cos^  ^  =  -  f  (l  +  cos  2(p)  d(p  =  -  (2 (j)  +  sin  20), 

making  a?  =  0  when  (p  =  0. 

C 

Also      y  =  C  fd(p  sin  <p  cos  (p  = cos  2^  +  J. 

C 

If  2/  =  0  when  0  =  0,  A  =  —  ;   therefore 

2/  =  —  (1  -  cos  20). 
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Eliminating  (p  we  have 

cv  =  —  vers      ■ — +  [ V  ]  i 

4>  C       V  2        ^  ) 

the  equation  to  a  cycloid  referred  to  its  vertex. 

If  a^<l,  the  curve  is  an  epicycloid. 

If  a^>l,  the  curve  is  a  hypocycloid. 

(25)  In  speaking  of  the  cycloid  I  mentioned  a  property 
belonging  to  it  which  was  discovered  by  John  Bernoulli,  viz., 
that  if  BC  (Fig.  21)  be  any  curve,  the  tangents  at  the 
extremities  of  which  are  at  right  angles  to  each  other,  and 
if  this  be  developed,  beginning  from  C,  and  if  the  involute 
CD  be  again  developed,  beginning  from  Z>,  and  so  on  in 
succession,  the  successive  involutes  approach  continually  nearer 
and  nearer  to  the  cycloid,  and  ultimately  do  not  differ  sensibly 
from  that  curve.  The  following  demonstration  of  this  re- 
markable proposition  is  taken  from  Legendre,  Exercices  de 
Calcul  Integral,   Vol.  ii.   p.  541. 

Draw  the  successive  tangents  MP,  PN,  NQ  ...  which 
will  be  alternately  perpendicular  and  parallel  to  the  first, 
from  the  nature  of  involutes.  Let  6  be  the  angle  which 
MP  makes  with  the  line  AB,  and  put 

arc  CM  =  w,  arc  CB  =  a, 

arc  CP  =  «,  arc   CD  =  &, 

arc  EN  =  iv\  arc  ED  =  a', 

arc  EQ  =  %',  arc  EF  =  b\ 

and  so  on  in  succession.      Then  if  we  were  to  draw  tangents, 
making  angles  =  dO  with  the  other  tangents,  we  should  have 

dz        dm        dz 

MP~  ¥n~ qn 

But  from  the  nature  of  involutes, 

MP=CM  =  cc,      PN^DP  =  b-%,      QN=:EN=x,kc. 

d%       doG         d%         dm" 
Hence     dQ  =  —  = 


w       h—  %       00        h'  —  %' 
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From  the  first  we  have  ;;;  =  fcvdO,  which  ought  to  vanish 
when  6  =  0,  and  to  become  equal  to  b  when  6  =  --  The 
second  equation  gives 

dx  =hdQ-  %dQ  =  hdd-dQ  jxde, 
and  w  =h6-  pdO^x, 

TT 

which,  when  0  =  0,  ought  to  vanish,  and  when  6  =  —  to  be 
equal  to  a'.      The  third  equation  gives 

dii'  =  .v'dO  =  bOdO  -  d9  pdO'x, 

■LQ2 

and  z'=  —  -  pdd'x. 

1.2       •' 

Proceeding  in  this  way,   we  have 

1.2.3       1.2.3.4.5  "^ 

;j;('')=I --— —  +  &c.  ±p«+id0="  +  \r. 

1.2  1.2.3.4  -^ 

Now  the  last  terms  in  both  of  these  expressions  continually 
diminish,  and  if  n  be  made  sufficiently  large  they  may  be 
neglected.      This  may  be  seen  by  considering  that  since 

x<a,     ["dO^x  is  less  than  f"d9"a,  or  ; 

1.2.. .71 

and  as  the  greatest  value  of  0  h  — ,  the  denominator,  when  n 

is  great,  far  surpasses  the  numerator,  and  the  term  diminishes 
continually   as  n  increases.       Neglecting  then   the   last  term 

TT 

and  making  0  =  —  —  a  in  the  second  series,  we  have 

U"^  = +  &c, 

1.2  1.2.3.4 

From     this  it  appears   that   when  n  is   large  the   series 
b-\-  b'y  +  b'\f  +  &c.  +  b^-'^ip  +  &c. 
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may  be  considered  as  a  recurring  series  formed  from  a  frac- 
tion of  which  the  numerator  is  a  polynomial  in  ?/  of  a  finite 
number  of  terms,  and  the  denominator  is 

1 + &c.  =  cos  (a«^). 

1.2       1.2.3.4 

Now  cos  {ayl)  =  cos  {^^  =  {l  -  y)  [l  -  |^  ^l  -  |^  ...; 

and  if  f{y)  be  the  numerator,  we  may  assume 

f{y)  N,  N,  N,        ^ 

+ + —  +  &c. 


cos  {ay'^)      \  -y  y_  ij_ 

by  the  theory  of  rational  fractions.      Now  the  coefficient  of 

«"  in  — ^— - — j-   is   supposed  to  be  6^"^   when  n  is  lara;e;    and 
cos  (ays)  ^  ^  ° 

on   the  other   side   the  coefficient  of  i/"  is 

A^^i  +  -T^  +  —  +  &c. 

3-"        5-" 

If  n  be  indefinitely  increased,  this  is  reduced  to  iV], 
which  is  independent  of  n.  Tiierefore  6^"^  is  independent 
of  01   when  n  is  very  large :   hence 

and        ;^(">  =  6<")  f-?^ ? +  &c.'j  =  &(")  (1  -  cos  6). 

Vl .2        1.2.3.4  J         ■  ^ 

Similarly  .t?("'  =  6^)  sin  0. 

These  equations  belong  to  a  cycloid,  in  which  1 6*"'  is 
the  radius  of  the  generating  circle.  Thence  follows  the  pro- 
position. 

(26)  Find  the  surface,  such  that  the  intercept  of  the 
tangent  plane  on  the  axis  of  %  is  proportional  to  the  distance 
from  the  origin. 

The  intercept  of  the  tangent  plane  on  the  axis  of  x  is 

z  -px  -qy; 
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hence  we  have 

%  —  p 00  —  qy  =  n  (jG^  +  if  •{■  z^)^. 
The  integral  of  this  equation  is 

(27)  Find  the  surface  in  which  the  co-ordinates  of  the 
point  where  the  normal  meets  the  plane  of  ooy  are  propor- 
tional to  the  corresponding  co-ordinates  of  the  surface. 

The  equations  to  the  normal  being 

x  —  X  +  p  {z  -  %)  =  0^     y'  —  y  +  q  {%  -  %), 

we  have  when  ^'  =  0, 

x  =x  -^ p%,    y  =y  ^ q^i 

therefore     x  +  p%  —  mx,     y  +  qz  =  ny. 

Substituting  these  values  in 

dz  =  pdx  +  qdy, 
and  integrating,  we  find 

z^=  {m-  1)  x""  +  (n  -  1)  y''  +  C, 
which  is  the  equation  to  a  surface  of  the  second  order. 

(28)  To  find  the  equation  to  the  surface  at  every  point 
of  which  the  radii  of  curvature  are  equal  and  of  the  same 
sign. 

The  conditions  that  this  should  be  the  case  are 


or 


1  +  p^      pq       1  +  q^ 
=         =       7      > 
r  s  t 

p       dp       i  dq  q       dq       1   dp 


1  +  p'^  dx      q  dx  1  +  q^  dy      p  dy 

Integrating  these  as  ordinary  equations  and  replacing  the 
arbitrary  constants,  in  the  first  equation  by  an  arbitrary  func- 
tion (F)  of  y,  in  the  second  by  an  arbitrary  function  (JT)  of 
x,  we  find 

I  +  p"  =  Yq\      \  -^  (f  =  Xp^. 
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From  these  we  find 

But  p  and  q  ought  by  their  nature  to  satisfy  the  equation 

dp      dq        ^.^     .       ^ 

-—  =  -— ,  which  in  the  present  case  is 

dy       doc 

dx  dy 

Now  whatever  be  the  form  of  the  functions  X  and  F, 
this  equation  is  of  the  form  (pi^i)  =  ^{y),  and  it  can  there- 
fore subsist  only  when  each  side  is  equal  to  a  constant.     Let 

2 
this  constant  be  represented  by  -;    then 

,    3  dX      2  .dY      2 

(1  +  X)-t--  =  -  ,        (1  +  Y)-^^~  =  -, 
dx       r  ^      dy       r 

whence  on  integration  we  obtain 

r  r  , 


a  and  h  being  arbitrary  constants.  If  from  these  we  take 
the  values  of  X  and  F  and  substitute  them  in  those  of  p 
and  q  we  have 

{a  -  x)  b  -y 

^  "  {r'-{a-ay-{b-yf\h'     ^  ^  [,^  -  {a  -  wf'-^h  -  y)"\^  ' 
Putting  these  values  into  the  formula 
d%  =  pdx  +  qdy, 
and  integrating,  we  have 

(x  -  ay  +  (y  -  by  +  (^  -  cy  =  r^, 
which  is  the  equation  to  a  sphere. 

Monge,  Analyse  JppUquee. 


V 


CHAPTER  XI. 


EVALUATION    OF    DEFINITE    INTEGRALS. 


When  we  are  able  to  effect  the  integration  of  any  function, 
the  determination  of  its  value  between  certain  limits  of  the 
independent  variable  offers  in  general  no  difficulty,  as  we 
have  merely  to  subtract  its  value  at  one  limit  from  its  value 
at  another.  There  are  however  many  functions,  the  Definite 
Integrals  of  which  we  are  able  to  find,  although  the  in- 
definite integral  cannot  be  expressed  in  finite  terms.  The 
evaluation  of  these  integrals  has  become  one  of  the  most 
important  branches  of  the  Integral  Calculus,  in  consequence 
of  the  numerous  applications  which  are  made  of  them  both 
in  pure  mathematics  and  in  physics :  it  is  to  functions  of 
this  kind   that  the  examples  in  the  following  paper  refer. 

The  methods  for  evaluating  those  definite  integrals  whose 
general  values  cannot  be  found  are  very  various,  but  they 
can  generally  be  classed  under  the  following  heads. 

(1)  Expansion  of  the  function  into  series,  integration  of 
each  term  separately,  and  summation  of  the  result. 

(2)  Differentiation  and  integration  with  respect  to  some 
quantity  not  affected  by  the  original  sign  of  integration. 

(S)  Integration  by  parts  of  a  known  definite  integral,  so 
as  to  obtain  a  relation  between  it  and  an  unknown  one. 

(4)  Multiplication  of  several  definite  integrals  togethei, 
so  as  to  obtain  a  multiple  integral,  and,  by  a  change  of  the 
variables  in  this,  converting  it  into  another  multiple  integral, 
coinciding  with  the  first  at  the  limits,  and  admitting  of 
integration.  By  this  means  a  relation  is  found  between  the 
definite  integrals  multiplied  together,  which  frequently  enables 
us  to  discover  their  values. 

(5)  Conversion  of  the  function  by  means  of  impossible 
quantities  into  a  form   admitting  of  integration. 
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These  different  methods  will  be  best  understood  by  their 
application  to  the  following  examples. 

We  shall  betjin  with  the  function  known  as  the  Second 
Eulerian  Integral,  because,  though  its  exact  value  cannot  be 
found  generally,  its  properties  have  been  much  studied,  and 
to  it  a  number  of  other  integrals  are  reduced. 

1.      Second  Eulerian  Integral. 

The  definite  integral  j^ dx e~'''tv'^~^i  when  7^  is  a  whole 
number,  is  easily  seen  by  the  method  of  reduction  in  Ex.  (13), 
Chap.  II.  of  the  Integ.  Calc.  to  be 

w(w  -  1)  ...  3.2. 1. 

When,  however,  n  is  a  fraction,  its  value  can  be  found 
only  in  certain  cases,  but  it  possesses  many  remarkable  pro- 
perties which  render  it  of  the  greatest  importance  in  the 
Theory  of  Definite  Integrals.  It  was  first  studied  by  Euler, 
who  seems  at  an  early  period  to  have  seen  its  importance,  and 
has  devoted  several  memoirs  to  the  investigation  of  its  pro- 
perties ;  on  this  account  Legendre  has  named  it  after  him, 
at  once  for  the  purposes  of  characterizing  the  function  and 
honouring  that  great  mathematician.  To  distinguish  it  from 
another  integral  with  which  also  Euler  had  much  occupied 
himself,  and  of  which  we  shall  afterwards  treat,  it  is  usually 
called  the  "  Second  Eulerian  Integral,"  and  Legendre  has 
affixed  to  it  the  characteristic  symbol  F,  applied  to  the  index, 
so  that  he  writes 

jrdxe-'w--^^V{n), 

which   notation   we   shall   adopt.       Throughout  the  following 
investigations  n  is  supposed  to  be  greater  than  0. 

In  the  first  place  we  remark  that  by  a  change  of  the 
independent  variable  this  integral  may  be  put  under  other 
forms  which  are  sometimes  more  convenient  in  practice  than 
that   which  we  have  used. 

Thus   if  we  put  e"*'  =  y,  the  corresponding  limits  are 

.2?  =  0,     2/  =  1 ;     c2?  =  CO  ,     y  =  0. 
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and  the  integral  takes  the  form 

(a)  r  in)  =  f,'d.v  (loglj    \ 

This  is  the  shape  under  which  the  integral  has  been 
usually  treated  both  by  Euler  and  Lagrange,  but  it  is 
scarcely  so  convenient  as  the  preceding. 

Again,  if  we  put  at'"-  =  %,  the  limits  remain  the  same  as 
before,  and  we  have 

(6)  rin)  =  -J,''d^e-'". 

This  last  form  is  the  most  convenient  for  determining 
the  value  of  the  integral  in  one  remarkable  case  when  it 
can  be  found  in  finite  terms.     If  n  =  ^ 

Let  k  =  j^  d%  e~^^ '. 

then  as  the  value  of  the  definite  integral  is  independent  of 
the  variable,  we  have  also 

k  =  j^dy  e-y\ 
and  therefore  multiplying  these  together, 

k^  =  f-d^e-^' .  !,-dy  e-y  =  T/o^cZ^/  d^e-^y'^^') ; 
since  y  and  %  are  independent.     Now   assume 
%  =  T  COS  0,  y  ='i"  sin  9,  then 

%'^  +  y~  =  r^,  dy  dz  =  r  dr  dd. 

To  determine  the  limits  we  observe  that  y  and  %  never 

TT 

become   negative,   and  therefore   6  must  vary  from  0  to  — , 

while  r  varies  from   0  to     oo,  so  that    we  have 

F  =  /,=* /o i ^  dr  tZa  r  e-'*'  =  ^ tt  ;     whence 

(c)  k  =  lir^^  and   T  (J)  =  Tri 

We  shall  now  demonstrate  the  more  important  proper- 
ties of  the  function  T  {n)  referring  the  reader  who  wishes, 
for  a  more  detailed  exposition  of  them  to  Legendre,  Eocer- 
cices  de  Calcul  Integral,  Tom.  i.  and  ii. 
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If  we  integrate  by  parts  the  expression  jdw  e'"  ce^  we 
have 

Jdw  e-'^.i?"  =  -  e-'  a?"  +  n  fdw  e""  a'""^ 

The  integrated  part  vanishes  at  both  limits,   so    that 

(d)  r  (n  +  1)  =  nT  (n). 

This  may  be  looked  on  as  a  characteristic  property  of  the 
function  T,  and  is  of  the  greatest  importance,  as  by  means  of 
it  we  can  reduce  the  calculation  of  T  (n)  from  the  case  when 
n>  1  to  that  when  it  is  <  1,  and  we  have  therefore  to  occupy 
ourselves  only  with  the  values  of  n  which  lie  between  0  and  1. 

If  w  be  a  proper  fraction, 

r{n)=f^'=d.ve-''w^-';         T  (1  -  w)  = /o'^e'^r"; 
and  therefore 

r(n)T{l-n)  =  Jo'^ dw  e-'' cv""-' fo"^ dy  6-^ y-" 
=  rrd^dye-^^'^y^a^-'y-\ 

To  reduce  this,  we  shall  use  the  transformation  of  Jacobin 
given  in  Chap.  iii.  Sec.  2,  Ex.  (7)  of  the  Diff^.  Calc. 

Assume  x  +  y  =  u,  y  =  uv,  so  that  dx dy  =  ududv:  the 
limits  of  u  and  v  corresponding  to  those  of  x  and  ?/,  are  u  =  0^ 
u  =  <X)  ■,    V  =  0,    V  =  1 ;    therefore 

T(n)T{l  -n)  =  JJ" f.'du dv  e-"" v-'' {l  -  vy-''; 

or,  integrating  with  respect  to  ic  between  its  limits, 

r(n)  T{1  -n)  =/g^du«-»(l  -vy-\ 

To  find   the  value  of  this   integral,  assume  v  =  (sin  6Y ; 

then,  as  to  the  limits  ^  =  0,   s?=l,  correspond  9  =  0,  d^^ir, 

we  have  T  (n)  T  (l  -  n)  =  2  f^^-^dO (tan  ey-^\ 

^1  _e-(-)i29 

Now     tan0  =  (-)~a TiuiH '    ^"^^    ^^    ^^    therefore 

1  +  e"^ 

obvious    that   (tan  6y~~"  may  be  expanded   into   a  series  of 
the  form 
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(_)^{l  +  J,,-(-)*=0  +  J^e-(-^*^^  +  &c.} 
?ZLzIJi  +  JjCos29+ J2COS40+ &c.       1 

Also      (-)    2    =  cos  (1  -  2w)  —  +  (-)^sin  (1  -  2w) -. 

=  sin  wtt  +  (-)^  cos  rnv. 

Substituting  the  series  for  (tanO)^"^",  multiplying  by 
sin  Wtt"^  (-)^  cos  wtt,  and   equating  real  parts,  we  have 

sin  n -K  r  {11)  r  (1  -  n)  =  ^f^dO  (l  +  Jj  cos  2  0  +  J.  cos  40  +  &c.) 

=  TT ; 
since  the  periodic  terms  vanish  at  both  limits.      Hence 

(e)  r  (n)  r  (1  -  w)  =  -v-^^  *. 

SmWTT 

It  is  easily  seen  that  the  value  of  T  (^)  is  found  at  once 
from  this  equation,  by  putting  n  =  ^;  and  generally,  if  we 
know  the  value  of  F  (n)  from  n  =  1  to  w  =  -|,  we  know  its 
value  from  0  to  ^. 

From  the  preceding  theorem  a  more  general  one  may  be 
derived.     Let  w  be  a  positive  integer,  then  will 

1st.  Let  n  be  even:  Then  there  are  ^n  —  1  pairs  of 
factors  of  the  form  F  (r)  F  (1  -  r),  and  a  middle  factor  which 
is  F  (-|)  =  ttK  Therefore  by  the  preceding  theorem  the 
product  is   equal  to 

n-l 


(W  -  2)  TT 

sm  I  —  1  sm  I  —  1  sm  I  —  1  ...  sm 


nj         \n  )  \n  )  2n 

*  This  demonstration  of  a  Theorem  discovered  by  Euler  is  given  by  Mr  Great- 
heed  in  the  Camb.  Math.  Journal,  Vol.  i.  p.  17- 
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Now  by  a  known  theorem,  when  7i  is  even,  we  have 

sin  nz        „   ,    .     /tt         \    .     (tt        \           .     [ir        \ 
=  2""^  sin %\  sm    -  +  5f    ...  sin ^    ; 


sm  ^  \n        j         \n        I  V  2 

which,  when  ;^  =  0,  gives 

^z2-(»-')=/'sin- 


/  .    ttV  f  .    27r\^      f  .    (7^-2)7^1- 

sin-        sin —     ...^sm-^^ —)  ; 

\       n)    \       n  )        \  271      ) 


so  that  we  find 


2nd.  When  n  is  odd,  there  is  no  middle  factor,  and 
the  number  of  double  factors  is  ^  (ti  —  1).  Also  in  this 
case  we  have 

sin  71^            ,    .     /ti"        \    .     /tt 
— ^ =  2"~'  sm ^    sm    -  + 

sin  z  \7l  )  \7l 

,    fn  -  1  \    ,     fTi  —  1 

sm    TT  -  ^    sin    TT  +  ^  I ; 

\  271  J         \  2n 

and  by  making  !s  =  0,  we  have  as  before 

'1)  r  n  r  f^) ...  r  C^)  =  (..)=^„-i 

•,71/         \7l)  \7l)  \      71      J 

A  still  more  general  theorem  is  the  following: 


n-l 


/  l\  I  71  — W 

{g)    Y{x)V\cc^A...V\x^ j=r(wa?)(27r)  =^  ni""^; 

but  for  the  demonstration  the  reader  is  referred  to  Legendre's 
work. 

To  this  definite  integral  V  (w)  others  may  be  easily  re- 
duced. 

Thus  if  we  have  the  integral 

i^dcGX^-^  (log  ^ 


X 

by  assuming  ai^  -  ^,  it  becomes 


—J.'dzllog-] 
7Tnr  \       %) 


n-\ 


80 
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SO  that 

\       0)1  m 

Again,  since  by  Ex.  (1,  c)  we  have 

Tri  1 

on  differentiating  2n  times  with  respect  to  a  and  then  making 
a  =  1,  we  obtain 

1.3.5  ...  (2n-  1)  TT^ 


(k)     j.^dxx'^^e 


.—ax-'  _ 


2"  2 


(2)     The  first  Eulerian  integral  is 


(1  -  <J7")    »  ^^ 

according  to  the  notation  adopted  by  Euler,  and,  after  him, 
by  Legendre ;  the  value  of  the  integral  being  supposed  to 
change  in  consequence  of  the  variation  of  p  and  g,  n  remaining 
constant.  Tliis  form  of  the  integral  however  is  not  the  most 
convenient  in  practice,  and  we  shall  use  another,  formed  from 
the  present  by  putting  af^  =  y,   when  it  becomes 

1  l-i  1-1 

^fldytr     (1-2/)"    . 

Putting    —  =  I,    —  =  m,   we   shall   designate  the   definite 
n  n 

integral  by  a  symbol  of  functionality  applied  to  these  letters 

as  the   symbol  F  is  used  for   the  second   Eulerian   integral : 

the    letter    we     shall    use    is    the    digamma    F,    so    that    we 

write 

(a)  /J dx  x^- 1  (1  -  wy -'=f{l,  m). 

The  most  important  properties  of  this  integral  are  those 
by  which  it  is  connected  with  the  second  Eulerian  integral 
founded  on  the  theorem 

^M  v.n    ^    r(or(m) 

(o)  F  (h  m)  = . 
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To   demonstrate   this  we   shall  proceed  as  in  Ex.  (l,  e), 
which  is  a  particular  case  of  this  theorem  ; 

r  (0  .  r  (ni)  =  fo°Tdw  dy  e-(^  +  ^^^'^-^2/'«-l ; 

and  on  transformation 

r  (0 .  r  (m)  =  {."^du  e-^u'^""-'  fidv  t)^-^!  -  vy^-\ 

Now 
/o°'d««6-"«<^  +  '"-^=r(Z  +  m)  and  f]dvv^-\l-vy'-^  =  f{l,m); 

thereiore     F  (l,  m)  =   ^  ,■      ,  . 
T  {I  +  m) 

As  I  and  wi  enter  symmetrically  into  the  second  side  of 

the  equation,  it  follows  that 

(c)  F  (/,  W2)  =  F  (m,  /). 

Also  since 

^.,    ,    r(z)r(m)       ^  ^,,         ,    r(z  +  m)r(?i) 

F  {h  m)  =  ~^, — ^  ,     and  F  (^  +  m,  n)  =  --^- — -^ — V  ? 
by  multiplying  these  together  we  have 

f(l,m).f(l  +  m,n)=-—-— ■ — -— ; 

l{l  +  m  +  n) 

and  as  the  second  side  is  a  symmetrical  function  of  /,  m,  n, 
it  follows  that  these  letters  may  be  interchanged,   so  that 

(d)   F(l,m).F(l+m,n)=F{l,n).P(l+n,m)=f(m,n).f(m+nJ). 

The   inteo-ral    /^(^.'j? — ; ; — -^ —  may   be   reduced    to 

the  first  Eulerian  integral  by  assuming 

^      =      ^ 
X  +  a      1  +  a 
when  it  becomes 

p,  ^      ,    /IcZ^/  2/«-i  (1  -  yy-\ 
the  limits  of  y  being  the  same  as  those  of  w.      Hence 

w^-'(i-.vy-'         1       r(a)r(/3) 


(e)  fldoj 


{w  +  a)"+/3  a^  (1  +  «)«     r  (a  +  /3)   * 

Abel,  (Euvres,  Vol.  i.  p.  95. 
S0_2 
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(3)  The  property  (6)  of  the  first  Eulerian  integral  may 
be  extended  to  a  large  class  of  multiple  integrals  by  the  follow- 
ing theorem  due  to  M.  Lejeune  Dirichlet*. 

-y.«-l  ^i*-l  o;C-l 


(a)      Let     V  =  fda,'  fdy  fdz  ...w''-^  y 


z'^ 


-1    +(^1    +(-)    +&C.SI, 


in  -which  the  limiting  values  of  co,  y,  z  ...  are  given  by  the 
condition 

a,  &,  c  ...  a,  /3,  'y  ...  p,  </,  r  ...  being  positive  quantities; 
then  will      V  = 


anb  c     r  -  r  -   r 

a  13  y  ...        \pj        \qj        \r 


pqr...  a      b      c 

r(i +  -  +  -  +  -  + ...) 

2)      q      r 


The  equation  of  the  limits  may  be  made  linear  by  putting 
a?  for  /-J  ,  y  for  |-|  ,  ^for  (  — |  ,  he,  in  which  case  the 
integral  becomes 

a  nj}     c 

y^ctpy  '"  fdw  fdy  fdz  ...  ci?^"^?/'"- ^  «"-^..  , 

with  the  condition 

cV  +y  +  %  +  ...  =1; 

where  I  =  -  ■>      m  =  -,      n  =  -,   &c. 

pqr 

Hence  if  we  know  the  integral 

U=  fdx  fdy  fd%  ...  a'^-^  ?/™-^^"-^  ...  , 

Avith   the  previous  condition  for  determining   the  limits,   we 
can  find    V. 

When  the  variables  are  two  in  number,  it  is  easy  to  see 
that  the  integral  is  identical  with  that  called  the  first  Eulerian. 
Let  us  suppose  therefore  that  there  are  three  variables.     Then 

U  =  fldw.x^-'fy^dyy—'  f:^dzz^-\ 

where  y^^^  I  —  w^     z^=  \  —  w  -y. 

Liouville's  Journal,  Vol.  iv,  p.  ICS. 
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Assume  %  =  vx^,  y  =  uy^,  the  limits  of  u  and  v  are  then 
0  and  1,  and   U  takes  the  form 

But  as  2/i  =  1  -  ct',  and  ^1  =  2/1-  «^.Vi  =  (1  -  <a?)  (1  -  u),  the 
integral  becomes 

f7  =  fldx  a^-^  (1  -  .??)™+".  /J^?/;  w""  - '  (1  -  w)".  /JdtJ  u"  -  ^ 

The  integrations  with  respect  to  the  different  variables  may 
now  be  effected  separately,  and  we  have 

n  ,      7   1/  N   j_       T  (l)T  (m  +  n  +  1) 

,1       '  .,    r(or(m)r(n) 

so  that  U  =  -—7 ; r  . 

T  {1  +  I  +  m  +  n) 

In  like  manner  we  might  find  the  value  of  U  when  there 
are  four  variables,  and  so  on  for  any  number;  and  hence,  also, 
the  value  of  F,  as  stated,  is  deduced. 

(6)  By  a  similar  process  M.  Liouville  has  proved  the  still 
more  general  theorem,  that  if 

W=fdxfdyfd^...x'^-^y'^-'^^-\.fi^l^^\(^^y+(^^^^ 

where  the  limits  are  given  by  the  condition 

^xY    (yY    I  %y 

then  will 

pqr ...  T  {l  +  m  +  n  + ...)      ''°       "^  ^  ' 

Liouville's  Journal^  Vol.  iv.  p.  231. 
(c)     As  an  example  of  this  last  formula,  take 

W=fdxfdyfd  ^ 


(J.  -  x^  -  y  -  z-y 
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the  limits  being  given  by  the  condition 
cV^  +  ?/"  +  s;-  <  1 . 
In  this  case  we  find 


(f)  -^0 


r(f)  ^o(i-^)" 


Now      r  (1)  =  TT^,      r  (|)  =  Itt^,   and 

r^     V^dv  r^     cV^  dw  'TT 

therefore    W=  — . 
8 

Generally  we  have,  the  number  of  variables  being  n, 

..^  dxdyd%...  rjj-liri+i) 

''■'■^"'  (l-w'-y^- %'-... )i  "  s'^rjlCn+l)}' 

(d)       Again,  if       W=fdwfdJ]~''l~yy\ 

the  limiting  values  being  given  by  the  condition 

<2?^'  +  2/^  <  1. 
It  will  be  easily  seen  that 


^=xllM!;>P 


r(i)   •'°     Vi  +  ^ 


—  v^ 


whence  lY  ——  ( !1L  _  i  ) . 


4    \2 

(4)  M.  Catalan*  has  shewn  how  to  evaluate  a  definite 
multiple  integral  which  depends  on  those  which  have  just 
been   considered.     It  is 

^^       da>idx2  ...  da^„_i 
y  ==  JJ  ... /(«i<»i  +  «2<^2  +  •••  +  anX,J,     (1), 

in    which    x^^  =  1  -  x^^  -  a?/' -  ...  -  wl_i,    and    the    limiting 

*  Liouville's  Journal,  Vol.  vi.  p.  81. 
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values  of  the  n  —  1  independent  variables   are  given  by  the 
condition 

cVj^  +  cV2^  +  ...  +  a!l_i  <  1. 

Assume        tVi  =  p^Ui  +  qiU2  +  ...  +  r^  Un 

a>2  =  P'^u^  +  q^u^  +  ...  +  r^Ur,  I 


w,„=p,,u^  +  q^u^  +  ...  +  r„w„  j 
where  the  coefficients  of  u^  are 

«!  a 


Pi  = 


1^2  = 


and  the  other  coefficients  are  subject  to  the  conditions. 


^1  &c.; 


qi  +q-i  +  ...  + 


2^  A 


"^i  +'>'i   +  . . .  +    r/  =  1 

P\qi  +P2q2+  ...  +i?„g„  =  o 

gir^  +  ^oro  +  ...  +g„r„  =  0 


(3). 


The  number  of  constants  in  (2)  is  n  (n  —  l),  the  num- 
ber of  conditions  in  (s)  is  ^n{n  +  l),  so  that  there  are 
^n(n  —3)   arbitrary  coefficients. 

Adding  the  squares  of  (2)  we  have  by  the  conditions  (s) 

«^l"  +  Wg^  +  ...  +  u,^  =  Xi^  +  <J?2^  +  ...  +  .2?/  =  1. 
From  the  same  equations  we  find 

«i^i  +  %'^2  +  ...  +  (^n^n  =  •^i  («i"  +  a^"  +  ...  +  a^^)i  =  AUi, 
suppose. 

Also  on  changing  the  differentials  by  the  method  given 
in  Chap.  iii.  Sect.  2  of  the  Diff.   Calc.   we  have 
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dX]^  d.V2 ...  dx„_i      dU]  du2  ...  du„^i 
so  that  the  integral  becomes 

If  now    we   integrate   with   respect   to    all  the   variables 
except  Ui,  the  limits  being  given  by  the  condition 

Wa^  +  Ws^  +  ...  +  w\_i  <  1  -  Ui\ 
we  have  by  (3,  c) 

rr  d^udoU  ...du„.y T^Hn-\)  ^        2Xi(«-3) 

Hence,  substituting  this  value  and  integrating  with  respect 
to  Ui  from  0  to  1,  we  have 


If  we  put  u^  =  cos  0,  this  becomes 

If  w  =  3,  this  gives 

r  r        diV^  dx2 
(c)      /  /  — ^fia^aii  +  «2<»2  +  «3%) 

=  ^J,~^d0smef(Jcose); 

or  if  <j?i  =  cos  w,  ti?2  =  sin  u  cos  -u,  x-^  =  sin  ««  sin  v,  and  if  we 
take  the  limits  from  u  =  0  to  it  ■=  ir,  and  from  v  =  0  to 
i'=27r,  it    takes  the  form 

{d)     j^  Jq'^'^ dudv  smuf{ai  cosu  +  a2sinz^cos'y  +  a3sinMsin'y) 

=  27r  fo'^dO  &in0f(A  cosO). 

The  formula  under  this  shape  was  first  given  by  Poisson 
in  the  Memoires  de  flnstitut,  Tom.  iii.  p.  126. 
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(5)  In   the  equation, 

if  we  put   I  —  w  =  w%i  the  corresponding  limits  are 

w  =  0,     %  =  a^  ;  X  =  1,     %  =■  0\ 

and  the  transformed  equation  is 

,,  f»j.    '»-'         T(a)T(r~a) 

(„)       /.  A-j^^y- — Ywr~- 

The  only  restriction  on  the  generality  of  this  result  is 
that  a  must  be  less  than  r.      If  r  =  1,  we  have 

(6)  /o    c^sr- =  ^, . 

1  +  «      sin  a  TT 

This  last  integral  may  be  considered  as  being  made  up 
of  two  parts,  one  from  ^  =  0  to  ;?=!,  the  other  from  z=l 
to  s;=co.      This   second  part   may  be  reduced   to  the  same 

limits  as  the  first  by  assuming  ^  =  - ,  when  it  becomes 


■'0        14- 
Hence,  adding  the  two  parts, 


]  +  %  smaTT 

In  the  formula  (6)  put  %  =  y"'  and  b  =  2a,  when  we  find 

(d)  Jo  dy 


1  +  1/       2sin(i67r)'     ; 

ai"-  ~  ^ 
(6)     The  integral  j^^'^dx may  be  considered  as  made 

up  of  two  parts,  one  from  x  -  0  to  x  =  I,  the  other  from  x  --  I 

to  <»  =  CO.     If  we  put  -  for  x,  the  latter  part  becomes 

w 

x-" 
-fldx 


1  —  X 


KlO-   1    _     ^-O 
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SO  that 

/^""rfa?  ~ =  fldcV f^dcV  — =  [Ida; ' ~ —  . 

Expanding  the   denominator  and  integrating  from   x  =  0 
to  lV  =  1,  we  obtain  the  series 

11111 

+ + &c. 


a      1  -  a       1  +  a      2-«      2  +  a 
Now  by  a  known  theorem. 

Taking  the  logarithmic  differential  on  both  sides, 
1111  1 

cot  %  = 1- h 


%  71 %  IT  +   %         ^TT  -  %         ^ir  +  % 

and  putting  %  =  ira^  we  see  that 

(«)  /S^'^  '-—, =  '^  ^°^  ^'^  =  /o""^'^  ^^ ~  • 

If  we  put  (2?"  for  t??,  and  —  for  a,  we  have 

^  n 

(6)  /o    «^^^  :, ^  =  _  cot  —  . 

(7)  The  value  of  the  integral 

log  tl? 

which   is  the  difference  of  two    infinite  quantities,  is  easily 
found.     We  have 

i\oif~^  dx  =  —  . 

Integrating  with  respect  to  n  and  determining  the  con- 
stant so  that  the  integral  shall  vanish  when  n  =  1,  there 
results 


(a)  Jld«> 


•^' 


f:.?'- 


a?."  - 1  -  1 


=  log-  n. 
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In  like  manner  we  find 

^^^     •^o'^'^  ' — W^; =  log m  -  log  w  =  log  (^- j . 

If  we  multiply 

=  1  —  x  +  w^  —  x^  +  &c. 


1  +  X 

■a?'"  ~  ^  —  a?"  ~  ^ 

^y  ^i 5  ^^^  integrate  from  <2?  =  0  to  ti?  =  1,  we  find 

log  X 

.a?™  ~  ^  -  ci?" "  ^  m      ,      w  +  1       ,      w  +  2 

cid^  -r r^ =  log loff  — 1-  log &c. 

■' "       {\ -v  cc)\og CG         ^  n  °  ^  +  1  °  w  +  2 

m  (7^  +  1)  (wi  +  2)  (?^  +  3)  ... 

~        7^  (/Ti  +  1)  (n  +  2)  (to  +  3)  ...  ' 

and  if  w  =  1  —  m, 

a?*""^  -  <2?~'"  m(2  —  to)  (2  +  W2)(4<  —  m)(4  +  m)... 

■^ "       (1  +  ct)  log  x~     °    (1  -  to)  (1  +  to)  (3  -  to)  (3  +  to)  ... 

Now  by  the  formulas  expressing  the  sine  and  cosine  of 
an  angle  in  products  of  factors,   Ave  have 


In  this  putting  %  = ,  and  observing  that  by  Wallis's 


theorem 

-  =  ^^-V(  ,  ,  ,  . 

v3/     \b}     V7 


2\  2  /4,\  2   ,qk1   /gN  a 


we  see  that 


(c)  Indx- — i =  log  tan    TO  -   . 

^  ^  -^  ^       (1  +  <2?)  log  cv         ^         V     2 ; 

Kummer  in  Crelle's  Journal^  Vol.  xvii.  p.  224. 
(8)     By  integration  by  parts  it  is  found  that 

acos,rw  —  r  sinrcT 


jdx  e    '^^  cosr<2?  =  —  e 


—  ax 


a~  +  r 
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a  sin  vw  +  r  cosr.^ 


id  /t/cr6-"'%inr.r=  -e""'' 


Hence  taking  the  integrals  between  0  and  cc    we  have 
(a)   r<^<'»6-"^cosra;  =  -7^,     (b)   rdct;6-"'sin  r^  = -:^. 

If  we  differentiate  these  expressions  (n  —  1)  times  with 
respect  to  a  we  have  by  Ex.  (20)  and  (21)  of  Chap.  ii. 
Sect.   1   of  the  Diff.  Calc. 

.rr,  COS   nO 

(c)  f,   dsj  c-j?"-!  6-""  COS  r .2?  =  1  . 2  .  3  . . .  (7Z  -  1) , 

{a^  +  rj 

Sin  71 0 

(d)  {^'^dww^-'e-'''''%mraj=  1.2.3  ...  (w  -  l) ~, 

{a'  +  T'f 

r 
where   6  =  tan  "  ^  -  . 

a 

In  these  expressions  n  must  be  a  positive  integer;  but 
if  it  be  a  positive  fraction,  the  only  difference  is  that  instead 
of  the  continued  product  1  .  2 .  3  ...(«—  1)  we  must  substitute 
the  definite  integral  T  (n). 

If  we  integrate  (a)  with  respect  to  r,  we  have 

(e)  f.    —  e-""sinrA'  =  tan-M-  , 

Jfi      X  \a) 

no  constant  being  added,  as  the  integral  vanishes  when  r  =  0. 
In  this  formula  if  we  make  a  =  0,  we  have 

,..  r==da;    .  tt 

(  /  )  /      —  smrx  =  —  . 

^■^  ^  Jo       w  2 

If  we  make  «  =  0  in  the  formulae  (a)  and  (b)  we  have 

(g)         Jq^ dx  cos  7\i'  =  0,        (A)     f^y'^dw  sin  ra-'  =  - . 
From  the  integral  (/)  it  is  easy  to  see  that 

(k)  /      —  sm  x  cos  TcZ'  =  —  , 

^  -^  Jo      w  2 
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when  r  lies  between  -  1  and  +  1,  but  that  it  vanishes  for  all 
other  values  of  r. 

The  results  (g)  and  (h)  are  very  remarkable  as  giving  the 
real  values  of  what  are  apparently  indeterminate  quantities,  the 
sines  and  cosines  of  an  infinite  angle.     For  as 

f^'^dw  co^  rat  =  -  (sin  co  -  sin  0)  =  0  by   (^), 

it  follows  that  sin  co  =  0, 

and  as    fa^da)  sin  rx  = (cos  oo  —  cos  0)  =  -  by  (h), 

it  follows  that  cos  co  =  0 ; 

so  that  both  the  sine  and   the  cosine  of  an  infinite  angle  are 
equal  to   zero. 

In  the  formulae  (c)  and  (d)  if  we  make  a  =  0,  we  find 
the  two  remarkable  integrals 

n\      r=  7      n-1                  1.2  ...  {n  -  l)  ir 

iL)      L    ax  00^    *  cos  rw  = cos  n  -  , 

-„  .  1  .2  ...   (/Z   -   1)      .  TT 

(m")      L    dx  af~^  sm  rx  =  — — —  sin  7i  -  . 

^      /        JO  „,n  Q 

If  the  index  n  lie  between  0  and  1  the  corresponding 
formulae  may  be  deduced  without  the  consideration  of  limits 
involved  in  making  a  =  0.     Since 

l^ da  a.-''  e-''''  =  T  (l  -?z)  .'»"-', 

on  multiplying  both  sides  of  this  equation  by  cos  rx  dx  and 
integrating  from  0  to    co,   we  have 

j^ dx  co'&rx ^r^ da  a~"  e~"^  =  F  (l  -  Qi) /^^"dx  x^~^  cosrx. 

But 

fo'^dx  cos  fxf^'^da  a~"  e'""''  =  f^^da  a~" l^^dx  e~°'^  cosrc-p 


-^d 


a' 


a 


a'  +  r 


Hence     f^'^dx  x'"    '  cos  j'A'  =  ~ J(i^da  -^ 


V{\-n)^  a-  +  r 
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By  the  formula  (d)  in  Ex.  (5),  v/e  have 


rd 


d^  +  j'2      ^,n  2  sin  1  (2  -  w)  TT       2  r"  sin  (^  72  tt) 


Therefore 


1  TT  I  {n)         (    ir\ 

L   dx  A'"~^  cos  rx  =  — — — r  - — --, =  — —  cos  \n-\, 

^°  r"T  (1  -  n)  sin  (-| Wtt)          »•"  V     2  / 

as      r  (w)  r(l  -n)  = 


>2 
TT 


sm  Wtt 
In  like  manner  we  should  find 

["'dcV  x^~'^  sin  rx  = sin  [n  —  \. 

Jo  r""  \    2} 

Thus  if  n  =  ^,  we  have,  since  F  (J)  =  tt^,  and 
sinivr  =  cos^TT  =  S'^, 
^o=>  doj  /ttX^        r'x.dw    . 


To  these  integrals  may  be  reduced 

fQ°^dxx'"~^e~""'°  sinrx  when  72<1. 
For,  on  integration  by  parts,  the  integrated  term  vanishes 
at  both  limits,  and  we  have 

f°^  dxx'"~^6~°'^  sin  rx 

= /^^da?<37"~^e~"^sinra7 f^^ dxx""'^  e'^'''  cos  rx. 

n  —  \  n  —  1 

When  a  =  0,  this  gives 

Y  1      r  (tC\  TV 

(^dxx''-^smrx  = f^ dxx'^~'^  cosrx  =  — cos^i-  . 

fo^dx   .  1 

(p)     If  »2  =  ^,       /      — -  Sin  rx  =  {Zrirp. 

I 
If  in  formulae  (l)  and  (m)  we  assume  a?  =  «" ,  they  become 

.    -X      nT(n)        [    7r\ 
/o   ^^  cos  {r%-)  =       ^^,^      cos  [n  -j  , 

.    .     -        wr(w)    .     /     7r\ 
/o   d^  sm  (risr")  =  —-;^  sin  ^^?^  -  j  . 
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Hence  if  n  =  -J^, 

(?')  io'^^^  cosr^^  =  1  I  — I    =  j^ d%  sin  r%^. 

The  formulge  in  this  article  are  due  principally  to  Euler, 
Calc.  Integ.  Vol.  iv.  p.  337,  See  also  Mascheroni,  Adnota- 
tiones,  p.  53.  Laplace,  Jour,  de  VEcole  Polyt.  Cah.  xv.  p.  248, 
and  Plana,  Memoires  de  Bruxelles,  Vol.  x. 

(9)     To  find  the  value  of  u  =  j^  dx  e    \      ^v. 
Diiferentiating  with  regard  to  a  we  find 

da  Jq     w 

Put  -  =  %,  the  corresponding  limits  being 
a'  =  o,  ^=co;  <2?=co,  ^  =  0. 

Hence  -—  =  -  2z* ; 

da 

this  is  a  linear  equation,  the  integral  of  which  is 

To  determine  the  arbitrary  constant,  make  a  =  0,  when 

/       "^\  J 

(a)     Hence      f(^dx6    \      *"/  =  —  e""". 

This  integral  was  first  given  by  Laplace,  Memoires  de 
rinstitut,   1810. 

From  this  may  be  deduced  the  following  integrals : 
(&)  j^ dx cos  I  «•"  +  — 2 )  =  —  cos  f  — V  2a\ 

=  ^(-|    (cos  2a  -  sin 2a). 
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(c)  fo'^da!  sin  Lv^  +  -  J  =  —  sin  f  -  +  2a| 

~  2  \~]    (cos  2a  +  sin  2a). 

(d)  !r^^^   ^^     a-v'^"^   cosJfct?^+ —  ]  sin  Oi 

2/ 


=  _e-2«cos0cos    2a  sin  6^  + 
(e)  jo   a.2?  6   V      *"/         sin  N  a?'^  +  —    sin  y  / 


1 
=  ![:e-2acos0gin 

/^              .       n          ^ 

2a  sinO  +  - 

Q 

I                    2 

Cauchy,  Memoires  des  Savans  Etrangers,  Vol.  i.  p.  638. 

(10)     Find  the  value  of  j^ dw  e~"'^^^ cos,  9,rw. 

Calling   the  definite  integral  u,   and   diiFerentiating  with 
respect  to  r,  we  have 

-—  =  -  2  L   dec xe'"'"^^ sin  9,rx. 
dr 

On  integrating  the  second  side  with  respect  to  w  by  parts, 
the  equation  becomes 

du          2r 
= u, 

dr  a 

since  the  integrated  part  vanishes  at  both  limits,  and  the 
unintegrated  part  when  taken  between  the  limits  is  equal 
to  u.      This  equation  on  integration  gives 

?•" 

To  determine  the  arbitrary  constant,  put  t  =  0, 

then  C  =  fo^ dwe~"-^^^  =  ^—-^   so  that 

2a 

(a)        u  =  ['^dxe~"''^  co^9,rx  =  —  e   «"• 
•^  2a 

Laplace,  Memoires  de  V Institute  1810,  p.  290. 
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From  this  may  be  deduced  the  following  integrals. 

/7\  ros    7  0     o  7!"-  ('^  *"\ 

(o)       /n    a  J?  COS  a~cv  cos  2/0?  =  —  cos -::    • 

^      •'  2a         V4       aV 

(c)      fn'^t^A'  sin  a^ar  cos  27*0?  =  —  sin ;    . 

Fourier,   To-aite  de  la  Chaleur,  p.  5S3. 

/•CO        cos  ax 
(11)     To  find  the  value  of  w=  /     dx ;. 

Differentiating  twice  with  respect  to  a,   we  have 

d~u  r^  _,    x^  cos  ax  .rs  , 

=  -   /      dx =  -  L    "'^'^  ^^^  ^"^  +  ^^' 

d  d~  Jo  1  +  X' 

By  formula   (g)  of  Ex.  (8)   f^^'dx  cos  ax  ==  0;  therefore 

d^u 

-—  _  M  =  0. 
da^ 

The  intejjral  of  this  is 

w  =  Ce^  +  Cie-". 

To  determine  the  constants,  we  observe  that  u  cannot 
increase  continually  with  a,  and  therefore  the  term  involving 
e"  must  vanish,  or  C  =  0.  This  being  the  case  we  have,  when 
a  =  0, 

•w     dx 


Jo     1  +  a;''       2 


u  = 

/-ss  (^,27  cos  «.a?         TT         „ 

Therefore  (a)  /      -— =  _  e"  . 

^  ^  Jo         1  +  ct?-  2 


On  differentiating  this  with  respect  to  a,   there  results 
X  sin  ax       tt 

+ 

Integrating  with  respect  to  a  and  determining  the  constant 
so  as  to  make  the  integral  .vanish  with  a,  we  find 

•»  dx  sin  ax       tt 
1  +  ci?- 

Laplace,  Memoires  de  V Acadtmie,  1782. 
.31 


r^i        cT  sin  a<2?       TT 

(6)  /      d.2; =  - 

^  ^  Jo  I  +  x'         2 


r'^dx  sin  a.x-       tt  ^  ,,^ 

v'o      0/'     1  +  ii?         2 
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It  is  to  be  observed  that  the  fornnula  (a)  is  discontinuous, 
as  the  integral  is  equal  to  -I^Tre""  when  a  is  positive,  and  to 
\'n-e  when  a  is  negative.  Libri*  has  accordingly  expressed 
the  value  of  the  integral  in  the  following  manner : 

/-«>   ,     cos  aco       TT  /      e"              e"''    \ 
/     dx ,  = f- . 

By  a  similar  method  we  find 

r^   7     COSa.2?        TT      _-l  /         «  '      ^\ 

(a)      /     ax =  — ,  e   2^    COS  —  +  sin  — ,    . 

^  ^      Jo  1  +  c^■*       2t  V       si  22/ 

Laplace,  Memoires  de  V Institute  1810,  p.  295. 

dx '—  see  Jour,  de  VEcole  Polyt. 

0  1   +  c27^"  ^ 

J/«  C3                   f*0^  ft  K* 
dx J75- 
0              (1  +  xy 

see  Jour,  de  Mathematiques,  Vol.  v.  p.  llO  (Catalan). 

^    X      m     n    1    1  -1         P    r'^        dxcosrx 

(12)      To  find  the  value  of    /     — -,  a<l. 

Jo    1  —2a  cos  X  +  a" 

If  we  expand  the  denominator  we  have  the  series 

1 

(1  +  2a  cos  X  +  2a^  cos  2x  +  &c.  +  2a''  cos  rx  +  &c.) 


1  -a^ 

Multiply  by  dx  cos  rx  and  integrate :  every  term  vanishes 
at  both  limits  except 

2a''  fj^dx  (cos  rxy  =  a""  f^dx  (1  +  cos  2rx)  =  Tra' ;   therefore 

,  .  rTT       <^<a?  cos  rx  ira^ 

{a)  /     — = . 

Jo    I  —  2a  cos  X  +  a^      1  —  d^ 

Euler,  Calc.  Integ.  Vol.  iv.  Sup.  5. 
For  the  general  expressions  for 

/•TT  dxco?,rx 

I     7 — -  and    i^dx  cos  rx  (I -2a  cos X  +  a^y. 

Jo     {I  -2a  COS  X  ^aJ'y  Jo  ■  \  /» 

the  reader  may  consult  Legendre,  Exercices,  Vol.  i.  p.  373. 
*  Crelle's  Journal,  Vol.  x.  p.  309. 
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By  a  similar  expansion  it  is  easily  seen  that 
(P)      fo^dx  log  (1  -  2a  cos  a?  +  a~)  =  0,     or    S-jt  log  a, 
according  as  a  is  less  or  greater  than  1. 
Poisson,  Journal  de  VEcole  Poly  technique,  Cah.  xvii.  p.  617. 
Also  in  like  manner  we  find 

(c)     Jf^dai  cos  rw  log  (l  -  2a  cos  x  +  or)  = a''  or  -  —  a"'", 

according  as  a<  or  >  1. 

Integrating  (6)  by  parts,  we  find 

,_.       /-TT       da?  ^  sin  a?  tt,       ,  .  tt  .       /       A 

{a)      / =  -  log  (1  +  a)  or  =  -  log    1  +  -  , 

^  ^    ^0     1 -2acosci7  +  a-      a     ^^  ^  a      ^  \       a) 

according  as  a  <  or  >  1. 

Integrating  (c)  by  parts,  we  find 


TT   dw  sint-r  sin  roo 


=  —  a'"  ~  ^     or 


Jo    1  —  2  a  cos  x  +  a^       2 
according  as  a<  or  >1. 

(13)     To  find  the  value  of  / . ,  a<l. 

Jo    1+x     l-^acosrx+a' 

Expand  the  second  factor  as  before,  and  integrate  each 
term  separately  by  (11,  a);  then  on  summing  the  result,  we 
have 

dx  1  TT       1        1  +  ae'"" 


r«>    dx  1 

(a)       f 

Jo     1  +  x^  1  -  2a  coi 


cos  r<a?  +  a"       2   1  —  a'^  1  —  a  e  ~ '" 
In  like  manner  we  find 

Jr»     dx 
s-log(l  -Sacosra?  +  a~)  =  7rlog(l  -ae~'). 
0      1  "h  ^^ 

Also  it  is  easily  seen  that 
sin  rx 


=  sin  rx  +  a  sin  2rx  +  a^  sin  3rx  +  &c. 


1  -  2a  cosrx  +  0? 

31—2 
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W  dtV 

Hence  multiplying  by and  integrating  from  0  to  co 

1  +  ai~ 

by  (11,  h),  we  find 

•<»  dx  X  sin  rw  1       tt 


Jo     1  +  X-  I  —  2a  cos  rw  +  a^       2  t'  —  a 

In   (6)    make  a  =  1,   then 

r=     dx              /       »\t'\        TT          /I  -e-' 
(a)      / loff    sm  —     =  —  loo    

Changing  the  sign  of  a  and  then  making  a  =  1,  we  have 

r^    dx            f       rx\       -TT         (I  +  e-'\ 
(6)       /     :,  lo^    cos  —     =  —  loff    . 

^  ^      Jo     1  +  x^      ^  \         2  J        2       ^  V       2       ./  , 

Subtracting  the  second  of  these  from  the  first, 
(^^       r-i^logftan!:^U^logf^. 

In  (c)  make  «  =  1 ;   then 

,  ^        rco  dx  X          rx          TT 
(ff)       /      o  cot  —  = . 

Jo     1  +  a,-'-  2        e'  -  1 

Changing  the  sign  of  a  and  then  making  a  =  \,  we  have 


/'==  dx  X         rx         TT 


1  +  .X'-  2        e'"  +  1 

The  formulae  (a),  (6),  (e)  are  due  to  Legendre  :     see  his 
Exercices,  Vol.  ii.  p.  123. 

The  formulas  {d),  (e),  (/),  {g),  (h)  were  first  given  by 
Georges  Bidone,  in  the  Memoires  de  Turin,  Vol.  xx. 

(14)     To  find  the  value  of 

j^^^  dx  log  (sin  x)  =  J^^^  dx  log  (cos  w). 
By  Cotes's  Theorem  we  have 

5?'"  -  1  ,  1  „  01  -I 

{%"  -  2;yCOS-  TT  +  1)  ...(.«'  --  2,^  cos  TT  +  l). 


—  1  ?i  n 
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rs;2n  _  I 

Let  z  =  1  ;   then  as —  =  n  when  x  —  1,  we  have 

z''^  —  1 

w  =  2<      'sin^  -  -  ...  sin^ . 

w  2  n     2 

Take  the   logarithms  on  both  sides,    and    divide  by  n ; 
then 

logw  -  2(7^  -  1)  W2       /              1  TT  ,        .    w  -  1  7r\  1 

=    Wsin +  ...  +  loffsin  ' 


2n  \  n  2  n     2)  n 

Let  n  become  infinite  and  equal  to  — .     The  first  side 

du 

becomes    -  W 2  =  loe  1,   as   — ^ —  =  0  when  n  =  -',    and  the 

^  ^  ^  n  0 

second  side  is  transformed  into  the  definite  integral 

J^  log  (sin  ^dir)  d9 ;   therefore 

/;iog(sinl07r)tZ0  =  logi 

Putting  a?  =  ^Ott,  this  is  equivalent  to 

(a)  Jl""  dx  log  (sin  w)  =  Itt  log  (1). 

This  demonstration  of  a  theorem  due  to  Euler*  is  given 
hy  Mr  Leslie  Ellis  in  the  Cam.  Math.  Journal,  Vol.  ii.  p.  282. 

If  we  put  sin  w  =  y  in  (a),  it  becomes 
dy  log  y 

(1  -  fy 

On   integrating  (a)  by  parts,   we  find 

(c)  fj^  '^  dx  X  cot  .X'  =  -^  TT  log  2. 

On  integrating  (c)  by  parts,   we  find 

if  we  put  X  =  cot~^y. 

rdxx\os,x 

(lb)      Integrate        / r   by  parts ;    then 

^    ^  °  J    (1  -  .r')-i      ^    ^ 


W  /Sl  =  4-'°^®- 


J     {^i-xy^ 

*  Jc/rt  Pelrop.  Vol.  i.  p.  2. 
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On  taking  this  between  the  limits  0  and  1,  we  find  since 
{l  -  (l  -  a;^)^  log  ,v  vanishes  at  both  limits, 
,  .  r^  dxx  log;  a? 

Also  on  integrating  by  parts,  we  have 
and  therefore  taking  it  between  the  limits  0  and  1, 

Euler,  Nov.  Com.  Petrop.  Vol.  xix.  p.  30. 

r^  dw  loff  w 
(16)     To  find  the  value  of    /    2_  . 

Since  =  I  —  x  ■\-  x^  —  oir'  +  w^  —  &c., 

1  +  <?? 

and  j  dw  cd^  log  ^  = 


^  -  1        {n  -viy 

which,  when  taken  between  the  limits  0  and  1,  is  reduced  to 

1 

P  dw  <,■»"  log  w  = , , 

it  follows  that 

,  ^       fi  dw  log:  ^  ,111  X  Ti"^ 

(a)      /    «—  =  -  (1  --  +  __-  +  &c.)  =  -  — . 

In  a  similar  way  we  may  find 

,^^  /-i  dwlogw  If' 

(^)  /    ~^, —       =  -^' 

^0         1  —  <3?  O 

C^dwXocfw  ir^  r^dwwloQW  tt" 

^  ^      Jo      1  -  a?^  8  '^o       1  -  -2?"  24 

Euler,  lb. 

J^Tj-         /7<7?  (Sin  tX*i 
^^ ^ ^-  by   difi'eren- 
0    (1  -  2«  cos  w  +  a-)"      • 

tiation  with  respect  to  a  leads  to  the  equation . 

d-y      2n  +  1  dy 

-A  + 7^  =  0. 

da  a       da 


1 
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From  which   we  find 

r^r        dcV  (sin  wY"  (2n  -  l)  (2n  -  3)...3 .1      tt 

Jo     (l  -2a  cosx  +  a^y      2n  (2n  -  2)  (2n  -  4<)...4<  .2   s' 

when  a<l.     If  a >  1,  the  only  difference  is  that  the  preceding 
result  is  to  be  multiplied  by  a~'". 

Poisson,  Jownal  de  I' Ecole  Poly  technique,  Cah.  xvii.  p.  6l4. 

(18)     To  find  the  value  of  /    ; -. 

Jo     1  -\-  (cos  cV) 

On  expanding  the  denominator,  we  have  a  series  consisting 

of  the  even  powers  of  coSc^■.     Take  one  of  these  as  (cos  as)"''' : 

then 

-,         .        .         ^.  w  (cosoeY^'^^  1        .,        .„  ^,  , 

ax x since  (cosc'^r'"  = ^^ -I (cosxY^'^^  dx, 

■'  ^        ^  2r  +  1  2r  + 1 ''  ^ 

by  integration  by  parts.     In  taking  the  limits  between  0  and  tt 
fo'^dx  (cos  0?)^''+^  vanishes  as  2r  +  1  is  odd;   therefore 

ff^doD  w  sin  CO  (cos  ccY'''  = 


2r  +  1 

A^  sin  <»               ,        111  ^       TT^ 
+  &c.)  =  - 

5       7  4 

Poisson,  lb.  p.  623. 
05     dciff      sin  ax 


,      r     .         A^  sin  <»  ^        1  „     ^       .. 

and     L-^dx =  7r(l--+ +  &c.)  =  —  . 

-'"         1  +  (cos  xy         ^       3      "      ~  ^       ■ 


(19)     To  find  the  value  of    f    — ~ 

Jo     1  +  x^ 


+  x'"^  sin  bx 

There  are  here  three  cases  to  be  considered — according 
as  a  is  less  than  6,  equal  to  &  or  some  multiple  of  b,  and 
greater  than  b,  not  being  a  multiple  of  it. 

Let  a<b,  and  let  -  tt  =  y ;   then  if  — — --  be  decomposed 
o  sin  bx 

into  quadratic  factors,  we  find 

sinac«'  /     sin  0  2  sin  20  3  sin  30 

We 

the  form 


We  have   therefore  to  integrate   a   series  of  functions  of 

'<»    dx 


r<^     dx  1 

Jo     1  +  os'^'  rij'-'n-'^  —  h'^i/f 
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Now    if   we    decompose into   quadratic 

^         (1  +  a,'"^)  (w.^  -  x^)  ^ 

factors  and  integrate  from  0  to   co,  observinar  that  we  have 


•cs     dx 


is 


("^     ax  -  , 

/     — =  0,  there  results 

Jo    m"  —  00 

rM  dx  TT  1 

v/o    (1  +  w^)  (m^  -  x'^)       2   w^  +  1  * 
Hence  if  we  have  a  function  of  x  which  can  be  decomposed 

into  a  sum  of  partial  fractions  of  the  form  — ; r  ,  so  that 

m  —  x^ 


it  appears  that 

—  1  being  substituted  for  x~. 

In  the  case  under  consideration,  therefore,   we  have 
-        /•«    dx      sina.i'      tt  e*^  —  e~" 


►'0     1+  a,"  sin  6iF      2   /  —  e  * 

If  a   be   greater   than    h   and   not    a    multiple   of  it,    let 
ff  =  2r6  +  c  where  r  is  an  integer,  and  c<a.      Then  as 

sin(2r6  +  c)ct?-sin  |2(?*-1)6+c|a'  =  2  sin6<z'cos^2r-l)&+c]-i??, 
we  have 

sin  ax      sin  {2  (r  -  l)  6  +  c}  a? 


sin  &<r  sin  hx 

Similarly, 


+  2  cos  {a  —  b)  X. 


sm  l2(r  -  1)  b  +  c]  X      sm  ^2  (r  -  2)b  +  c]  x 

L_^_ — i [_  = 1    ^        / L^  +  2  cos  (a  -  3b), 

sm  bx  sin  bx 


sm  (26  +  c)       sm  ex 

.-- =  -^—,—  +  2  cos  (6  +  c)  X  : 

sm  bx  sm  oo? 

so  that 

sin  act?      sinca?        ,       ^      ,^  ^         ,^  /,      x    i 

+  2  ^cos(«/-o)cr  +  cos(a-36)^+...  +  cos (6  +  c) <r } . 


sin  bx      sin  bx 
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Now   by  what  has  preceded,  since  c  <b, 

r^     d.v      sin  CiV  tt  e'' -  e"'' 

Jo    1  +  or  sin  bx  2   e*  -  €"'"' 

also,  by  (11,  a),  we  have 


^    doe  TT 

cos  m,v  =  —  6 
2 


Jo     1  +  0)^ 


—  m 


Applying    this    to    each   term    within    the   brackets    and 
summing   the  series,  we  find 


»  da;    sinaoe     tt  e'^-e"^     7r(e~''-e"")      tt  e'^+e  ''-2 


r  sinaa?     tt  e  — e 

^    Jo    l+a7''^sin6ci?~2  e^'-e"'' 


where  a  =  2rb  +  c. 

m  n  /7  "T* 
If  a  be  a  multiple  of  6,  c  =  0  and   -; — — -  is  reduced  to 

sni  bo! 

the  finite  series  within  the  brackets,   so  that 
r^    dx      sinaoD  1  —  e~" 

(c)  / 7,    -. ; —  =   TT     , r  . 

Jo    \  Jrr  cc"  Sin  bx  6*  -  e"'' 

In   the  same  way  it  will  be  found  that 

,   ,        C^  xdx    cos  ax      "TT  e"  +  e~"  , 

(d) : = ; J  ,    a  <b, 

^      Jo     I  +x"   sin  bx       2   6''-  e"'' 

r^  xdx     COS  ax       TT  6*^  —  6"*^  +  2e"" 

(e)  /     :  — -,—  = 1 , '    «  =  2r&  +  6', 

.  Jo     1  +  ci'-  sin6.x'       2  €''-€''' 

r-i  xdx    COS  ax         Tre"" 

(f)  / ; = -, 7,    a=(2r+l)b. 

^-^  ^     Jo     1  +  x^   sin  bx       e''  -  e""  ^  ^ 

In  a  similar  manner  also  are  found  the  following  integrals  : 

f~dx       1        sin  ax       tt  e"'  —  e"" 

(p;\       /     — =  - ,   a  <b. 

^^^     Jo     X     l+A-cos6,r       2    e'+e-" 

r"dx       1       sin  ax 
Jo      X    1  +  x^  cos  bx 

-  h-(-)  f  +  (-)    -    1 r  --, 1  ^   a  =  2^'/^  +  c. 
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Also, 

dx      cos  ax      TT  e"  +  e 


(k)  / r—  = ; r  ,     U  <b, 

^     Jo     I  +x^  COS  ho)       2   e^  +  6-* 

^^      7o    l+a?2cos6,27      ^    ^  2  e^e-^      e^+e"* 

Differentiating  the  last  of  these  equations  with  respect 
to  a  and  observing  that  dc  —  da,  we  have 

^    ^        /-OS  cr(Zc2?    sin«a?  ,    ^^tt  e*"  +  g""         ttg"" 

^    ^     Jo     i+x^co&biV  ^    ^2    e^  +  e-^      e'' +  e"*  ' 

Adding  this  to  (Ji),   we  find 

^  "^      Jo     a;    cos  6c??       2  ^        V    ^  i 

In  this  equation  there  is  implied  the  condition  that  a  shall 
not  be  an  odd  multiple  of  b.     If  a  =  (2r  +  l)  b, 

/"^dx  sin  ax      ir 
Jo     X    cos  bx       2 ' 

when  a  =  &,  we  have 

,  ^  r^dx  IT 

(q)      /     — tan  aw  =.  —  . 
^^^     Jo      X  2 

The  preceding  remarkable  integrals  were  first  given  by 
Cauchy  (Memoires  des  Savans  Etrangers,  Vol.  i.) :  the 
demonstrations  are  taken  from  Legendre,  Exercices,  Vol.  ii. 
p.  174. 

^20)    To  find  the  value  of  /      sin  rx ;  when 

•^0  e        —  6 

a<7r. 

By  expanding  the  denominator,  we  have 


„7ra; c—'^x 


+  e-^'^^'H-  6-^^^^  +  &c. 


Hence  on  multiplying  by  (e"^  +  e  "^)  sin  rw,  we  have  to 
integrate  two  series  of  terms  of  the  forms 

g-{(2n+i)7r-a}a.sJn^,'P,   and  e'^^^'^  +  ^^'^+^J^sinrc'??; 
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the  values  of  which  are  by  (8,  a  and  6), 


and 


.  r2+  \{^n  +  l)7r-ap'  r"^  +  {(2w  +  1)  tt  +  a}^ ' 

Hence  we  have 

/•«dd?(e"^  +  e-"^)    .  f  1  1  ^     \ 

/       sin  rcl?  =  ?'-{-- -7- ra  +  -5 — 7- r:r  +  &C.> 

v/o         e"^^'  -  e-™  [r^  +  (tt  -  a)^      r^  +  (3  tt  -  a)"  J 

+  |.J 1.  -+&c.>. 

Now  if  we  decompose  e'"  +  2  cos  a  +  e"**  into  its  quadratic 
factors^  we  have 

e''  +  2cosa  +  6~''  =  4  fsin -j    |l  +  ( )[x 

Taking   the  logarithmic  differential  of  this  with  respect 
to  r  we  have 


=  2 


e''  +  2  cos  a  +  e 


—  r 


therefore 


Sin  r<j?  =  -A- 


0         e"^^  -  e-^''  "  e''  +  2  cos  a  +  e" 

In  like  manner  we  find 


=°  dw  (e"^  -  e~"0                              sin  a 
cosrcV  =  


^TTx  _  g-TTx  gv  +  2  COS  a  +  e" 

In  {a)  make  a  =  0,  then 

f"^  dx  sin  r.Q?       J  e*"  -  1 

In   (6)  make  r  =  0,   then 


0 


dx  (6«^  -  6-"^)   _  ^ 


a 
=  ^  tan  - 


0  e       —  6 
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Differentiating  (c)  with  respect  to  r. 

/■CO  d<v  w  cos  nv      ^        '^'' 
(e)  f    -^ 


^irx  „— TTX 


2  (^r 


(e'-  +  1)= 


(2l)     By  a  process  similar  to  that  in   (20)  we  find 

/.CO  d,v  (e"^  +  e-«-0                    (e^''  +  e"^')  cos  \ a 
(a\       /     ^ cos  rx  = ^- 

^   ^      Jo  e-^^  +  e-'"-''  e*"  +  e"''  +  2  cos  a 

lese  inl 
If  a  =  0, 


In  all  these  integrals  a  is  less  than  tt. 


'CO  dcV  cos  TiV  T       6^''  , 


MultiiDly  both  sides  by  e'^^'dr,  and  integrate  from  r  =  0 
to  r  =  05  :  then  as 


fo^dr 


m 


m  +  x 
d,v  1      r  dr  e"' 


/-co  d.-};  1      /.  dre'""' 

^^^      Jo     {m'  +  .r^)  (e^^  +  e-'^^)  ~  2to  J  e^''  +  e"^'" 


Putting:  e"'"  =  i^,   the  second  side  becomes 

dm^s'"--- 

'0 

2' 


1        r'-d%% 
2m  J n       I  -r 


Hence  when  m  =  4, 


when  7?z  =1, 


/■CO  d,v  . 

^^^  Jo     (1  +  *>^)(e-^  +  6— ■^)  "  ^  ~  4^^- 

(22)     Poisson*  has  demonstrated  the  following  formulae : 

If  tf,  =  cos  X  -f  (-)-  sin  ,r,     v  —  cos  *•  -  (-)^  sin  a', 
so  that  w"  4-  u"  =  2  cos  w.r,      ?<■,"  -  v"  =  2  (-)i'  sin  WiV ; 
*  Journal  de  VEcole  Polytechnique,  Cab.  xix.  p.  482. 
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r^  dx  (l  —  p  cos  v)    ,  „  ,  .        _.-  ,  .  , 

then     /     ^^^ ~  j  F  (a  +  u)  +  F  (a  +  tt) 

^0    1  —  2/j  cos  ,%•  +  p" 

=  ^{F(a+p)  +  Fia)]  (1), 

dx  sin  X 


r 


-{F{a  +  v)-F{a  +  u)} 


I  —2p  cos  X  +  jf 

'^  -,{F(a  +  p)-F(a)] (2). 


These  expressions  may  be  easily  proved  by  developing 
the  functions  and  the  denominator  in  terms  of  cosines  and 
of  sines  of  multiples  of  x,  integrating  each  term  separately, 
and  observing^  that 

Jq'^  dx  cos  mw  cos  nx  =  0,     f^  dx  sin  mx  sin  nx  =  0, 
j^^  dx  (cos  71  x)'  =  -  ,       Jq^  dx  (sin  nx^ 


In  applying  these  formula  it  is  to  be  observed,  (l)  that 
p  must  be  less  than  1 ;  (2)  that  for  the  particular  value  assigned 
to  a  none  of  the  differential  coefficients  of  F{a)  become  in- 
finite; (3)  that  the  sum  and  difference  of  F  {a  +  v)  and 
F{a-\-u)  be  expanded  in  converging  series;  (4)  that  the  func- 
tion under  the  sign  of  integration  should  not  for  any  value 
of  X  between  0  and  tt  become  infinite,  while  the  corresponding 
series  remains  finite,  or  vice  versa. 

From  the  equation  (1)  may  be  readily  derived  the  fol- 
lowing : 

r^  dxF(a  +  v)  +  F(a  +  7()  2  tt      „, 

/     ^ —, -  = :,F{a  +  p) (3). 

Jg  1  -  2p  cosx  +  p'  I  -  p^      ^  -^ 

In  equation   (3)   put  F  (a)  =  e^",  c  being  a  constant. 

Then 
F{a  +  v)  =  e''"  e"'''-''  {cos  (c  sin<x')  -  (-)^  sin  (c  sin  x)}, 
F(a  +  u)  =  6*^"  6*'*^°^''^  {cos  (c  sin x)  +  (-)^  sin  (c  sin  x)\. 

Therefore 


dx  e''-^^^''^  cos  (c  sin  x)  tt 

I  —  2p  cos X  +  p'         1  -  jr 
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In  the  same   way  from   (2)   we  have 

(o)       /      ^^ =  —  (e^  -  1). 

Jq  1  —  2p  cos  tV  +  23^  2p 

If  we  expand  both  sides  of  these  equations,  and  equate 
the  coefficients  of  like  powers  of  p,  we  have 

TT  C" 


(c)     /y'^  dx  e''^°^^  cos  (c  sin  w)  cos  nx  =  — 


2    1.2  ...n 


TT  C'_ 

n 


(d)     f^  dx  6*^'^°^'^  sin  (c  sin  w)  sin  w,a7  = 

Diiferentiating  {a)  and  (6)  r  times  with  respect  to  c, 
dx  e''™^'^  cos  (c  sin  oc  +  r-.r')        rrrp''     ^p 


(/)         / 


1  —  2p  COS  x  +  p'^  I  -  p'^ 

dx  e*'^"^'*'  sin  (c  sin  a?  +  r-a?)  sin  x      "^    ^-i  cp 
0  1  —  2p  cos  a?  +  p"^  2 


In  equation  (3)  make  jP(a)  =  a",  a  being  positive,  and 
then  make  a  =  1 ;   this  gives 

F  \l  +  cosx  +  (-)i  sina?|  =  |l  +  cos  <2?  +  (-)2  sin  ct}'^ 

=  2     cos  -      ^cos  a  -  +  (-)2  sin  — > , 
V        2)     {  2      ^    ^  2  \ 

^x  .  .     X  X 

since    1  +  cos  x  =  2  cos^  - ,     and  sin  cX-  =  2  sin  -  cos  -  . 
2  2  2 

Hence,    putting  x  for  ^x  and    therefore  ^tt    for    tt    at 
the  limit, 

A'^  dx  (cosxy  cosax  ir  /l+p\" 

Jq        1  -2pcos2x  +  p^~  2(1  -  p^)  \    2     J 

In  this  make  p  =  0;  then 

TT   1 
(h)     /o''  '^  d  a?  (cos  xycosax=  -  -. 

Developing  both  sides  of  {g)  and  equating  the  coefficients 
of  like  powers  of  p,  we  find 

TT  a(a-l),..a-r+l  1 

(k)     fJ'^  dx(cosx)  cosaxcos2rx  = t,- 

^  ^     •'°  ^         ^  4         1.2.3  ...r        2 
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Differentiating  (g)   with    respect  to  a  and    then    making 
a  =  0,  we  have 

A'^      da;  log  (cos  ct)  tt         ,       f^  +  P 

(I)        /        ^-^ i —  =  log  ^ 

Jq       1  -2pcos2a;  +  p'      2(1-  jr)  \ 

Expanding  this  last,  and  equating  the  coefficients  of  like 
powers  of  p, 

TT  1 

(m)     j^'^  dw  log  (cos  .2?)  cos  2rw  =  (-)' "^ • 

(23)     Swanberg*  has  proVed  the  following  theorems  more 
general  than  those  of  Poisson.      If 

2Ji'=/(a  +  aw\    &  +  /3M^...)+/(a  +  a?5S    6  + /3«'' ...)j 

u  and  u  having  the  same  signification  as  before ;  then 
dx  M 


/        1 O 2  =    , i/(«  +  «^    '      ^  +  ^P''"-), 

'^o    1  -  2^  cos  *' +  _p'^       1  -  p^ 

Jo    l-2«cosa?  +  «'^      2r"^^         ^  A-r       >'     2r-    ^  ^ 


Let  f(a,b...)  =  afb"'..., 

a  =  a  =  b  =  (i  ...  =  1. 

Then,  changing  x  into  2x,  and  therefore  the  limit  tt  into 
^TT,  we  obtain  from  the  first  of  these  expressions 

•2'^  dx  (cosXci?)^  (cos  fjiw)"' ...  cos  (IX  +  nijUL  +  ...)  x 


r 

Jo 


1  —  2p  cos  2ci?  +  jj" 
^  +  pW  /I  +  P"^'" 


21-p'\      2      J     \      2 


(24)      The  same  writer  (p.  233)  has  proved  the  following 
theorems.      If 

P=f{a+au\    b  +  j3ici^  ...)+f(a  +  av^,    b  +  jSvf"...), 

{-y^Q=f{a  +  au^,    b  +  (iuf  ...)-f{a  +  av\    b  +  l3vi^...), 

where  u  and  v  have  the  same  signification  as  before, 
*  Nova  Acta  Reg.  Soc.   Upsaliensis,  Vol.  x.  p.  271. 
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(2)        r^^,  =  7rf{a+ae-^\  6+/3e-''''...)-T/(«,6...)- 

These  expressions  are  easily  proved  by  expansion,  with  the 
assistance  of  the  formula  in  Ex.  (11)  :  they  are  evidently  sub- 
ject to  the  same  cases  of  exception  as  the  formulae  of  Poisson. 

Let  f(a,b...)  =  aKb'" 

and  a  =  a  =  6  =  /3=l;   then  changing  X  into  2\,  ju  into  2^, 
&c.,  we  have 

•c=  dw(cosXa!y  (cos/x.r)'"...  cos  (IX  +  rtifx  +  ...)•%' 

' 2^  V         2         /     V        2         j 
dx 00 {co?>\ ccy  {cos,  iulw)"^  ...  sin(ZX.  +  mju  +  ...)cV 


(')  X 


TT    ,1   ^-6-2^^'    fl  +6-2/^^'"  TT  1 


5:    e 

If  in  (a)  m,  Src.  be  made  equal  to  zero,  the  expression 
becomes 

r^  dx  (cos  XwY  cos  IXCC  -TT     I'l   +  e~'^^^^\  ^ 

^^^        Jo  ff  +  X~  "  Jli    \  2"  I     ' 

Let  f{a,  h)  =  a} .  e"^,  considering  two  terms  only,  and 
a  =  a  =  /3  =  l,  6  =  0.  Then  as  before  changing  X  into  2 A, 
we  find  by  formula  (l), 

•~  dx  (cosXxy.  e'wcos^^pQg  (/\^  ^  ^  sin  jux) 


w  I 


h'~  +  .37- 


TT    /I  +  e-2XAW        -M/t 

=  —  — - I   e"*^ 

2h  \         2         J 

In  this  expression  put  X  =  0,  then 

r  »  c^i??  e"*  '^"^ '^*'  cos  (w  sin  u a?)        tt        "i"'' 
(e)       / \ —^  =  —  e*"^      . 

^  ^      Jo  h^  +  x^  2/t 
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The  student  may  exercise  himself  in  deducing  other  in- 
tegrals from  the  general  formulas  by  assuming  other  forms 
for  the  functions,  and  other  values  for  the  constants  a,  b... 
a,  /3...  . 

(25)  Jacobi*  has  proved  the  following  remarkable  trans- 
formation of  a  definite  integral : 

J^^  doD  p''\cosx){%mxf''=\.S.5.1 ...  i2r-l)  f^  doo  f{co^x)cQsr  x\ 

/  d  \^' 
where  /*'^  (^)  =  (t~)    /l^)?    ^^^   ^11    ^^^   differential   coeffi- 
cients up  to  the   (r  —  l)*^  inclusive  remain  continuous  from 
«  =  1   to  z=—'l,  or  from  x  =  0  to  <2?  =  tt.     To  demonstrate 
this  formula  we  must  premise  the  following. 

If    ^  =  cos  iV, 

2r-\ 

d'"~^(l  -  ^'")    ^        ,    ,     ,  ,  ^  sinr<i7 

\  ^_/        =(-y-ii.g.5.7...(2r-l)--— . 

d%  T 

This  is  easily  proved  by  the  formula  (A)  p.  l6,  for  writing 

2r  —  1 
in  it  r  -  1  for  ?•  and  for  n,  and  making  a  =  1,  6=0, 

c  =  -  1,  it  becomes 

2r-l 

(r-i)(r-2)  (,.-i)(r-2)(r-3)(r-4)^^ 

1.2.3  ^  1 .2.3.4  ^  ^  ^ 

Or,  putting  cos  ci?  for  ^  and  siuci?  for  (l  -  %~)^, 

2r-l 


=  (-y-i3.5  ...  (2r-  1)  {(cosd^y-isin.r 
(cos a?)'~^  (sin  wy 


{r  -  1)  (r  -  2) 


1.2.3 


(r  -  1)  (r  -  2)  (r  -  g)  (r  -  4)  ^ 

+  ■ (cos  WY   ^  (sin  wy  -  &c.  \  ; 

1.2.3.4  ^         ^^         ^  ^ 


*  Crelle^s  Journal,  Vol.  xv.  p.  1. 

32 


2r_] 

d'  (1  -  %^)  2 
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and  therefore  by  a   known  trigonometrical  formula 

2?-_l 

Now  if  «*  be  a  function  which,  with  its  differentials  up  to 
tl^ie  (r-lY",  vanishes  at  the  limits,  we  have,  on  integrating 
r  times  by  parts  between  the  limits, 

2r_l 

Put    M  =  (1  -  ^^)^~,  V  =f{%),  then 

{_\'d^{l  -  ^^)^/«(^)  =  {-r!-\'d^f{^)  ^^,. 

d^jl-s^)"^      dw     d      d'-  !^ 

"^^"'      d^- =  ^-^-^^^'"^^ 

=  (_)'-i__3.5,_(2r  _  i)cosra7; 
«^ 

we  have,  putting  ;g  =  cos  .i?  and  d%  =  —  sinwdx, 

^^da?/*'''(cosa?).(sincr)-''=  1.3.5,,.{2r-l)  fQ^dxf(cosx).cosra!. 

(26)  I  shall  conclude  this  Chapter  on  Definite  Integrals 
with  some  examples  of  their  application  to  the  solution  of 
partial  differential  equations.  This  mode  of  expressing  the 
integrals  of  such  equations  was  introduced  by  Lapalce*,  and 
has  been  much  employed  by  later  writers,  particularly  Pois- 
son-j-,  Fourier  j,  Cauchy,  and  Brisson||. 

It  is  particularly  applicable  to  linear  equations  of  orders 
higher  than  the  first  with  constant  coefficients,  and  it  is  useful 
because  the  solutions  are  put  into  a  shape  which  facilitates  the 
determination  of  the  arbitrary  functions.  The  principle  of 
the  method  is  to  transform  an  explicit  function  not  expressible 
in   finite   terms  into  an    ordinary  function   involved  under  a 

*  Mimoires  de  rAcadimie,  1779. 

t  Mtmoires  de  rinstitut.  1818,  and  Journal  Polytech.  Cah.  xii. 

X  Journal  Polytech.  Cah.  xii.  and  xiv. 

II   Thiorie  de  la  Chaleur. 
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definite  integral ;  but  the  mode  of  transformation  must  be 
determined  in  each  particular  case  by  the  nature  of  the  func- 
tion to  be  transformed,  as  will  be  seen  in  the  following 
examples. 

(a)     The  integral  of 

d%        ^  dr  %  .  f^2^^ 

d}-'^!^ ''''  =  '    '"f^''^' 

(see  Chap.  vi.  Sect.  1.  Ex.  4.  of  the  Integ.  Calc),  and  our 
object  is  to  transform  the  operative  function  into  one  involving 

only  the  first  power  of  — —  .      Now 

CI  tV 

/_+,"  dwe-'""-  =  TT^,     and  f^^  dco6-("'-^)'  =  ttK 
Therefore,   putting  a  —  t^   for    b,    and    multiplying    the 

(1/  CG 

two  sides  of  the  integral  by  the  two  sides  of  this  equation, 

therefore    tt'' z  =  fl^  dco  e"'"'  f(^v-\-2 coati). 

This   transformation  is  due   to   Laplace,  Jozir.  Polytech, 
Cah.  XV. 

(6)      The  integral  of 

d'v         „  [d~v       d^v       d^v 

— ;-  =  a H  ~r-o  +  — 

dt'  \dw~      dy~      dz~ 

is,  if  we  put    JL  +  |j  +  1^  =  D^, 

V  =  e"*^  F{w,  y,  z)  +  e-^^^fix,  y,  z)  ; 
which  may  also  be  put  under  the  form 
ov  =  (e''^^  -  e-"^^)  cj)  {cG,  y,  z)  +  (e"^^  +  e"'*'^)  \//  (a?,  y,  z), 

32—2 
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Now     e«'^  -  e-^*-^  =  aDtf^'^dQ  sin  0e«*-Dcose  . 

but  as  the  function  (p  is  arbitrary,  we  may  write  (p  instead 
of  aD(p,  so  that 

Now  by  Ex.  (4,  d) 

27r/o^desin0e«*^'=°^^ 

f  d    .         .  d    .  d  \ 

at  I  -T-  sinii  sinj;+'7-sinw  cosii  +  -pcosw  I 

^f,^f,^^dudvsmue    ^'^^  ^^  ^^       /  ; 

therefore 

=  h    Jo  ^  dudv%mu.t  .(p{x-^  at  smusxiw,  y  + at  %mu  CO?,  V,  z  +  atcosu). 
Also  as  6«^^  +  e-«^^  =  {aD)-' ^^{e-'^  -  e-^'%  we  find 

r  TT  r27r 

4'7rv  =  Jo    Jo      dudvsinu  .t  .4>  (x  +  atsmusmv,  i/  +  atsmucosv,  z+afcosu) 

rf    Ttt  ["^■^^udv  sinw  .  ^ .  v(/(.t'+a<  sinw  sinw,  ?/  +  af  sinw  cosw,  z  +  at  cosu). 
dtJo    Jo 

This    transformation    is  given    by   Poisson,  Memoires  de 
rinstitut,   1818. 

(c)     The  equation  for  determining  the  vibratory  motion 
of  a  thin  elastic  lamina  is 

d^%      ,^d^% 
—  +  62  — -  =  0, 
df  dw' 


the  integral  of  which  is 

/       d^  \  /       d^  \ 

Now        /+^  dtj  e-'"^  cos  y~  =  tv'^  cos  la^  +  -"l ; 
and  therefore     f^^  dy  e''''^  cos  1^  -  y'^\  =  tt^  cos  a-. 


d^ 
Hence  putting  ht-~  for  a^ 


\ 
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Also       sin    bt =  b at  cos    bt . 

V      dx-J         dx^-'  \      dxV 


Therefore  as  F  (cv)   is  an   arbitrary   function,  and  as   we 

d~ 
may  write  F  M  for  6 F  (x),  we  have 

dx'^ 

•n-iis  =  fdy  cos  1^  -  yA  f[x-2y  {bt)i\ 

+  fdtfdy  cos  {^  -  y'^  F  {x  -  2y  (bty^]. 

Poisson,  lb. 
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COMPARISON    OF    TRANSCENDENTS. 


The  integration  of  differential  expressions  frequently  leads 
to  forms  which  are  not  expressible  by  any  finite  combination  of 
algebraic,  circular,  and  logarithmic  functions.  Such  integrals 
are  called  transcendents,  and  the  study  of  their  properties  be- 
comes of  importance  as  affording  the  means  of  classifying  and 
arranging  them  so  as  to  reduce  them  to  the  smallest  number  of 
independent  functions. 

The  class  of  transcendents  which  has  been  most  studied 
consists  of  those  called  elliptic,  from  their  being  in  certain 
cases  capable  of  representation  by  elliptic  arcs.  They  thus 
appear  to  be  functions  little  more  complicated  than  those 
which  are  represented  by  circular  arcs,  and  to  be  naturally 
pointed  out  as  the  next  subject  of  investigation.  The  pro- 
perties of  these  functions  which  have  been  discovered,  relating 
chiefly  to  sums  and  differences  of  connected  transcendents  are 
very  numerous ;  but  in  the  following  pages  I  shall  confine 
myself  to  elementary  illustrations  of  some  of  the  principal 
theorems,  making  use  chiefly  of  those  examples  which  admit 
of  a  geometrical  interpretation. 

All  elliptic  transcendents  are  included  in  the  formula 
Pdw 


I: 


I 


{a  +  hoB  +  car  +  dw''  +  ex'^y^ 
by  proper  substitutions 

A  +  B  (sin  (pY  d(f) 


which  can  always  by  proper  substitutions  be  reduced  to  others 
contained  in 


C  +  n  (sin  (py    { 1  -  e^  (sin  (pyjh' 

The  fundamental  relation  connecting  transcendents  of  this 
class  was  discovered  by  Euler*,  and  may  be  thus  expressed. 

*  JVovi  Comm.  Petrop.  Tom.  vi.  and  vii.  ^ 
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d<p  d\p- 


If  we  have  the  equation 
d^ 
\l  —  e^  (sin  <^)^| 2       (l  -  e^  sin^  \|/)a 

and  if  ^ — ^^ — -^  be  represented  by  F  ((J)),  then  will 

F(cp)^F{^l.)^F{„); (a) 

(p^  yj/,  and  /i  being  connected  by   the  equation 

cos  (p  cos\|/  =F  sin  (p  sin\|/  {l  —  e"  (sin  fx)']^  =  cos  /n...{a'). 
From  this  last  may  be  deduced  the  following : 

^  sin  ^  cos  \|/  A  (\//)  =b  sin  -v//  cos  0  A  ((p)  , 

bill   LL    —     '    ~~         "  ~  '  ' ""  •  •  •     it/    I 

!-&  (sin  0)^  (sin  y\ff  ^    ' 

tan  (h  HUf)  ^  tan  \L  A(d>) 

tan^  = ^- ^^^-^— --^- ^/-^, (c') 

1  =f  tan  0  tan  >//  A  {(p)  A  (a/^) 

where  A  (0)  =  J 1  -  e^  (sin  0)^(i 

The  functions  F  are  called  elliptic  functions  of  the  first 
kind ;  e  is  called  the  modulus,  and  (p  the  amplitude  of  the 
function.  Hence  it  appears  that  we  can  determine  algebra- 
ically the  amplitude  of  a  function  which  is  equal  to  the  sum 
or  difference  of  two  given  functions,  and  therefore  also  of  one 
which  is  a  multiple  or  a  part  of  a  given  function.  Thus  if 
03  be  the  amplitude  of  a  function  which  is  double  of  that 
whose  amplitude  is  (p,  we  have  to  put  \^  =  (p  and  /x  =  (p^ 
in  the  preceding  expressions,  when  we  find  as  an  equation 
for  determining  02> 

tan  102  =  t^^n  (p  ^1  —  e^  (sin  <py}i- 

Ex.  (l),  The  preceding  theorems  may  be  at  once  applied 
to  demonstrate  certain  properties  of  arcs  of  the  lemniscate 
which  were  at  an  early  period  discovered  by  Fagnani*. 

The  equation  to  the  curve  being  , 

(w"  +  fy  =  a^  (x~  -  2/'),  ' 

,  ^r        d.v  (,v~ -\- y^y^ 

we  nave  s  =  a      —. — ; -; 

J    y{^  {re-'  +  y'')  +  a'] 

•  Produzioni  Malhematiche,  Tom.  it. 
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which,   if  we  assume 

x  =  a  cos  0  { 1  -  2  (sin  (py\  ^j      2/  =  -i  sin  (p  cos  ^ 

becomes  *  =  jr  / Ti ^  /•      ,^2t  ^ ' 

2s  J  {l  -•|(sin  cpYl'' 

Thus  the  arc  of  the  lemniscate  is  at  once  expressed  by 
the  transcendent  F,  so  that  we  write 


'  =  27>,f(<p), 


the  modulus  being  (^)2 ;  and  the  theorems  proved  of  F  (<p) 
may  be  interpreted  in  the  case  of  arcs  of  the  lemniscate.  Let 
«!,  525  *3  be  the  arcs  corresponding  to  the  amplitudes  (p,  yf/,  fXf 
then 

Si   +  S2  =  S3, 

provided  that  cp,  \\r,  and  jm  satisfy  the  equation 

cos  (p  cos  >!/  —  sin  0  sin  \|r  { 1  —  ^  (sin  /i)^}^  =  cos  ji. 

If  ^t  =  -|  TT  the  corresponding  arc  is  the  quadrant  of  the 
lemniscate,  and  if  \^  =  (^,  the  value  of  (p  given  by  the  equa- 
tion 

2^ 

(sm  d)f  = 

^       ^^        1+2^ 

will  give  the  amplitude  corresponding  to  the  middle  point 
of  the  quadrant. 

Functions  of  the  form 

{d(p  {l  -e^{%m(py\  =E((p) 

are  called  elliptic  functions  of  the  second  kind,  and  are  con- 
nected by  the  following  equation.  The  same  relation  between 
the  amplitudes  which  satisfies  the  equation 

F(cp)  +  F(^|.)-F(^)  =  0 

will  also  satisfy  the  equation 

E((p)  +  E(^jy)  -  E(,i)  =  e^sin0  sini/,  sin  ^ (b). 

(2)  This  formula  leads  at  once  to  the  demonstration  of 
several   properties  of  elliptic  arcs  :    for  if  s  be   the  arc   cor- 
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responding  to  tlie  abscissa  w  in  an  ellipse  whose  major-axis 
is  1   and  eccentricity  is  e, 

(1  -  e^a^^ 

(1  -oo-y 

If  we  assume  w  =  cos  dy  this  becomes 

s  =  fd(p  { 1  -  e^  (sin  0)^}  i  =  jE:  (^). 

Now  let  /i=-l7r,  then  E  {^tt)  represents  the  quadrantal 
arc  of  the  ellipse,  and  equation  (6')  gives  as  the  relation 
between  (p  and  y^ 

(l  -  e^)2  tan  <p  tan  \|/  =  l ; 

,  9   .     ,    •     .  e^  sin  0  cos  d)  e^sin  \i/cos\|r 

whence  e  sm  (p  sm  v|/  =  7 — ^^ ^— r  =  -7 ^1  . 

r       r       |i_e2(sin,^)-}i       {l-e^(sinx//)^}^ 

Now  in  (fig.  63)  take  BM  =  E  ((j)),  BN  =  E  (xjr),  then 
will 

AN=EH7r)-E(xl.), 

and     e^  sin  0  sin  >//  =  J/F  =  iVZ, 

or  the  portion  of  the  tangent  intercepted  between  the  point 
of  contact  and  the  perpendicular  on  it  from  the  centre. 
From   equation   (6)   then  it  appears  that 

BM  -  AN  =  MY  =  NZ ; 

or  the  difference  between  two  arcs  of  an  ellipse  is  equal  to 
an  assignable  straight  line.  This  remarkable  Theorem  was 
discovered  by  Fagnani*. 

(3)      If  yj/  =  (p,  in  which  case 

tan^  d)  = ,  , 

the  two  points  M  and  N  coincide  in   A",  and  we  have 

BK  -  AK  =  1  -(1  -e-)i, 

or  the  difference  of  the  two  arcs  is  equal  to  the  difference 
of  the   two  axes  of  the   ellipse. 

*  Produeioni  MatJiemaliche,  Tcm.  ii. 
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(4)  Again,  let  us  suppose  xp-  =  0,  while  ^i  retains  a 
general  value ;    then  we  have 

2E{^)-  E  (fi)  =  e^  (sin  cpf  sin  ^ ; 

while  equation  (of)  gives 

(cos  (py^  -  (sin  0)"  {l  -  e'  (sin/i)^}  a  =  cos  /u, 

the  condition    for  doubling  or   bisecting    elliptic    arcs.     For 
doubling,  we  have 

2  sin  (h  cos  (h  A  (0)  ,  ,  , , 

sin  JUL  =  or  •      .M      '   °^'  tan  -|  ^  =  A  (0)  tan  0  ; 

1  —  e'^(sm0)*  -*  r^         r 

and  for  bisecting 

/  •    ^\2        1  -  cos  M 

(sin  ©)   =  T—  . 

^      ^^        1  +  A  (m) 

From  this  it  appears  that  we  can  always  determine  an  arc 
of  an  ellipse  which  shall  differ  from  the  double  or  the  half 
of  another  by  an  algebraical  quantity.  Under  certain  cir- 
cumstances, however,  when  the  origin  of  the  arc  is  arbi- 
trary, this  difference  may  be  made  to  disappear,  as  in  the 
following  problem. 

(5)  Find  an  arc  MN  which  shall  be  exactly  half  of 
the  quadrant  BA  of  the  ellipse. 

Let  (p  be  the  amplitude  of  the  point  M,  >//  that  of  N, 
0  that  of  K,  determined  as  before  by  the  condition 

tan^0= -T, 

(1  -  e'y 

so  that  E(9)  =  iE  (^tt)  +  ^  [1  -  {i  -  e'y^. 
Now  if  we  have 

it  follows  that 

E((p)  +  E  (0)  -  ^  (v|,)  =  e"  sin  0  sin  x/r  sin  0. 
Therefore 
^(v|/)  -  jE:(0)  =  1  AX^tt)  +  1 5 1  -  (1 -e-)^}  - e2sin0  sinx/,  sina 
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Hence,  in  order  that  MN  or  -E(^//)  —  E{(p)  may  be  equal 
to  i£  ('s'^)'  ^^^  must  have 

1  —  (l  —  e")^  =  2  e^  sin  c/)  sin  \p-  sin  0, 
which  gives      2  sin  0  sin  \|/ =  sin  0. 
On  the  other  hand,  we  have  from  (a) 
2  cos  0  cos  -v^  =  cos  6  ; 

from   which   equations  0  and  \\r  may  be  found,   and   so  the 
arc  MN  determined. 

Abe],  in  the  third  volume  of  Crelle's  Journal,  has  given 
a  remarkable  theorem  for  finding  the  sums  of  transcendental 
integrals,  the  amplitudes  of  which  are  connected  by  certain 
conditions.      The  following  is  the  enunciation  of  the  theorem. 

Let  0  (x)  be  an  integral  function  of  x  which  is  decom- 
posable into  two  integral  factors,   so  that 

Let  fix)  be  another  integral  function  of  x^  and  let 

where  a  is  any  constant   quantity  :  also  let 

9i  (x)  =  a.Q  ~  aiX  +  a.^x"  +  &c.  +  a„ti7", 

02  {v)  =  Cq  +  Cjci?  +  Ca.r^  +  &c.  +  6',„a;'", 

where  «o  ?  ®i  ?  ^2 »   &c.,  Cg ,  Cj ,  Co ,    &c.    are    any    quantities 
whatsoever  of  which  one  at  least  is  variable.     Then   if 

{e,{x)Y(p,i,x)-{e,{x)Ycl>,{x)=A{x-x,){x-x,)...{x-xX 
where  A  is  independent  of  x,   we  shall  have, 

/(«)      i_  r^i(a)l0i(«)j^+  02  (a)  50,  (a)  5  i" 


/(«;  rt^i(a)10i(«JP+(^.(«)  )02(a)^n 

ere   C  is  a  constant,  and 
development  of  the  function 


+  r  +  C, 
where   C  is  a  constant,  and  r  is  the   coefficient  of  -  in   the 

X 
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according  to  descending  powers  of  x. 

The  quantities  ei,  eo  •••  e^;.  ^^e  equal  to  +  1  or  to  -  1, 
and  depend  on  the  values  of  cTj,  cVg-.-o?^,  being  determined 
by  the  equation 

(6)     Let  the  integral  which  is  to  be  considered  be 


h 


\2 


(1    +  <2?")^  ' 

In  this  case  assume 

1  +  a?"  =  ^  {x),      1  +  A'"  =  01  (c^),     1  =  (p.,  {x), 
f  {w)  =oa  -a,      dx  {og)  =  1,      62  {po)  =  1  +  Ci<» :   then 

{e,  Or)  p .  91  {x)  -  {e,  (x)Y^2  (^)  =  1  +  ^"  -  (1  +  c,xy 

=  c17  (-2?""^  —  Ci'X  —  2Ci). 

The  roots  of  this  being  0,  c^i,  .^2 ...  .:p„_i,  Ave  have  71  -2 
relations  between  them  from  the  conditions  implied  in  the 
equation 

t'p""'  —  Ci^lV  —  2ci  =  0  : 

these  are 

1  \  (2?  I  <2?2  ...  tC^j  _  J 


2  {cc,)  =  0,  2  {x^x.^  =  0  ...  E  (-)  =  ± 


the   upper  or   lower    sign   of   the   last   equation  being   taken 
accordine-  as  n  is  odd  or  even. 


's> 


Since  fix)  =  x  —  a,     f(a)  =  0, 

and  as  f{x)  is  of  lower  dimensions  than    {(p{x)\^  we  have 
r  =  0  ;   consequently 

/•■•'"i      dx  r^'^      dx  /■■'■'"-i       dx 

e,   /      r  +  eo  /      r+...+e„_i r  =  const. 

'Jo     (1+^")^       ~Jo     il+a^')r        ^   "   Vo       (1+^")^ 

Lubbock,  Phil.  Mag.  N'eio  Series.^  Vol.  vi.  p.  121. 

Fao;nani  has  availed   himself  of  the   relation    which   sub- 
sists   between   the  integrals 

fyd,v  and  fxdy, 
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to    compare    certain    transcendents    of    considerable    interest. 
Since 

Jxdy  +  jydw  =  xy  +  const., 

if  a  symmetrical  equation   subsist  between   x  and  y,  so  that 
X  is  the  same  function  of  y  that  y  is  of  x^  or  that  when 

<^'  =  <P  (:y)'^    y  =  <P  (*) ; 

it  follows  that 

f(p  (x)  dx  +  J(p  (y)  dy  =  xy  +  const. 

This  is  true  whatever  be  the  nature  of  0,  independently 
of  the  integrability  of  the  functions. 

(7)     Thus  if  X  be  the  abscissa  of  a  hyperbola,  the  major 
axis  of  which  is  unity,  the  corresponding  arc  is  represented  by 

jdx 


^  X"  —  I 

(e  being  the  excentricity.) 

If  y  be  another  abscissa  connected  with  the  former  by 
the  equation 

e"  X-  —  1\  -J 

or  e-x^y^  —  e^  {xr  +  2/')  +  1  =  0, 

which  is  symmetrical  with  respect  to  x  and  y^  it  follows  that 

Therefore 

->    "^  [  x'  -  1  j    '^  ^^  [f-lj    =  ^'^'2/ +  const. 

Mr  Fox  Talbot  *  has  extended  to  any  number  of  variables 
the  principle  made  use  of  by  Fagnani  in  the  case  of  two,  and 
he  has  arrived  at  the  following  Theorem. 

If  there  be  n  variables  x,  y,  :s,  &c.  connected  by  (n  —  1) 
symmetrical  equations,  so  that  they  are  all  similar  functions 
of  each  other,  then  if 

"  Phil.  Trans.  183C  and  1837. 
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wy%  ...  ocij%  ... 

=  00^), =  (pdy)^  &c. 

00         '  y 

we  shall  have 

J<p{'X)  dw  +  f<piy)  dy  +  f(p(%)  dz  +  &c.  =  ayz  kc.  +  const. 

(8)     Let  the  variables  be  three  in  number,   and  let  the 
two  symmetrical  conditions  be 

cV  +  y  +  z  =  0, 

(a>^  -  1)  (if  -  1)  (<g2  _  i")  ^  ^  ^  0_ 

'1  +  x^  —  ^v'^\  ^ 


Then     yz  =  ^(,2?)  =  \—-—^j    -  1, 


and  similarly  for  the  other  variables.     Hence,  by  the  theorem, 

/l+.^.2-c^^J  fl+f-y'\i  (l+z'-^Y^ 

/^nT3^j  +/'^nT^Fi  ^^^nTT^j  ="^"^^' 

since  .??  +  ?/  +  ^  =  0,   by   the  first  condition. 

(9)     Let  three  variables  be  connected  by  the  equations, 

OS  +  y  +  %  =  0, 

x~y'  %^ 
xy  ■\-  x%  +  y%  -\ =  0. 

In  this  case 

(1  4-  w^y^      2 
fyzdcV  =  f<p{x)  dx  -  2  jdw f-  -  . 

^111           xy%       ,        _ 
But  -  +  -  +  -  =  -  ;    therefore 

X       y       %  4 

jdw^ ^+fdy^ f^  +   d%^ :r^  =-xyz+C. 

"^  X  y  «"         4 

(1  +  a;^)l 
Now    fdw is  the  arc  of    an    equilateral    hyper- 

bola  referred  to  its  asymptotes,  and  it  therefore  appears  that 
three  hyperbolic  arcs  may  be  determined  in  an  infinite  number 
of  ways,  so  that  their  sum  may  be  an  algebraic  quantity.  It 
is  to  be  observed  that  the  two   symmetrical  equations   con- 
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necting  x,  y,  and  %,  are  equivalent  to  saying  that  these  quan- 
tities are  the  roots  of  the  cubic  equation 

CD" X  —  r  =  0. 

4 

(10)  Let  there  be  three  variables  connected  by  the  equa- 
tions 

af  +  y^  +  x^  z=  0, 

w^y^  +  ai^%^  +  y^%^  +  1=0; 

then  y%  =  (p^x)  =  (a?*^  —  1)3,  and  similarly  for  the  others. 

Hence  it  follows  that 

fclx  (a?"  -  1)4  +  jdy  {y^  -  1)3  +  jdz  {^"^  -  1)3  =  aiy%  +  C. 

This  process  is  deficient  in  generality  since  it  supposes  ' 
that  the  sum  of  the  integrals  is  equal  to  an  algebraical  func- 
tion of  one  form  only,  viz.  the  product  of  the  variables;  and 
moreover  it  is  limited  in  its  application,  as  no  means  are  given 
by  which  we  can  determine  what  are  the  symmetrical  relations 
which  must  exist  between  the  variables,  in  order  that  the  sum 
of  the  integrals  of  a  given  function  may  have  an  algebraical 
value.  Mr  Fox  Talbot,  however,  has  given  an  exposition  of 
a  more  general  method,  which  is  free  from  these  objections, 
and  of  this  I  subjoin  a  sketch  with  some  applications. 

It  is  easy  to  see  that  the  supposition  that  (?^  —  1)  sym- 
metrical relations  exist  between  the  n  variables  is  equivalent 
to  saying  that  the  n  variables  are  roots  of  an  equation  of 
n  dimensions,  one  of  whose  coefficients  at  least  is  variable, 
the  others  being  either  constant  or  functions  of  the  variable 
one.     Let  therefore  x,  y,  %,  &c.  be  roots  of  an  equation 

x"  -  pix"~^  +  psx"'^  +  &c.  ±  j9„  =  0  ; 

then  not  only  are  the  coefficients  p^,  p^  ...  Pn  symmetrical 
functions  of  the  roots,  but  so  likewise  are  all  combinations 
of  these  coefficients.  Let  -y  be  a  general  symbol  representing 
any  one  of  the  coefficients,  or  any  combination  of  them ;  then 
V  may  be  considered  either  as  a  function  of  all  the  roots,  or 
only  of  any  one  of  them,  in  which  latter  case  the  root  may 
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be  changed  for  any  other  without  altering  the  value  of  v. 
Such  a  function  Mr  Talbot  calls  a  '•  symmetrical "  of  the 
equation,  and  this  name  we  shall  employ.  Now  if  t;  be  a 
symmetrical  of  any   equation 

^=/G^)=/(y)=/(^)  =  &c.; 

and  if  we  denote  the  sum  of  the  differentials  of  the  roots 
by   S.dw,   we  shall  have 

f{aj).S.dw  =  S.f{x)dx (1). 

More  generally,  if 

^S* .  ^  {x)  dx  =  \^  {x)  dx  +  \j/  (y)  dy  +  yj/  (^)  d!S  +  &c. 

f(x)  .S.yj^  (x)  dx  =  S .f(x)  .  v//  (x)  dx, (2) 

provided  that  f(x)  be  a  symmetrical  of  the  equation  the 
roots  of  which  are  x,  y,  z,  &c. 

Now  if  jXdx  be  the  required  integral,  X  being  a  func- 
tion of  c-p,  and  we  wish  to  determine  the  number  of  variables 
and  the  equation  of  which  they  must  be  the  roots  in  order 
that 

S .  fXdx 

may  have  an  algebraical  value,   we  must  assume 

X='v,   {v  being  a  symmetrical), 

and  if  this  equation  can  be  cleared  of  radicals,  it  may  be 
reduced  to  the  form 

x'^  —  p^  x"  ~  ^  +  ^2  A'" "  ^  -  &c.  i  p„  =  0. 

In  this  the  index  n  determines  the  number  of  the  variables, 
and  the  equation  found  is  that  of  which  JT  is  a  symmetrical. 
Now 

w  +  y  ->r  %  +  &c.  =  pi  =  (p  (v)   suppose; 

therefore  S  .  dx  =  dpi  =  d .  <p{v), 

and     X S  .  dx  =  S .  Xdx  =  vd  .  <p  (v). 
Hence     fS.Xdx  =  S.fXdx  =  fvd.(p(v)  (s). 
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In  order  that  this  may  be  algebraical,  it  is  only  necessary 
that  f(p(v)dv  should  be  capable  of  integration.  If  (piv)  = 
const.,  or  d.<p{v)  =  0, 

S  .{Xdw  =  const (4). 

Instead  of  assuming  X=v  we  might  assume  ^='U.-v^(<2?), 
or  JC=v  +  ^l/Qa),  or  generally 

X  =  f(v,w), 

according  as  each  assumption  may  appear  to  simplify  the  case 
under  consideration.  It  is  to  be  observed  that  if  Jf  contain 
only  one  power  of  the  variable  x,  it  cannot  be  assumed  to 
be  a  symmetrical  of  any  equation,  as  that  would  lead  to 
the  conclusion  that 

Wr=y  =  z  = , 

whereas  it  is  supposed  that  the  roots  are  in  general  all  dif- 
ferent. Hence  in  this  case  we  cannot  assume  X=v,  and  we 
must  make  use  of  some  of  the  other  assumptions. 

In  the  same  way  if  we  wish  to  find  an  algebraical  relation 
between  n  variables  a?,  y,  ^,  such  that 

S .  j(p{X)  dcB  ^  coxi^t, 

X  being  of  the  form  w^  — Vfja?""^  +  anX^~~  +  &c.  +  k,  all  the 
coefficients  being  constants,  and  <p  being  any  function  what- 
ever, we  assume  X=v,  and  therefore 

a?"  -  ai<a?"~^  +  a^of-'^  +  ...  ■{■  {k  -  v)  =  0. 

This  equation  has  only  one  variable  coefficient  (k  —  -y), 
and  as  x  +  y  ■\-  %  ■}■  &c.  =  a^  is  constant 

S  .dw  =  0. 

Now  X  being  a  symmetrical  (p(X)  is  one  also:  therefore 

(p{X)  .  Sdx  =  0  =  S.  (piX)  dw, 

and  S .  j(p{X)  dw  =  coxi?,i. 

/ 1  +  w^X  i 
(ll)     Let  the  function  be   I 1   ,  and  assume 

1  +  cc^ 

=  v^     or   w"^  —  viw  +  1  =  0. 

w 

33 
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Then                           S.dw==dv, 
and  sA ~\    da!==v^dv; 

therefore  S  .  fd.v  l^-^\ '  =  |^jt  +  C ; 

which  is  equivalent  to  saying  that 

provided   that    wy  =  i  :    for    os   and   y    being    the    roots    of 
a^'  -  vw  +  1  =  0,   we  have 

a?  +  y  =  V     and   tvy  =  1. 

(12)     Let  the  proposed  integral  be    /- ^— — j . 

Now  (l  -  w^)i  =  (1  -  0?)  I  ■ I    ;    therefore  assume 

1  +  X  +  Of^ 

=  V.   or 

1  -  x 

O)^  +  (l  +  V)  O!  +  (l  -  Vi)  =  0. 

This  being  an  equation  of  the  second  degree,  the  number 
of  variables  is  two,  and  therefore 

r     dw  r     ^y  r      dw  r     dy 

J  {1-  .v')-^  "^  ^(1  -i/y^  "  J^JcT-^  "''  i«i(l  -y)' 
But  from  the  equation  of  condition,  we  have 
a?  +  2/  =  —  (l  +  v),     and   cvy  =  1  -  v; 
whence  by  eliminating  v,   we  obtain 

wy  -  (x  +  y)  =2, 
as  the  equation  of  condition  connecting  cc  and  y. 
From  this  we  deduce 

(1  -w)(l  -y)  ^  3, 

,    ^        .  dw  dy 

and  thereiore 1 =  0.     Hence 

\  —  w      I  -  y 

dw  r     dy 


r       UW  r      ai 

rz 3T^i  +   /•: r-i  =  const, 

J  {I-  w')h      J{1-  f)h 


I 
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(is)      If  we  wish  to  find  the  condition  that  the  sum  of 
three  integrals  of  this  form  may  be  constant,  we  write 


r       dw  rdoG   f      W~      \i 


assume 


or  1 
=  -,  or  0!^  +  vx^  -1  =  0. 

1   —  W^        V 

Hence   the  three  variables  oo,  «/»  ^  are  connected  by  the 
equations 

ajy%  =1,     os%  Jr  y%  +  coy  =^  G. 

From  the  first  of  these  we  have 

dsD      d  y      d% 

—  +  —+—  =  0; 
oa  y  % 

multiply  by  -j  and  integrate,  when  we  have 
r      dw  r      dy  C      ^^       ^ 

J  03^  +  J  (1  _  f)h  +  J  (1  -  ^)i  -  ''°"'*- 

(14)  Let  the  integral  be    /  — ^ Ti  • 

*  J    {x^  -  1)2 

Assume  w^  —  t  when  the  integral  becomes 

^    r       dt 

'^J  (f  -  f)^  ' 
Put  f  -f  =  v,     or  f  -f  -V  =  0,   then 

r        dec  n        dv  r        dss 

\   -7—. T  +    /  ~ r  +    /   r  =  const., 

J   (w^  -  1)^      J   (y'  -  1)*      J   {sr  -  l)i  ' 

provided  that  the  three  variables  satisfy  the  equations 

xi  +  y^  +  %3  =  1,     and  w^iz'-i  +  y-^%^  +  w^y^  =  0. 

By  the    same  method  various  curious  properties   may  be 
demonstrated  of  circular,  parabolic,  and  elliptic  arcs. 

(15)  If  the  sines   of   three   circular  arcs  be   the    roots 
of  the  equation 


,2 


oc^  +  rw'  + 1  )  OS  -  r  =  0, 


the  sum  of  the  arcs  is  constant.      The  word  sum  is  to  be 

33—2 
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understood  in  the    algebraic   sense  as  including   subtraction, 
when  one  or  more  of  the  arcs  is  taken  negatively. 

The  radius  of  the  circle  being  1,  and  the  sine  of  the  arc 
being  x,  the  arc  itself  is  equal  to 

r       dx 

J  (1  _  a?^)i' 

1 
Assume  ;; — r  =  ua?  +  1,  whence 

(1-^7^)2 


2    o       /I         \  2 

+  -x^  +  [—  -  I]  X  —  =0. 
-y  \v'        }         V 


2 
In  this  case  the  symmetrical  v  =  - ,  where  r  is  the  product 

of  the  roots.     Hence  the  equation  may  be  written 
a?3  +  foP'  +  / 1  J  a?  -  r  =  0. 

Also  since -,  =  iJa?  +  1, 

(1  -  x^)h 

S .- — -,  =  V)S  .xdx  +  Sdx. 

(1  -  a^'Y 

T^  vdr 

Now  S .  x'^  =  —  +  2,  therefore  S .  xdx  =  ; 

2  2 

also     Sdx  =  —  dVi   therefore 

{£  tV 

S .- — T  :=  dr  -  dr  =  0,  and 

(1  -  ar')i 

„     /'      d<2? 

*y .  / — r  =  const. ; 

J  {1  ~  x^)h 

or  the  sum  of  the  arcs  is  constant. 

(l6)     If  the  equation  to  the  parabola  be 
2  2/  =  x^, 
and  if  three  abscissae  be  the  roots  of  the  equation 

x^  -  rx^  +  (—  +  l]x  —  r  =  0, 
the  sum  of  the  arcs  is  equal  to  the  sum  of  the  abscissae. 
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The  expression  for  the  arc  is  fdx  (l  +  w^)i ;  assume  then 
{l  +  o)^)^  =  x^  +  V w  +  1,  which  leads  to  the  equation 

a^  —  rx^  +1  — \-  l\x  -  r  =  0, 

in  which  r  =  -  2v.     Now 

JS .dx(l  +  ai^)^  =  S .x^diV  +v  S .  wdw  +  Sdx. 
But  from  the  equation  of  condition 


T         _     „      y 


4  2 

therefore     S .x^dx  +  vS .  xdw  =  0,  and 

S.dx{l  +x^)l=^Sdx, 

so  that  S.fdx (l  +  w^)l  ==S.x  +  C. 

It  appears  on  trial  that  C  =  0,  and  consequently  the  sum 
of  the  arcs  is  equal  to  the  sum  of  the  abscissae  or  to  r. 

(17)  If  three  abscissae  of  an  ellipse  be  roots  of  the  equa- 
tion 

X  +  Tx^  +  f v  -  1 1  -  r  =  0, 

the  sum  of  the  arcs  is  C  =±=  e'^r. 

This  is  an  extension  of  the  theorem  in  (15)  and  may  be 
proved  like  it  by  assuming 

\  1  -  x'  ) 

The  works  in  which  the  reader  will  find  full  developments 
of  the  Theory  of  Elliptic  Transcendents  are  Legendre,  Exer- 
cicen  de  Calcul  Integral^  and  Theorie  des  Fonctions  Ellip- 
tiques ;  Jacobi,  Nova  Theoria  Func.  Ellip. ;  Abel,  (Euvres. 
Besides  these  there  are  a  number  of  memoirs  on  this  subject 
in  the  different  Journals  and  Transactions,  such  as  those  of 
Poisson,  Crelle's  Journal,  Vol.  XII ;  of  Gudermann  in  the 
same  collection,  and  Ivory,  Phil.  Trans.  1831. 

Spence,  in  his  Mathematical  Essays,  has  given  the  name 
of  Logarithmic  Transcendents  to  functions  of  which  the 
general  form  is 


.2n    1 

=  vx  +  1. 
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W  as  (XT        W 

ic^? i ± &c. 

2'«       3»       4«       5" 


which  he  denotes  by  the  characteristic  symbol 

Ln  (1   ^  <X). 

It  is  easily  seen  that  when  w  =  1  the  series  is  that  of  the 
logarithm  of  1  ±  <3?,  according  as  the  upper  or  lower  sign 
is  taken,  so  that 

Zi  (1  ±  ai)  =  log  (1  ±  oc). 

All  these  transcendents,  including  the  logarithm,  may  be 
expressed  by  means  of  integrals  which  have  a  mutual  de- 
pendence on  each  other.     Thus 


A(l±^)    =:l0g(l±-2?)=y- 


^  dw 


dm 


Z2  (1  ±  ^)   =     /  —  Xi  (1  ±  <2?), 


tZ(2? 


Zg  (1  ±  a?)  =    /  —  Z2  (1  =^  ^) 


Z„(li.r)  =    /— L„_i(l±^). 

^      OB 

From  these  integrals  various  properties  of  the  tran- 
scendents may  be  deduced  by  analytical  transformations,  some 
of  which  are  here  given. 

(18)  Omitting  Zj  (l  ±  co)^  as  it  is  a  transcendent  the 
properties  of  which  are  well,  known,  let  us  take 

—  log  (1  i  x). 

CO 

Using  the  lower  sign,  and  changing  1  -  ,s?  into  tr,  and 
CG  into  1  -  <r,  we  have 
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Adding  this  to  the  equation 
dx 


we  have 


z.Or)  +4(1  - ^)  =  /^^{-^-^^ — -'  - Y^l 

=  log  {x)  .  log  (l  -  x)  +  C. 

To  determine  the  constant,  make  ^7  =  0,  when  as  log  (l)  =  0 
and  Zg  (1)  =  0,  we  have 

C  =  Zg  (O)  =  -  —  by  a  known  theorem.     Hence 

^2  (^)  +  ^2(1   -  ^)  =  log  ('*)  •  log  (1  -  a?)  -   —  . 

This  property  of  the  transcendent  Zg  is  only  true  so  long 
as  so  is  less  than  unity,  as  when  any  greater  value  is  assigned 
to  it  log  (1  —  x)  becomes  impossible. 

Euler,  Commen.  Petrop.  1738. 

(19)  Again  in  the  equation 

L,  (1  -  x)  =  f—  log  (1  -  x), 

J      X 

we  have  by  changing  x  into  x^, 
L,  (1  -  ^")  =  2  f~  log  (1  -  x') 

rdx _         .  ^  rdx 

=  2  /  —  log  (1  +  ci?)  +  2  /  —  log  (1  -  x). 

J      X  J      X 

Hence      L^  (l  -  x^)  =  2  £3(1  +  ct)  +  2  ^^(l  -  x). 

(20)  If  we  take  the  upper  sign,   and  in 

—  log  (1  +  x) 

X 

change  x  into  -  ,  it  becomes     ' 

X 
J.     [1+X\  rdx.         fl  +  x\  r^^'^  i-i        /  N        1  5 
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rdx 
Now  /  —  log  0?  =  ^  (log  xf ; 

%J      CO 

therefore,  integrating, 

U  (^)  +  Zg  (1  +  ^)  =  l(log  xf  +  C. 

By  putting  cT  =  l   we  find  C  =  2  Z,g  (2). 
But  in  the  equation 

ZaCl  -  co~)  =  2  £2(1  +  ^)  +  2  ^2(1  -  a?), 
if  we  put  ■:»  =  1  we  find 

24(2)  =  -^(0)  =  ^; 

therefore     Zg  ( j  +  Zg  (l  +  <^)  =  4  (log  cof  -V  ^. 

Analogous  properties  may  by  the  same  method  be  demon- 
strated of 

Z3  (1  ±  a?)  =  /  —  Z2  (1  ±  .r), 

and     Z4  (1  i  a?)  =  r —  Z3  (1  i  ci?), 

and  so  on  in   succession.     Generally,  the  student  will  have 
Ro  difiiculty  in  demonstrating  the  following  propositions : 

Z„(l  -  a?2)  =  2«-  »  Z„(l  +  so)  +  2»-i  Z„(l  -  x), 

/I  "4*  (3?\  rioof  ^  p 

U,{\^C0)^UA U:2Z2„(2)+2Z2„_2(2)\^    +&C. 

\    CG     }  1.2 

(log  .2?)^" 

1  .2.3.4...  2*z' 
Z2„_i  (1  +  a?)  -  Zg„_j  f 1  =  2  Z2„_2  (2)  log  w 

1  .2.3  1.2.3.4...  (2w-  1) 
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Spence  has  extended  this  analysis  to  the  investigation  of 
the  properties  of  transcendents  defined  by  the  general  law 

the  final  function   or  (po{x)  being  such  that  it  remains  un- 
changed when  —  is  substituted  for  a?,  or 


0o(^)  =  0o(- 


But  for  this  investigation  and  others  connected  with  it 
the  reader  is  referred  to  the  work  before  quoted. 

The  transcendents  which  we  have  been  considering  are 
all  such  that  they  may  be  derived  by  direct  integration  from 
known  functions,  but  there  are  many  other  transcendents 
which  are  given  only  by  means  of  differential  equations.  As 
these  are  frequently  functions  of  great  utility  in  physical 
researches,  the  study  of  their  properties  without  integrating 
the  equations  in  which  they  are  involved  becomes  of  great 
importance.  Two  examples  of  such  investigations  are  sub- 
joined. 

(21)  Let  F  be  a  function  of  w  and  r  given  by  the 
differential  equation  of  the  second  order 

in  which  g^  k,  and  I  are  functions  of  .a?,  and  r  is  a  variable 
parameter;    and  if   V  also  satisfy  the  conditions 

dV 

— Aj  F=0  when  a?  =  a?,  (2) 

dx 

dV 

-7-  +  ^2  V  =  0  when  a>  =  a.^, (3) 

then  will 

V„   and    V„  being  values  of    V  corresponding   to    the  values 
r^  and  r„  of  r. 
34 
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From  the  given  equation  (l)  we  easily  obtain 
therefore  integrating  with  respect  to  a?, 

But  from  the  condition  (2)  we  find  on  taking  the  limit 
cr  =  <2?j,  that 

dx  doo 

Similarly  we  find  from  (s)  that  at  the  limit  w^  =  x^  the 
same  relation  holds;  hence 


(n»  -  K) It' dxgV^ F„  =  0. 
supposed  not  to  1 


As  r^  and  r„  are  supposed  not  to  be  the  same,  it  follows 
that 


Since  we  have 

r^-r^\       dx  dw  ) 

it  appears  that  when  m  =  n. 


fx"d^gVn^  =  -; 
the  real  value  is 

Ix'dxgV^  =-V„—-{k-~+h^  F„)  when  x  =  x^, 

as  may  be  deduced  by  the  usual  method  for  evaluating  in- 
determinate functions. 

It  is  to  be  observed  that  the  equation  (3)  involves  an 
equation  to  determine  r,  which  equation  may  be  written  as 

F  (r)  =  0. 

Poisson*  has  shewn  that  this  equation  has  an  infinite 
number  of  real  and  unequal  roots,  for  the  demonstration 
of  which  proposition  I  must  refer  to  the  works  cited  below. 

*  Bulletin  de  la  Societt  Philomatique,  1828.     Theorie  de  la  Chaleur,  p.  178. 
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The  function  V  is  of  great  importance  in  the  theory  of 
heat,  and  the  investigation  of  its  properties  has  formed  the 
subject  of  several  elaborate  memoires  by  MM.  Sturm  and 
Liouville.  See  Journal  de  MatMmatiques,  Tome  i.  pages 
106,  253,  269,  373,  and  Tome  ii.  p.  l6. 

(22)  Let  Y^,  and  Z„  be  integral  and  rational  functions 
of  ^i,  (1  -  iuL^)K  cosw  and  sin  to  determined  by  the  equations 

—  {l-f/)-JL+ ,  -^  +  m(m  +  l)Y^=  0, 

a/u.  cifx         1  ~  /A      "(t) 

dfx  dfjt,        1  -  fx     dw 

then  will 

f^,'d^f,'^dcvY^Z^  =  o, 

so  long  as  m  and  n  are  different. 

Multiply  both  equations  by   (l  —  ^u^),  and   assume 

(l  —  fj.^)  -r—  =  —  ,  when  they  become 
dfx      dt 

d^Y^  ^  ^  ^^(^  ^  i)(i  _^3)  j.^^  0  ...  (1), 


df        d 


to 


££.,£|_.,.„(„H-i)(.-.')z.  =  o. ..(.). 

Multiply  (l)  by  Z^dtdcD  and  (2)  by  Y^dtdoo,  subtract 
(2)  from  (l)  and  integrate  with  respect  to  t  and  w.  Then 
transposing,  and  observing  that  (l  —  /u^)  dt  —  d/u,  we  have 

{m  (m  +  1)  -  n  (n  +  1)}  fdfi  fdeo  F„  Z„ 

f^-Z  ^\ 
do)^  "  d(D^  I 


-ffdtda>i^Y^^"-Z^^yffdtda.i^Y^ 

Now  if  we  effect  the  integration  of  the  first  term  of  the 
right  hand  side  with  respect  to  t,  it  becomes 
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In  taking  the  limits  from  ;f=  —  ooto  #=  +  co,  or  from 
fx.—  —  1  to  jui  =  H-l,  the  part  under  the  sign  of  integration 
vanishes,  in  consequence  of  the  factor  1  —  /t^ ;  hence  on  in- 
tegrating with  respect  to  w  from  0  to  2  tt  we  find  that  the 
first  term  of  the  right  hand  side  of  the  equation  is  equal 
to  zero.  In  the  same  way,  on  effecting  the  integration  with 
respect  to  a;  of  the  second  term  of  the  right  hand  side  of 
the  equation,  we  find  it  to  become 


/-{''"S-"^}' 


which  vanishes  on  taking  it  between  the  limits  w  =  0  and 
ft)  =  Stt,  because  Y^  and  Z„  are  supposed  to  be  rational  and 
integral  functions  of  sin  w  and  cos  w.  Hence  on  integrating 
with  respect  to  t  and  taking  it  between  the  limits  #  =  -  co 
and  #  =  +co,  or;u.=  -l  and  /j.  =  +  1,  the  second  term  of 
the  right  hand  side  also  vanishes ;   therefore 

{mim  +  1)  -n{n+  1)]  P^^diuifo^''d(o  Y^ Z„  =  0. 

So  long  as  m  is  different  from  n  this  involves  the  con- 
dition that 

/_Vrf/x/o'"tZft,F^Z„  =  0. 

The  functions  Y^  and  Z„  are  known  by  the  name  of 
Laplace"'s  Functions,  that  mathematician  having  been  the 
first  who  studied  their  properties  and  pointed  out  their  utility 
in  the  calculation  of  attractions.  For  the  investigation  of 
other  remarkable  theorems  relating  to  these  functions  the 
reader  is  referred  to  the  Mecanique  Celeste,  Liv.  iii.,  or 
to  O'Erien's  Mathematical  Tracts.  Mr  Murphy  has  ap- 
plied to  the  treatment  of  these  functions  a  new  and  very 
remarkable  analysis,  which  will  be  found  in  the  introduction 
to  his  Elementary  Principles  of  the   Theory  of  Electricity. 
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PAGE   LINE 

15      9  (last  letter)  jor  X  read  x 

27  for  lines  5  and  6  read  1 . 2...m  .  S— j-^^ .    o      nl  }  « 

1  .  a  ...  a  .  1 .  2  ...  p  .  1  .  2  ...  y  ... 


31 

5 

for  +  read  = 

72 

% 

11, 

12  for  «q"  read  a^ 

no 

9 

add  =0 

228 

8 

dele  comma  after  to 

266 

6 

for  {\  +  x)i  read  (1+,^?*)^ 

11 

for  Dift".  read  Int. 

280 

3 

for  3  6  read  b 

290 

13 

for  I3x  +  a  read  px  +  a' 

310 

15 

for  dependent  read  independent 

313 

10 

for  P„  read  P„y 

315 

6 

(from  bottom)  for  2z  —  mdz  read  (2«- 

364 

15 

for  Z  read  z 

381 

19 

for  XII  read  XI 

386 

6 

.     d^x         ,  d^y 
for  ^  read  ^ 

7 

.     d^y         ,  d^x 
^"'  dt-  ''""^  dfi 

■  m)dz 


411      2  (from  bottom)  for  Divichlet  read  Dirichlet 
463      3  for  e-"  read  e— " 
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